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Tema 1. OcHoBHBIE 0003HAYECHHUS U OIIpPeaeIeHUS.

O0o3HayeHuUs:

R — nmuHeHOE MHOKECTBO BEIICCTBCHHBIX UHCE,

C={z=x+1-y: X,yeR; 1= \/—_1} — MHO>KECTBO KOMILICKCHBIX YHCEI.
Z=X+1-y=Rez+1-Imz,
Z=X—1-y=Rez—-1-Imz,

a+z=(Rea+i-Ima)+(Rez+i-Imz)=(Rea+Rez)+i-(Ima+1Imz),
a-Z=(Rea-Rez—Ima-Imz)+1-(Rea-Imz+Ima-Rez),

-7 =(Rez)? + (Imz)?,

12]=z-7 =+/(Rez)? + (Im2)2 >0,

la-z|=]eal-|z].

R={zeC: z=x+1-0}cC.




/X1\

X
R" ={X= 2 X €R, X, €R, ..., X, € R} — nuHeitHO€ MHOKECTBO

\ %n /
BEKTOP-CTOJIOIOB X C BEIIECTBEHHBIMH KOMITOHEHTAMH X;,

dimR" = n — pasmepnocTs BexkTOpHOTrO NpocTpancTea R",
/21\

S |22 y
C"={Z=| 7|: zyeC,z,€C,.., 7, € C} — nmuHeiiHOE MHOXKECTBO

\Zn )
BEKTOP-CTOJIOIOB Z C KOMIIEKCHBIMH KOMIIOHEHTAMH Z;

. n n
dlmC =N — paBMepHOCTB BCKTOPHOFO HpOCTpaHCTBa C ,

R"=C".




(a-7q) (zy+wW, )
. a1 - AN oz | L2 TW o AN
a-7=| . VaeCVZeC', ZI+W= : ViweC",
\d’Zn/ \Zn-I-Wn/
(2’)T = (21 Zy .. I, ) — BEKTOP-CTPOKa (TPaHCIIOHHUPOBAHME),
(2)'=(Z4 Z, .. Z,)— BeKTOp-CTPOKa (TPaHCIOHUPOBAHHE +
CONPSDKEHHUE),

7"=7' VZIeR"
(Z, W), =(W)" -Z=12-Wy +Zy - Wy +... + Z,, - W,, — EBKIIMIOBO CKAJIAPHOE

IIPOU3BEACHUE BEKTOPOB Z, W € ch

121l =@ 2); =\l P +12, P +.+]2, [ >0 — eBxrmnosa nopma
(nnuHa) Bextopa Z € C".




BexkTopHbIEC HOPMBI

Otobpaxkenue Z€C" — ||Z|| € R — Bexropuas sHopma B C", ecn

7|20 VZeC"; ||Z||=0 < Z=0;
a-Z||=|a||Z]| YaeC VZeC";

Z+W|<||Z||+||W] V¥ Z,WweC" — nepaBeHCTBO TpeyronpHuUKa.

[IpruMepbl BEKTOPHBIX HOPM:

1.

2.
3.

Z|ly =|2z¢|+..-+]| z,, | — oxTasAprueckas Hopma,

Z|l, = \/| Z |2 +|z, |2 +...+| Z, |2 — eBKINI0BA (cepruueckas) HopMa,

Z ||, =max| z; | - kyObudeckas wmu paBHOMepHasi HOpMa.
1<i<n

Teopema. Jl1s mo6b1x BekTOpHBIX HOPM || Z ||, 1 || Z ||« B C" 30< ¢y < ¢y <o0:

CollZIk <11 Z e <yl Z] ¥V ZeCT,
T.C. HOPMbI DKBHBAJICHTHEI.




Meuoxectso ||X||; <1, X R

Mmuoxectso || X ||, <1, Xe R?
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Meuoxectso || X ||, <1, X € R




CxajsipHoe npou3BeAeHne BEKTOPOB U HOPMA

OtoOpaxenue Z,W e c" > (Z, W) € C — ckamsspHOE MPOU3BEACHHC B c",
eCJIn

|Z||=4+/(Z, Z) — BexTOpHAs HOpMa,
1(Z,V) | <||Z||-]|| V|| — mepaBercTBO KoOmu-byHskoBckoro.

[IpuMep CKaIsIpHOrO MPOU3BECHUS U BEKTOPHOM HOPMBI.

(Z, W)y, =21 -Wy +...+ Z,, - W, — €EBKIIUJ0BO CKaJSIpHOE MPOU3BECHHUE,

|Z ], = \/| 2y |2 +|z, |2 +...+]| Z, |2 — eBKJIMIOBA HOpMa BekTopa Z € C".
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KBaaparHbsie MaTpUIbI MOPSAKA N

al,l al’z ce al’n
a21 a2 2 e o a.2 N

A= (g J)I = A | 8 j €C — omeMenTBI MaTpUIIEL;
ENRC YT

a-A=a- (alj)l j=1~= =(a- alj)l j=1 VaeC;
A+B = (al j)l j—l+(b| j)l j—l_(a +bl J)I J—l;

A-B= (al j)l =1 ( )| =1~ =C= (Clj Zk 1%,k bk j)l j—l;

(@121 +85 Zy+...+ 812 )
a21°21+a22°22+---+a2n'2n

>
Ny
I

\an,l'zl"'an,z Ly +---+an,n 'Zn)

12
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_ _T —

al’l al,z cen al’n a]_,l az’l cen an’l
AT B az’l 8.2’2 a2,n B al,z a2’2 an’z .
@y @np ... 8nn| |8y 8yn .. 8gp
] e - o

al’l al’z cee al,n a.l’l a2’1 cee an’l

ar_| 821 822 - B2n| d1p A2 .- Anp
_an,l an’z e oo an’n_ _al’n az,n e o an,n_

A= A" — camocONpsKEHHAs: MATPHUILA;
A= A* :AT, ecnu VvV ai’j S R,

C™" ={A= (& j )R’jnzl : V @ j €C}— npocTpaHCTBO MaTpHIL.




MaTpu4yHbIe HOPMbI

Otobpaxkenne AcC™" — || Al e R — marpuunas nopma B C™", ecin
All20 v AeC™™; |[A|=0 < A=0 (Vq ;=0);
a-Al|l=|a|-|A]] YaeC vV AeC™";

A+B| <||A||+|IB|| ¥ ABeC™" —nepaBencTBo TpeyronpHuKa.

Martpudnas HopMa || A||Cnxn OoYMHEHa BEKTOPHOM HOpME || Z ||Cn , €CIIN
”A'ZH n _
[Allwn = sup ——C=  max  [|A-Z]l.0.
7eC", 720 ||Z||Cn zeC, izl .n =1

tormaVZeC" vV ABeC™":
IA-Zln <1 Allgnn 17 o

|A-B ||Clnxn <|[A]l | B || — MYJbTHIIMKATHBHAS HOpMa.

nxn nxn
C C

14
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[Ipumepbl MATPUYHBIX HOPM, TTOJYUHEHHBIX BEKTOPHBIM HOPMAM:

|A-Z ||y |
L J|Alp= sup ———= max {|ay;|+|ag;|+.+]an [}
7eC". 720 1Z14 j=1,...n
1A-Z]l, *
2. |[A]l, = sup (E\/ﬁ,max(A A)),

sec 720 I1Z12

— Anax (A" - A) — MakcHMaIbHOE COOCTBEHHOE YHCIIO (3HAYEHUE) MATPHULIBL;
IA-Z],
3. [|All,= sup ——= max{|aj;|+|aj, [+.+[a [}
sec” 720 1Zlle  i=lean




Onpeaenanresib KBaAPAaTHONH MATPHUILIBI

r(j1j 111) .
— det A= > (<) BTy ey g

v (it Jgo o g )
jk?’—'j| \v4 k,lE{l, 2, ... n}

— (n—=1)-n! ymuoxenwnii u N! clioxeHUeH;

— det(A-B) =det(A)-det(B);
—det(AT) =det(A);

— det(A") =det(A);

— det(A-B)=det A-det B;

—ecnu det A= 0, To cronbupt { &, ; = (ai,j)inzl }?:1 —6a3uc B C";

—ecmu det A= 0, To crpoku { &, = (ai,j)?zl }iL, — 6asuc B C".

16




re

OOpaTHasi MaTpHUIA A1 =(q J)I j=1 K MaTpune A= (& J)| j=1-

B det A

(—1)ML. det Ay
(-)*° - det A,

(-D)™" - det A ,

(-)*™ - det Ay,
(-1)°*2 - det A, ,

(-)*™" - det A, ,

a1 j-1 A 41

............................................................................................................

an,j—l an,j+1

(-)™ . det A,

(-)" - det A, ,

(D)™ -detA,

17




18

CoOcTBeHHbIC YHCJIa (3HAYECHMA) U BEKTOPbI KBAAPATHOM MATPUIIbI:
— A(A) u BexTOp 74 0 - coBeTBeHHBIE YHCITO 1 BEKTOP MaTPHUIIbI, ECIIH
AZHA) = ()74
T.¢. A(A) € C — KOpeHb XapaKTepUCTHUECKOTr0 IOJUHOMA (MHOTOWICHA):
P.(A, A)=det(A-1-E)=0;

—Sp(A) ={ 4(A), L,(A), ..., 1,(A) } — cuextp marpumsr Ae C™ ",
Teopema (¢popma Kopaana). V AcC™" 3QeC™":

Q_lAQ =J Edlag{ Jklxkl, ey kaka }, k1+...+km =N,

A 1
A 1

Jit = , A €Sp(A).
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Teopema. Eciitu A= A* eC™", 1o

1. Bce cobcTBeHHble uncna {4;(A) € R}rj':l — BEIICCTBCHHEIE,
2. COOCTBEHHBIC BEKTOPBI {(j(j) eC": Aﬁ(j) =4 (A)-ﬁ(j)}?zl —

Y, n.
OpPTOHOPMHUPOBaAHHKIN 0a3uc B C'':

| | 11 i — -1
(q(l), ﬁ(J))z =0 j = {0 - Jj — cuMBOJI KpoHekepa,

n _ , :
re x=Y (%40, -a0,  1Rl= (X% a0, P
j=1

3.A=Q-4-Q%, rme Q = [C]’(l) G(n)] — YHUTapHasi MaTpHIIa,
A=diag{/y, ..., 4,} — AnaronanbHas MaTpuIa,

4. ﬂ“min(A)'()?’ )?)2 < (AX, )?)2 Sﬂmax('a‘)'()_(l 2)2 v )?eCn.
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Teopema. Ecimu A= A" e R™™, 10

1. Bce cobcTBeHHble uncna {4;(A) € R}rj':l — BEIIICCTBCHHBIE,
2. COOCTBEHHBIEC BEKTOPBI {(j(j) cR": AC]’(D = ij(A)-(_j(j)}?:l —
opToHOpMHupoBaHHEIi 6aznuc B R" (B C"):
1i=],

@, gy, = 5 j= {0 i cumBoa Kporekepa,

n - -
Te X= Z(y(’ q(J))2 .q(J)’
j=1

3. A=0 -A-QT, rae Q = [C]’(l) C]’(n)] — OpTOTOHAJIbHAS
matpuia, A =diag{/y, ..., 4, },

4. %in(A)'(X’ )?)2 S(AK 2)2 S/1max(A)'()_(>’ 2)2 vV Xe Rn (H
v XeCh).




CucremMa JJUHEHHBIX aJred0panvyecKux ypaBHeHHUl

Xl’ Xz, cees Xn — N HEU3BECTHBIX BCIUICCTBCHHBIX MJIM KOMIIJICKCHBIX YHCEII

CHUCTEMBI N JIMHEHHBIX aJIr€OpanyeCKuX ypaBHCHUIM:

Q1% T Yo Xy ..t ApX, = b
Ay X + AyoXy +ot A Xy, = b
Qi X T 8 Xyt AnnXy = by
/Xl\ /bl\

A={a K 4, k=| ?| b= b-2
\%n J ey

—

— MaTpHIa, HEU3BECTHBIN BEKTOP, M3BECTHEIN BEKTOP cUCTEMBI AX =D.

Teopema. Eciin det A= 0, To V beC" F1xeC": AX=Dh.

21
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Tema 2. OcHOBHBIC 321244 JUHECHHOU aJredpbl U KJIACCHYECKHUE
MeTOAbI MX PelIeHUS.

Borunciaenne onpenenuressi det A marpuner A = (8 J)P j=1 € c™:

|,j2 S P

ILn

detAE Z (_1)r(jl1 j2" g JJn)a

v (jl’ j21 seey JJI’])
k=i VKL, 2, .., n}

BorunciieHne 00paTHOH MATPHIILI Ak marpune A= (3 ; ),n =1 € c™n:

BBIYHCIIUTH MaTPUILY Al=X Takyto, uto XA=AX =E.

Beruucienue pereHust X € C" cucrembl IMHEIHBIX anrebpanyecKux

ypaBHEHHN AX = b ¢ 3anannbIME matpureir A= (a; J)I i€ chn
BEKTOPOM beC"
Boruuciienue co0CTBEHHBIX YHCe U BEKTOPOB MaTpulbl A = (3 j ):“ 1

BEIYMCIINTH YKciIa A M BEeKTOPhI X Takue, 4To AX = A - X
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Kiaccnuyeckue MeToabl pellieHUsI OCHOBHBIX 32/1a4 JIMHEHON ajreopsl.

Omnpenennrenn marpuust A= (g; ; )P j=1 MOXHO BBIYHCIUTD 1O (popmyIie

(pa3noKEHUE MO MEPBOU CTPOKE):
detA=ay,- ()" det Ay +ay,- (D) det A, o ta - (D) det A,
r'7¢ MaTPHIIbI A& j mopsiika n —1 monmydens! u3 MaTpunbl A yaanecHHEM
1-# ctpoku 1 |-ro crosoIa.

Ecam V,, — xonuuecTtBo apu(pMETUUYECKUX AECUCTBUM MJis1 BBIYUCICHHUS
OIIPCACIIUTEIISI MAaTPULIBI ITOpsaAKa N,

{Vn =n-V,;+2n-1>n-V, ;>n-(n=-1)-V, 5> ...
TO

ecou V, =1.
..>n-(n=1)-...-2-V; =n! JM Vq

10 0uensb MHoOro! Berunciure t,.. = (Nlom)/ (1 0° OT/CEK):

n= 101 tCGK > n= 102 tCCK >

n= 103 tCCK > = 106 tceK >




Boruncienue o0paTHoii MaTpuubl A~ k Matpume A= (& ; )P j=1 € c™:

o popmyiJie
(-)*t-detA, (-D)*-detAy,
1 | (-DM detA, (-1)7°-detAy,

(-1 -det Ay, (=17 -det Ay,

HY?KHO 3aTPATUTh.

(-)™ . det A,
(-)" - det A, ,

(D)™ -detA,

o nZVn_l omepanuii Ha Berauciaenue onpenenurenei {det A J}P j=1,

9T0 0O4eHb MHOro! > n-nl!

® N YMHO>XCHHUHN Ha BBIYMCIICHUE (HEe 04€Hb MHOIO):

det A=ay,- (-1 det Ay +a, - (-) P det A, +.+ay - (1) det A,

2 < -1
e N° jelIcHUM HA BRIYMCIICHUE DJIEMEHTOB MaTpUIlEl A ~.

24




— n e
Boiunciaenue pemennsi X € C cucteMbl IMHEHHBIX allreOpandecKux

ypasHeruit AX =b ¢ sagannbivu matpuneii A= (&, ; ),n j=1 € C™"u

~ o
BekTopoM b € C
Merox Kpamepa BeranciisieT 1r000€ HEM3BECTHOE Xy,

]_ .
X =—.det[a’, . A.. b a .. A ]
k det A 1 k-1 Kk+1 n
/al,j A
rje a, j= . |. Hy’KHO BBIYMCIUTE 2 ONPEAEIUTENS MopsAaKa N,
(Gn.j

Ilpamoe npumenenue meopuu onpeoenumeneil
0151 peuleHUusA Kaaccuueckux 3a0ay JTuHeuHou aizeopol

mpeoyem MHO20 apuhmemuuecKux onepayuil.
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n .
BrIunciienne cOOCTBEHHBIX YHcesl H BEKTOPOB MAaTpuibl A = (g, j)i j=1-

BEIYMCIINTH Yrcia A B BEeKTOPHI X Takue, 9To AX = A - X.

CoOcTBeHHbIE YHCJIa (3HAYEHHS]) MATPHUIIbI A — KOPHH MOJIHHOMA

Pn (ﬂ,) = det(A—iE) — (—]_)nln + pn_lﬂn—l L4 poio _

:Zn (ﬂ“_dl)"'(ﬂ‘_dk—l)(ﬂ‘_dk—l—l)"'(ﬂ‘_dn) det(A—dkE)
“=1(dy —dy)...(d —dy_1)(d —dysq)--(dy —dp)
rae d; # d — 3anannbie (MOObBIE) Yncna.
! ®opmya 15 kopHeii ypaBHeHust P, (A1) =0 mpu N > 4 Her

—> HYJICHO CIMpPOUmb MEmoobl npuﬁﬂuofceuuozo 6bIHUC/ICHUA Kopueﬁ.

CoO0cTBeHHbIE BEKTOPBI MaTpUIbl A
— HEHYJIEBEIC penrenus ogHopoaHoi cucreMmsl (A— AE)X =0.




27

Tema 3. O1IUOKH OKPYIJICHUS U YU CJI0 00YCJIOBJICHHOCTH.
OKpyrieHue 4YuceJ.
BemecTBeHHOE YUCIIO

x=10" (%10 +X,-10 +... 4+ X5 - 10 +...+ X5 - 107" +...)
X #0, %, €{0,1, ..., 9}

npuoamKaeTces urciaom ¢ oguHapHoi (float) Tounocteio
£=10"-(x;-10 1 +X,-107° +...+ X5 -107°),
[ Xx=%|<p-[x], 7 =107";
WITH 9ucaoM ¢ aBoiHo# (double) Tounocteio
£ =10"- (% -107 4+ %, -1072 +... + X5 - 1072,
IX—X|< 7| x|, y =1075;

rac ¥y — TOYHOCTD IIPCACTABJICHUA YUCIIA.




ToyHOCTH apUPMETHYCCKUX ONePALUH.

Ciiokenue:
X+y=X+§+[(X-X)+(y—-9Y)]=
Z
= 7 (2= +[(x-R)+ (Y- )]
~(X+Yy)  S(x+y)=(x+y)-2
—

[o(x+y)[<|z=Z|+|x=X]|+]|y-F[<
<y-(lz]+|x=X|+|y=9[)<
<y UIX=(X=X)]+[y=(y =9+ Ix=X|+]y-¥|}<
<y-{x|+lyl+2-[x=X[+2-]y-§[}<
<y-xl+lyl+2-y-Ix[+2-y-]y|}=
=y-A+2y)Ux|+y =y -AUx]|+]yl}

! paBeHcTBO (X+Y)+2Z=X+(Y+2Z) He BLINOJHAETCHA HA KOMIILIOTEpe!
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YMHOKEHHE:
X y=%X-J+[X-(y=9)+§-(X=R)+(X=%)- (Y- V)] =
VA
= 7 (@D HR (Y- T X=X+ (=R (Y- 9)]
~(X-Y) S(x-y)=(x-y)-12
—

[o(x-Y)[<[2=Z][+[X-(y=9)+§-(X=K) +(X=X)- (Y= ¥)] <
<y-(lz]+[X]-]yl +|¥I-Ix]+y-(x]]y])
<y-UXPIYI+IK Y+ 181D+ -0y .

| X< @+7)-[x|

|Y1<@+y)- 1Yl

10 |5(x-y) <y [A+7) +20+7) +7))- x| yI= -1 x[ -]y
! paBeHcTBO (X-Y)-Z=X-(Y-Z) He BBINOJHAETCS HA KOMIIbIOTEpE!

Tak kak {




Utak, pezyromam apugmemuueckoil popmyivl HAa KOMRbIOmMeEpPe
3aeucum om nopAoOKa ee 6blNOJIHeHUA U, Hanpumep,

gucio d =(a+b)-c=a-c+b-c Oyzner 3ameneno

60 Ha gucino 0y, mubo Ha uncno d, # dy.

HA KOMITBIOTEPE PEAM3ALNS apupmemuueckou gopmyJiol
3aeucum om ee npeoCcCmaseHus — AJITOPUTMA BbIYMCJICHUS
pa3HbIC aJITOPUTMBbI —> pa3HbIC (OJIM3KKE) OTBETHI.

OTH po0JIEMBI PACCMOTPEHBI, HAIIPUMED, B KHUTE

T'ooynoe C.K., Aumonog A.I'., Kupuniok O.Il., Kocmun B.H.
«l'apanmuposannas mouyHocms peuieHus CUCmem JTIUHEHHbBIX
YPABHEHUI 6 e6KIAUO06bIX NPOCHMPAHCHBAX ).

Hoesocubupck: Hayxa. Cub. omo-nue, 1988, — 456 c.
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Yucao ooycaoBaennocT marpunbl Cond A= | A|| cnn | Al I cnn-

3aganbl: 1. maTpuma A e C™:. detAz0 = 3 A_l,

2. BeKTOpHas HopMma || X || N’

3. MaTpuyHas HOpMa || A||Cnxn: | AX | on S <[l A”C”X” X .. ¥V XeC".

Cn

Ouenkn st X = A™D (AX=b=>[|X[| . 2B [l on /| All ren):

Ecn b =b +8(B), to 3= X+ 5(X) = A b +5(0)] = 5(X) = AL-5(b) n

L6 | an <A™ | a1 5(D) [| oo — aBcomoTnas ommbxka;
16X lan A | g -1 50 [l or 1Sl -
_ C
2. || )_(’ ”Cn S || 6 ||Cn / ” A”Cnxn S ’ A”Cnxn !fl A 1 “Cnan || 6 ||Cn
Cond A

— OTHOCHUTEJIHbHAS OIINOKA.
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Yucio odycaoBaennocta marpuubl Cond A= || A|| QA7

nxn nxn
C c™

—

— XapaKTePUCTHKA TPYIHOCTH pelieHus cucteMbl AX =D

15(5) .
eClii ——= — MCXO/HAas OIIKOKa, TO HEJIb3s FapaHTHPOBATh OTBET
6.0
151l 15B)..
JIy4Ile, YeM <Cond A .

%1l oo 151l o

%
Jlins matpunel A= A’ ¢ OI0KHATENTLHBIMHA COOCTBEHHBIMH unciiamu A(A) >0

Cond, A== (ﬁg 1ax k| All = Amas | A 2 =1/ Ay

min

! 3amemum, umo Cond A=Cond(d-A) vd=0
— ¢eauyuna d = det A # 0— ne eruaem na Cond A.
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—

HUTak, MBI ceiiuac 3HaeM, 9TO BMeCTO pemteHnust X cucteMbl AX =D

~

BbIMCIsIETCs petnenne X = X + 3(X) cucrembl AX=h ¢
NpUGIMIKEHHOM TIpaBoii uacTwio b = b + 5(b), rae

1 ||5£X)|| <C ||5(b)||
1 X]| Ib]]

2. HO, ecJiM MBI MaTpuIly A pasnoxxuM Ha npom3peacHue A= L-U,

— OLIEHKA OLINOKH PEIICHUS X = A:

To pemenre cucreMsl AX =D mosryumm, pemnias moaCUCTEMBI:

e AX=L(UX)= b — y© = §+5(Y) — pesyibTar oKpyrieHus;

y
e U (XU ) = yL — XY =xY +5(xY) - pesynsrar okpyraenus;
—»LU
N 5(

)”<CondU CondL- ”5(b”) ”.
> Cond A
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. = oaa pazuvix A= L-U nonyuaem na xomnvromepe pazuvie
Y =x+6(xMY), u,

LUy glLU
[ X7 x| LU,

eCJIn <<1 10 X~ X
(Bt

JIM00 MBI TOJDKHBI CO3JaTh aJITOPUTM ISl BRIYUCIICHUS PEIICHHS X

[o)1l_
X

JM00 IPUOIMKEHHO pemnTh 3a1aay AX =D HeckonpknMmu meTomamu, u

cucteMbl AX =D ¢ 3amaHHON TOYHOCTBIO

BBIOPAThH M3 MOJYYEHHBIX MPUOIMKEHUN OTBET X;

3aTeM BLIUHCIUTE «HeBA3KY» I = AX —D = A(X — X) u orieHuTSH
H/_J

= 5(X)
5 -1 ad nd
6 _IIA ILHernlyau,H[H
IX]| [ X]| I X]]

«OIHUOKY»
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Tema 4. Ilpsimble MeTOABI PeLICHUA
CHUCTEM JIMHEHHBIX aJIre0panyecKux ypaBHEeHU M.
Metoasbl I'aycca HCKIIIOUEHUS HEU3BECTHDIX.

—

IIpsimoii meToa pemenust cucreMsl AX =D mopsiaka n

— hopmyaa (npocmas unu crodxcnast) NIl BEIMACICHHUS HEM3BECTHBIX
n ., .,
{X\ }x_1 32 KOHeUHOe YnCcI0 apuPMeTHIECKHUX e CTBU HAJl

3aaHHBIMKA KOO puumentamu (& j )i j=1 1 KomMnonenTamu {b; by

MeTtoanbl I'aycca HCKIIOUYEHUS HEU3BECTHBIX

—

— mpsIMble METO/bI s penienns cucteMsl AX =D, B OCHOBE KOTOPBIX

JICKKUT. BBIPAKCHUEC OYCPECIHOI'0 HCU3BCCTHOI'O M3 YPABHCHUA U
IMOACTAHOBKA 3TOI'O BBIPAKCHHUA B OCTAJIBbHBIC YPABHCHUHA CUCTCMbI

—

T _
[ PcmpOK APcm0ﬂ61406 ] ( Pcm0ﬂ61406 X) = PCWlpOK b '

rne P .. — oproronananHas MaTpulla epecTaHOBOK: (F’.,,)_1 = (F’,,,)T ,
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e epecTaHoOBKa ypaBHeHMid B cucteme AX =D — ymHO)XeHMe crucTeMbl

Ha OPTOTOHANBHYIO MATPULLY P, .

Alx =[P Alb

® USMCHECHUC HyMepamm HEU3BECTHbLIX B CUCTCMC

[ CMpOK A] X= [
matpuiy P

[ CMPOK CMPOK

empox Al b — YMHO>KEHHE BEKTOpa X Ha OPTOTOHAJIBLHYIO

m0ﬂ61406 '

[P

cmpOK m0]161406 ] ( cmonoyos X) cmpOK

—

b

® HCKJIIYEeHHE HEM3BECTHBIX — YMHOKCHHE CHCTEMBI Ha HIDKHIOIO
TPEYTOJIbHYIO ManHuy L
X)=U (P LY.Pp__ b

—1
[ CmpOK m0ﬂ61406 ] ( cmonoyos cmooyos X) CMpOK

e pemenue cucrembt U (P, 5.,.X) =L- CmPOKb C BepxHeii
TpeyroJbHoii Matpuneit U = X = (Pcmoﬂ@%) Ut PcmPOKb)]




L, O 0
n I2,l |2,2 0

Hwxkusis Tpeyroabnas matpuua L=(l; ;)i o1 = :
_In,l In,2 In,n

1. U! - nmknss TpeyrojbHas MaTpUIla

2. ecmu Ly u Ly, To L=1L;-L, — HmxH:s TpeyronbHas MaTpuna

3. popmyanl 1ist pemrenns cuctemsl LX =D

(M:Q”m
| %2 = (o —11-%) /155

\Xn = (bn - In,l "X~ In,2 Ky T T In,n—l ' Xn—l) / In,n

~-1+3+..+(2n-1) = 2221(2k -1) = n apru(pMETHICCKHUX OICPaIIHH.
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U Ug2
" 0 Uy,
Bepxusist TpeyrosibHas matpuua U = (U; ;); j1 =
0 O

1. Ut- BEPXHSS TPEYTOJIbHAS MaTpHIla

2. eecmuU;uU,, toU =U;-U, — BepxHas TpeyrojpHas MaTpuLa

—

3. dopmyasl g pemenns cucreMbl UX =D
(

4 Xn—l — (bn—l o un—l,n | Xn) / un—1,n—1

| X =B —Upp X~ Uy g - Xyog) Uy

ul,n
u2,n

~-1+3+..+(2n-1) = 2221(2k -1) = n apru(pMETHICCKHUX OICPaIIHH.
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—

Hrak, meToasl I"aycca pemenus cucteMbl AX =D

—

1. mepecTaHOBKa ypaBHeHHﬁ B cuctemMe AX =D u u3MeHeHne HyMepaluu

b;

HeN3BeCTHRIX: [P Cmp()K moﬂ@og]( moﬂ@ogx) cmpok

2. BBIYUCIICHHE HUKHEU TPEYToJIbHOW MaTpPUIIbI L TaKOW, YTO MATpUIIa

=LYP,, AP

CmPOK moﬂ@oe) — BEPXHSIA TPEYroJbHasg MaTPHUIIA;

I P
3. BwruncacHue BekTopa Y=L D;

4. pemenue cucremsr: UZ = Y ;

5. monyuenue pemenus X = (P,,.,.6,06 )T Z.

3ayeM HYKHBI IEPECTAHOBKH YPABHEHMH M3MEHEHHUE HYMEPAIIUH
HEeM3BEeCTHBIX?

1. g cymecTBOBaHMS (PAKTOPU3ALMY MATPHULIBI PcmpOKAl:’crmﬂ@o6 = LU;

2. U1 yMEHBIICHUS BIUSHUSA Ha OTBET X OIIMOOK OKPYIJICHUS.
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JJIeMEeHTAPHAsl HUKHAS TPEyroJbHas MaTpuIa

1 .. 0 0 0 ..0

0 .. 1; 0 0 .0
(0 _|0 ... o§ |<k> 0 o O ot 100,
K
0 ... 0 |§+>1k 1 ... 0

0 ... 0 1% o .. 1

[Ipy yMHOXKEHUU MaTpuLbl A Ha MaTpuUILy L) crega (L(k) A):

e nepBble K cTpok marpunsl A He U3MEHSIOTCS;

(k)

e K-a crpoka marpuner A yMHOXaeTcs Ha Ik I

(k)

o k (K +1)-it ctpoxe mpudassiercs K-s ctpoka, ymaoxennas va ;% .
’ k+1,k
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I'naBubie MuHopbt dy, = det A, marpunsr A= (3 ; ),n j=1, T/Ie MaTpuLa

An =& j )it j—1 MOpsiKa M — IMATOHANBHBIA 60K MaTpHIBl A!

Am B Amn m_ (al J)l J—l - (alj)l—lj m+1

Anmm Anmnm (a,J)| m+1j—1: (a|1)|1 =m+1

A—

Teopema. Eciu Bee rmasnbie munopst det Ay, # 0 marpuner A = (g ; )i, j=1

u det L, # 0 HwkHel TpeyronbpHOit MaTpuiisr L
TO BCce rnaBHbie MuHOpPEI det (LA),, = 0.

Jloka3aTeJbCTBO CIEaYET U3 TO)KI[GCTBa

LA:_""Itm'""i*'"c'?m"p:m- Aﬂ . Amn -m __ m'AYn (LA)mn -m |

Ln—m,m : Ln—m,n—m Aﬂ m,m Aﬂ m,Nn— m (LA)H m,m (LA)n m,N— m
= (LA), =L A = det(LA)m = det (L), odet(A)m +0.
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Tema 4.1. Metoanbl I'aycca MCKIIIOUEHUS HEU3BECTHDBIX:
CXeMa eIMHCTBECHHOI'0 JeJICHUS.

Teopema (mpsiMoii X0 CXEMBbI CAUHCTBECHHOT'O JICICHHS).

Ecnu e rnasubie munoper det A, # 0 matpuusr A= (8 )i =1

TO L(l), L(Z), e L") (2JIEMEHTapHBIC HIXKHHUE TPEYTOJIbHBIC
MAaTpPHIIbl) TAKUE, YTO
1 Uy U ... U |
1 Upz ... Uy,
LV LD A=U = (u; )] = RO
=L~ 1 Upan
_O 1 .

— BEPXHsIA TPEYTOJIbHAS MaTPUILA.

Joka3zareabcTBO. [locTporM 31K MaTpUlIbI.
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1 mar. Tak kak det Ay #0 = 8,7 #0, To BeIYHCINM dTIEMEHTEHI

|1(’11) =1/a4, |§1% = —|1(’11) ‘A1, .- Irgli = —|1(’11) +d,1  MaTpUIbI LY
EEN( D1 4 7
Liag o A [Liug . U
0ia® .. a®| joial® ... alV
a JJIs1 MaTPHIIbI AD = 1 D= ! 2.’2 . 2.’” —| %2 2N
5 L 1
0! al, ... ar(ll}]_ 0 al) . ar(,,l),,_
) @ ) O, .
al(,Z) = |1(,1)al,2> al(,ﬁ = Il(,l)al,m

@O _ @ @O _ @ .
o= -&r+ay0 ..., =i -an+ay,;

O _ @ O _ @
an o = In,1 ‘@ ptay, ..., Anh= In,1 +Q pt+a .

y 2 y
OO0BbeM BBEIYUCICHUH ~ 2N° olepaluii: U3 HUX moavko 1 oenenue!




44

Jlanee npUMEHUM METOJI MATEMATUYECKON UHIAYKIHH.

[TyCcTh BBIYKCIICHBI L(l), e LK) takue, uro {det LM - O}Fnzl 51

B SO 1. S
(k) (k)
AK) Z () W : k+}k+1 s |
On_kk
k k
i , r(l k)+1 ar(lrz i
3amernm, uro munop 0 = det(AX)), ., =det(L™)), ,...det(LY), ., det A, =
detU k" algi)l,k = algli)l,k 41 = MOXHO OIPEACTUTH JJIEMEHTBI MATPULIBI L(k+1):
k-+1 k
IE+J1r,k)+1 =1/ al£+)1,k+1’
(kD) (kD) (k)
k+2,k+1 K+l k+1 “k+2k+1> -
(k+1) _ _j(k+D) — 5(K)
nk+l = 'k+1k+1" n K+1
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Marpuia A — | K+ AK) pheer BUJI

U b Uenk
(k-l—l) (k+1)
’ 1 : ak+1,k+2 ak+1,n
e o
A(k+1) — O\ 0 aigfé}wz a&;&% , TJI€ DJIEMEHTHI
n— ’ .
n (k) o (k+)
0 ayie - Ay
(k+1) (k+1) (k) (k+1) (k+1) (k) }
a = | I
k+1,k+2 = "k+1 k+1 k+1 kK+2° B k+1n k+1,k+1 k+1n’

(k+1) _1(k+1) (k) (k) (k+1) _ y(k+1) (k) (k) .
a‘k+2,k+2 — Ik+2,k+ K+l k+2 + ak+2,k+2’ B ak+2,n — Ik+2,k+ k+1 n + a‘k+2,n’

(k+1) (k+1) (k) (k) (k+1) _ y(k+1) (k) (k)
n k+2 In k+1 k+1,k+2 + an,k+2’ o an In K+l k+1,n +a n-

y 2 y
O0beM BorunciaeHuii ~ 2(N—K)“ onepaumii: u3 Hux moavko 1 oenenue!
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Hrak, METOAOM MAaTEMATUUYECKOW MHIYKIIUU JI0KA3AJIU TEOPEMY:
1. mocTpomiIn peKyppeHTHbIC (DOPMYJIbI BBIUHCIICHHUS 3JIEMEHTaPHBIX
HIDKHUX TPEYTOJBHBIX MATPHIL LK) = (k) (A(k_l)) 1 MaTPHII
AK) = L(k)A(k_l), TIIE A = 0, k=1 2, ..., n, takux, yro U = A(n);

2. OLIEHUJIN 00BEM BBIUMCIICHUM

<22+ 2(n—1)2 +...+ 21)2 = NOFDEN+D _ 2

3 =—N" omepamnuu: U3 HUX

monvko N oenenuii!

3. OOBIYHO COXPaHAIOT dJeMeHTHI {l i(’lf()}in:k , OIIPEICIIAIONIIE MATPHUIIEI
{L(k)}Ezl —910 N(N+1)/ 2 uncen
u {U;j J},n:_ll T;Il L1, onpenersirone Matpuity U —asto n(n—1) / 2 gucenn,

o2
BCEro. N 4ucell.
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4. OOBIYHO MPSAMBIM X0JI0M CXEMBI SAUHCTBEHHOTO AcieHus aiass AX =D
1 2 n
Ha3bIBAIOT BHIYHUCJICHUE MaTPHII ¢ ), I ), s I ), U u BekTopa

p™M =M 1) Wy,
Teopema (BeIumciICHHE BEKTOPA p™M =N 12 Dy y 00paTHBIHA X0/

CXEMBbI €IMHCTBEHHOIO JIeJIeHUus st AX = b:x=U""b (n)).

Ecam s A= (g; )i j=1 V det A, #0 u n3BecTHO pasnoxenue

LM 1@1Wa=y = (U; ; )in’jzl — TpeyronbHas Matpuna (V' U; ; =1),

TO
1. cuctemsr AX =b nUx=b™ =M 1) Dy SKBHUBAJICHTHEI,
2. BEKTOP ™ =1 121D prrucnsercs sa ~ n? orneparuid,
3. pemenne X =U 5™ pprmucasercs 3a ~ n? OTICpaIIHii;

uroro: pereane X =U 1M 1@ Dy ppraucnsercs 3a ~ 2n2 omepaIyi.
Jloka3zareancTBo. [lepBoe yTBEpKIACHUE OUEBUIHO.




2. IToctpoum hOpMyJIbl BBIYMCISHHS BEKTOP ™M =M 12Dy
5O —
( ~(k \
bl( )

50

- - k+) (k)
bk = kB0 =) BB  k=01..

k+1) K(k ~(k
IIS+;,)k+1 k(+% +bk(+)2

K+1) < (k ~(k
\Irg,k++% k(+%+br$ )

J
~ 2(N—K) oneparuii nusa V K,

~ (N 2 w .
—> BEKTOP b Brramcnsercs 3a ~ N orepanuii (fe3 oenenuii!).

48
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5 =(n
3. Iloctponm hopMyIIBI BEIYUCICHUS peIIeHUs cucTeMbl UX = p (")
(0OpaTHBIH X0 CXEMBI €AMHCTBEHHOIO AeneHus mast AX =D):

( x. =h{M

_h(n)
Xn1 = bn—l o un—l,n " X

_hn
Xp =037 =Up - Xy =... = Up 3 X3

NG
Xp =0 —Up g Xp == Uy 3 X3 —Up - X

2[1+...+(n—2)+(n—1)] ymMHOXeHUI U BEIYUTAHUIA.

\

—> pemenue X cucrembl UX = b Brramcnsercs 3a ~ N OIeparnii
(6e3 oenenuir!).

CyMMHpYS YUCIIO onepanuuil Gopmya 2. v 3. MOJTYUYUM:
pemenue X =U _1[L(n)...L(2) L(l)B] BBIYMCIISIETCS 38 ~ 2N° OIeparui

(6e3 Oenenuir!).




IIpuMeHeHust CXeMBI €JUHCTBEHHOTO aejieHus, ecin V det A, #0.

- 2
1. Pemrenne cuctemel AX =D : uncimo onepanmii ~ 5 ns +2n2.

2. Berancrenne det A=detU /[det LD...det LM ]=a..al}P:
2 3

YUCJIO omepanui ~ —N~ +N.

3. Belunciienue o0OpaTHOM MaTPUIbI Al = [Y[l] ... xtnl ], peras

CUCTEMBI {A)?[j] =@ [j]}?zl, rae {6 [j]}rj]:l — CTOJOLBI €UHUYHOM
MaTpuInl E :[§[1] é'[n]}

2 8
YHCIIO OIepalui = 3 ns + (2n2)n =3 n°.

50
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Tema 4.2. Metoabl I'aycca HCKIIOYEeHHSI HEM3BECTHBIX:
CXeMa eIMHCTBECHHOI0 JeJIEHU ¢ BLIOOPOM IJIABHOI'O 3JIEMEHTA.

—

Cxema eIMHCTBEHHOTO JeJEHHs ISl pemeHns cucteMbl AX =D He padoraer,

ecJiu, HarpuMep, raaBHbIii Mmunop det A =a;; =0, tak kak —3 LD,

Ho sta cxema «auioxo padoraer» u B cirydae V det A, =0, Ho 3 m takoe,

9TO DIIEMEHT Ir(nm% =1/ ar(nr%, 0<]| a,(nm% | <<1, 1 ecTh OIIMOKH OKPYTJIEHHS.

10°% 1]( x 1
IIpumep. YMHOKUM CUCTEMY 10 1 ( 1) = [:J Ha

1 10°
0 10°+1
X2:1,

x; =10° —10°x, =0,

|

X1
X9

J

-1 1)1\X%
106 )
— 6 —
10 -I-lj
%, =1+107°,
HO < T.C.
%, =10° -10°%, =1,

6
L(l)zlo o:
10° 1
n%—%nw_;>>0
1%, 1
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Ho, ecinmn
I _1 1_ Xl 1
1. ypaBHEHUS IIOMCHATHh MECTAMHU: 6 =| |,
107 1)\X 1
o | 1 0
2. yMHOXHUTB 3Ty cuctemy Ha L7 = ; :
107 1)
1 -1 Xy -1
6 = 6|
0 1+10 " \ X2 1+10
{Xz -1, %, =1+10° |R=Rl.. 107
HO < T.C. —— = ~ 0.
=-1+%=0, | g =-1+%,=10"°, X1l 1

BbIBO/: NIpY HAJTUYMHU OIIMOOK OKPYIJICHUS apU(PMETUYCCKUX ONEpaInid
U3MEHEHUE HyMepPalnun YPAaBHEHUU MOXKET «CUJIbHO» YMEHBIIUTH
OTHOCHUTEJIbHYIO OIIHOKY NPUOJTUKEHUA PEIICHUS CUCTEMBL.




JJieMeHTapHAasi MATPHULA NTepecTaHOBOK P j

1

— MaTpHIIa, MOJIyYCHHAs IIEPECTaHOBKOM B MaTpulle E eé I-ii u |-#t cTpoxk:

<« I—cmpoka

< |—cmpoxka

53
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JIerko mpoBEpUTh, 4TO

e Bj=E Vi detR;=1deth;=-1 Vi=j,

e B;= F’ITJ Vi,] =R ;- cummerpuunas marpua,

T

e Bj-Rj=E VI,J] =R ;- oproronansuas marpuua: Pi,_jl =HK,=HR;

o ymHoxenue R jA — 910 nepecranoBka I-i U | -i cTpok MaTpuusl A:

(&) (@)’
@)’ ()"
as| | = mae|
@) @)
(@) | (@) |
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Teopema (mpssMOM X0 CXEMBI €IUHCTBEHHOI'O JICJICHUS ¢ BEIOOPOM
TJIABHOT'O 3JIEMEHTA IO CTOJIOIY).

Ecnu det A= 0 matpuisr A = (ai,j)in,j:b
103 (LY, R;), (L9,Py; ), ..., (LY, Ry ), e
L) _ semenTapHble HIKHHIE TPEYTOILHBIE MATPHLEL,

Pk ik — OJICMCHTAPHBLIC MAaTPHUIBI IICPCCTAHOBOK, TAKHUC, YTO

_1 u1,2 u1’3 ces Ul’n
1 u2’3 UZ,n
(LR ). (LPPy, )(LIP )A=U = 2o
1 Un—1,n
0 1

— BEPXHsIA TPEYTOJIbHAS MaTPHILA.

Joka3zareabcTBO. [locTporM 31K MaTpUlIbI.
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1 mar. Crauana noctpouM Pl,il U OIIPEICIINM AW2) = Pl,ilA:

Ly: |a 1|2 max |g 1] (detA=0= Fa ;=0),
’ i=1..n ’

2. 1-10 1 |j-10 CTPOKH MaTpHUIlbl A MEHSIEM MECTaMU:
1/2 1/2
AV =R A, af{? =a, =0
AL — | D AQ2).

Tenepb mocTpouM LY u ONIPEICIINM

3. Tak Kak a1(’11/2) #0, To
1 1/2 1 1 1/2 1 1 1/2
|():]_/a1(,1 ),|()__|1(’1),a( ) |()__1(,1),a( )

1, 21~ 21 >+ > 'nl — nl
(1) 1 ~@2) ' L2 12) 1 [4 ' ~@ 1) |
iy (0 .. Ollal” tap® .. ai”| |1ia .. an
Iéli 5 1 0 a(ll 2) . a(1/ 2) a(1/ 2) 0 5 agl’)z ag%

AD |21 - R X I B

1) U2y |2 1/2 @ 1
IH;O .o 1 _af],l)iar(],z) ar(,,n) O;ar(])2 ar(],,)q
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Jlanee npUMEHUM METOJI MATEMATUYECKON UHIYKIHH.

[TyCTh BEIYUCIICHBI (L(l), Pl,il)’ (L(Z), P2,i2)’ ) (L(k), Pk,ik) u

Yk Yk
. al),
AY = (L19R,; )..(LYR; ) A= AR o
On—k,k: . .
k k
A

Zamernm, 0 = det A% = detU det(a(k))l(”J) o =det(@ )" =

1. 4 |k+1: |aik+1,k+1| 2 i mflixn | d;, k+1| >0,

2. (k+1)-to u Iy _1-10 CTPOKH MaTpPHUIIBI AK) mensiem mecTamu:

k+1/2 K k+1/2 K
A( H2) - Pk+l,ik+1 A( ) ’ I£+Jlr k+)1 al(k+)1 k+1 #0.
L(k+1) A(k+1/2).

k+1)

Tenepb OCTPOUM Lk OIIpeLEeInuM AlFD —
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3. TaK Kak alglfl-—:[lli-zl-%. # 0, TO BEIYMCIIUM 3JIEMEHTHI MAaTPHIIHI

1K =17

L(k+1) :

K+1,k+1 — kK+1,k+1!
I(k+1) I(k+1) (k)
k+2.k+1 = " 'k+1 k+1" k+2,k+1’

I(k+1) _ _I(k+1) (k) .
nk+l = 'k+1,k+1" n k+1°

1 MaTPULIbI AT — | (k) p(k+172).

Uy - Ugnx o
k+1 k+1
L adide - 3
A =] y 0 alfh., .. akh | det AlD#O
n—K,
k+1 k+1
0 al\) alk




3aMeuaHus.

1. ®opmyJIbl BEIYUCICHUS DJIEMEHTOB MATPHII A(k)

IO
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B TEOpEME

HE IPUBEACHBI B SIBHOM BUJIE, HO OHU IPAKTUYECKHA COBHAIAIOT C
dopMyJiaMu, IPUBEJCHHBIMU B TEOPEME O MTPUBEICHUHN MATPUIIBI K
BEPXHEW TPEYrOJbHOW MATPHUIIbI O€3 ITEPECTAHOBOK CTPOK.

2

(v 3 [V
2. O0BbEM BBIUMCIICHUM TAKKE = 3 N~ onepanyii (U3 HUX MOAbKO N

oeleHuil!), eClv HE YUYMTHIBATh 3aTPaThl HA IOUCK HOMEPOB
MaKCUMAIBHBIX 10 MOJYJIO 3JIEMEHTOB B CTOJIOIAX.

3. Kpome coxpaHeHus 371€MEHTOB {Ii(,l;) }iLy, OTpeneAIonuX MaTPHIIBI

{L(k)}ﬂzl —910 N(N+1) /2 uncen

u {uj J},n:_ll T;,l _1, onpenenstonmx marpuiy U —asto n(N—1) / 2 uucenn,

COXpPaHAT HOMEpPaA il, i2, ’in—la OIIPCACIAOMMNC MaTPHUIIbI Pk,ik’

BCETO: (ﬂ2 +1) umcenn.
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Teopema (BhIUHCIICHHE BEKTOPA p(M = (L(n) A In) (L(2) P, )(L(l)Pl, )b u

00OpaTHBIN X0 CXEMbI CAUHCTBECHHOTO JIeIeHUS I AX = b:

x =U M),

Ecin det A+ 0 u u3BeCTHO pa3iioKeHHE
2

(L(n) n |n) (L( )PZ iy )(L(l)Pll JA=U =(u; J)I j=1 — TpeyroJbHad
marpuna (V Uj; =1),
TO

1. BekTOp p(M = (L(n) P, In) ..(L(Z) Pz,iz)(L(l) Pl,il)E BEIUMCIISETCS 34

~ n? orepaLuu,
2. cuctembr AX =0 n UX =b™M SKBUBAJICHTHEI,
3. pemenue X =U 5™ ppmucasercs 3a ~ n? OIepaInii;

= -1 (n 2 o
HUTOI'0:. pCUICHUEC X = U b( ) BBIUHCIISIETCS 3a =~ 2N OIIepanumu.

Jloka3zaTebCTBO — YIIPaXKHEHUE JJIS CTYJICHTOB.
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3aMeuaHus.

1. Be1Oop riaaBHOTO 3JIeMEHTa B CXEME €IMHCTBEHHOTO ACICHUS MOXKHO
AeJaTh II0 CTPOKE:

1 S -1 1
LW LWAR ;P =U, X=(R;..P ;) U L"...LY)]

n, Jn

Ynpaxunenue. [loctpoiite popMynsl 3TOro MmeToja.

2. BBIOOp ri1aBHOro 3JIEMEHTA B CXEME €IMHCTBEHHOI'O JICJICHUS MOXKHO
JI€NAaTh 110 BCEW MATPHIIE:

1
LR, LR, AR Py =U.

X=(P )P ) U LR, . LOR; b)),

Yupaxknenue. [loctpoiite (opmMyabl 3TOro METO1a.

3. OmmOKM OKpyrJieHusl TPy BEIYUCICHUIX —> Pa3Hble METO/bI
— pa3Hble OTBETHI.
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Tema 4.3. Metoanbl I'aycca HCKJIIOYEeHHSI HEM3BECTHBIX:
METO/ MPOTrOHKM PEICHUA CUCTEM C TPEXAUATOHAJIbLHOU MATPUIICH.

[IpuMeHuM cXeMY €IUHCTBEHHOTO JIEJICHUA JJIs1 PENIECHUSA CUCTEMBI C
TPEXIUATOHAJIBHON MAaTPULIEH

3 b 0 | x) ( f

C, a, b, X9 f
Cn—l an—l bn—l Xn—l 1:n—l

_O 0 o a, |\ X, ) kfn)

rJe nUaroHajibHble OJI0OKM @; TU00 Yncia (MeTox MPOTrOHKH),
100 KBaJpaTHbIe MAaTPUILIBI OPsiAKa N; (MeTOX MATPUYHOI MPOTrOHKH),

M BCE TJIABHbIE MUHOPBI HE PABHBI HYJIIO.




1-7 mar.

YMHOXUM 1-€ ypaBHEHUE Ha 3y .

B, 4

C, a; b
Cn—l

0 0

an—l
Cn

0

bn—l
an

/Xl\
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-1 -1
, Bi=a by, =9 1y,




2-# mar. Mcknrounm X, U3 2-ro ypaBHEHUI:

0

E,

P

E

0

1 pa3JesIuM ero Ha a, —Cp f3:
5 A

5
0 a,-Cfh b

Cn—l

an—1

Cn—l
0

0

bn—l
an

an—l
Cn

0

bn—l
an
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1/ X, \ /[ 2 A
X9 fo —Crzy
Xn—1 fn—l

X ) U )

Bo = (3, —Co ) b,

2, = (85 —C8) " (f, —Co7y)




ITocie N m1aros:

E, 4
0 E, 5

0 0
P = al_l

Bo = (3 —Co3) by

B = (ay — i f) by

0 En—l :Bn—l Xn—l Zn—l

0 (% ) ()
X Ly

En |\ % ) \Zn )

2= (@~ ) (o)

zi = (@ — S fr)(Fi —Cezea)

2, = (ay —Cnfa1) " (Fo —CnZnoa)

65




66

OOpaTHbBI#A X0A: METOAA IIPOTOHKMU:
Xn = In

Xng = _:Bn—lxn +Zn

Xj ==Xy + i

X ==PiX+1
Ynpaxxknenue. OueHuTe 00beM apuPMETHICCKUX ONepalldii METO/ 1A
IIPOrOHKH.

Ynpaxknenue. OueHuTe 00beM apu(PMETUIECKUX ONepaiiii MeToa
MaTPUYHOMN MPOTrOHKH, €CJIU JJIsI 0OpallleHUsI MAaTPUIL IPUMEHSIETCS cXeMa
€IMHCTBEHHOIO JiesicHus MeToja ["aycca.




67
Tema 5. LU pasnoxkenne maTpunbi.

Teopema. Eciu Bee rnasnbie munopsl det Ay # 0 matpuusr A= (g ),n =1

To A= LU, roe L — HmkHss TpeyroipHas MaTpHIIa,
U — BepxHsg TpeyTrobHAsS MaTpPHIIA.

Jloka3areabCTBO.

A A 7] b s 0 Uk Yk
Ak | Ancknk || Lok bk | | O P Uncnok
o A = LU,.

OnemenTsl by 1 U1 Mmatpun Ly u U onpenensitoTest u3 ypaBHEHUsI

Eciu A= LU ,

Aﬂ_ = a.l’l = Il,l . ul,l = L]_Ul =V Il,l F O = ul,l = al’l / Il,l (1 I[eJIeHI/Ie).

[Ipenmonoxum, uto marpunsl L, u Uy Beraucnens:: A, = LU, .
3amernm, uto det A, =detl, -detU, =0, r.e. detl, #0 u detU, =0

= 3L uU "




Torpa gt matpuil

Lk+l —

i Ik+1,1

Ly

o gk |k+1,k+1_

0

Mbl uMeeM ypaBHerue A, g = L Uy 1

A

A k11

A ka1

| A1l o Akalk | Akl |

Ik+1,1

Ly

S P P

ulUy g =

ka

Uy k+1

0

Uj k11

0 ; uk+1,k+1_

U,

uk+1,k+1
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Uj k11

Uk k11




[ \ A
Ug k+1 ( A k+1
Lk — :
(Ukk+1 )\ @ k+1 )
(hors - Nean Uk =(aka1  aix),
k

Ik+1,k+1 "Upi1 kel = A1 k+1 — Zm:1|k+1,m “Um k41
Peuium ypaBHeHUA:
[ A h [ h h
Ui k1 ( A1 k41 111 ( Ak 111
. . T . .
L : |=| : |, Uy) =]

\Ukk+1 ) @ k+l) Mk ) Bk )

2 L4
3arpaTuB 2K~ apudmeTruecKkux onepauii.

k .
Berauciaum Cy g = 8y 141 — Zmzllk +1m Umk+ (2k omepanwmii),
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onpenenum UHena |y gy 7 Uy g yyq 13 ypaBreHns b g Uk g kg = Gyt

v Ik+1,k+1 #0 = U1 k41 = Chnt / Ik+1,k+1 (1 nenenue).
JI71s1 BBIYMCIIEHUS TIOCIEAHUX CTONOIa MaTpuIlsl Uy .1 ¥ CTPOKK MaTPHIIBI
L, .1 TOCTaTOYHO BBITOIHUTH 2k? + 2k +1 apr(pMETHUECKHUX OIECPALIHH.

UTak, 31eMeHThbI TpeyroabHeIXx MaTpull L u U u3 paznoxenns A= LU
BBIUMCIISIFOTCS IO (popMyIaMm:

o V Illl/I ull TaKHUC, YTO |11-U11=a11¢0;

o 1A K=2, ..., N HUKJI

. T -
= (Lyx-1) : , : =(Uya) ST
\Uk—1k / CI=ry ey Lk

k-1
\v4 Ik,k 151 uk,k TaKHue, 4To Ik,k 'uk,k =Cy = ak’k _Zmzllk:m 'Um,k #0.
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Hroro: 3 [2(k ~1)? +2(k—1)+1] =2 (”‘1)”6(2”‘1) 4200 ‘21)” N~
2

3 . :
~ —N° apudMeTHICCKUX orepannii 1y Beraucienns A= LU ;

— IUaroHabHbIE SIEMEHTHI |y | U Uy | ONPENEeNsIoTcs ¢ TOYHOCTBIO
no ypasHenus |y -Uy  =C, =det A /det A _; #0 (rze
det Ay =1);

— pa3uble 3ananus |, . u U, = pasnbie LU pasnoxenwus.

3aMeTHM, YTO IIPH BEIYHUCICHHUH 3J1eMeHTOB MaTpul L u U ucnons3yrorcs
OIIepallii YMHOXXEHHUS U CIIOKCHHUS U OIICPAIlAM JICJICHUS HA YMClia
|, « ¥ Uy . Ecin 9TH yncna «Maab», TO IeieHUe Ha HAX —

«II0Xas» OIeparys:
1) Henb3s nenmuTh Ha O — «HET oTBeTaY,
2) nenenne Ha 9nciio = 0 = «pocT ommMd0K» OKPYTIICHHS.
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Cnencreue. Eciu V' det Ay = 0 marpuner A= (g J)P =1

ro 3! A=LDU, rane L — mmwknas tpeyronbnas marpuna: vV I =1,

D:diag{dl, dz, ey dn}’

U — Bepxuss TpeyronbHas matpuna: VvV Uy o =1;
det A, =d;-d,-...-d, V k.
Jloka3arejbCTBO.
W3 teopembr o LU pasnoxennn 3 A=LU 1, #0, u, #0 VK.

D, =diag{lyq, ..., I;n}
Dy = diag{Uyy, ., Uy}
L=L.D;?
—> uckomble Matpulsl: 1 D =D, - D

U =Dy U

3a;[annM{ — A=(L-D;})-(D, -D,)-(Dj'-U)
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[IpHMEHHM 3TO CIEACTBHE I CAMOCOIPSKEHHOM MaTpumbl A= A,
YrBep:xkaenue. Ecmn A= (ai,j)?,jzl =A"= (aj,i)in,jzl nV det A =0,
o 3! A=LDL", rue L — HmxHss TpeyroipHas MaTpuna; v I« =1,
D =diag{d,, d,, ..., d,}: d, =Red, VKk;
det A, =d;-...-d, V k.

Jloka3arejbCTBO.
U3 cnencteug umeem:; 4! A=LDU =
L=U"
LDU = A=A"=(LDU)" =U"D*L* = {D=D" = d, =d, =Red,.
U=L"

Iycts A=A"uV detA >0 =V d,>0= 3 DUZ:diag{ﬁ, . \/a}

= A=LDL" = (LD1/2)(D1/2 L) — MeTox KBapaTHOr0 KOPHSI.




4
Tema 5.1. MeToa KBaApPATHOI0 KOPHSL.

Teopema (popMmyisl MeToa kBagpaTHoro kopus). Ecom A= A™ n
vV detA >0,to A=LL , rme L=(lg )k met: km=0Vm>kn

k=2, .. n=1
L1 = /@] _
11 Ll hi11 =811/ hy
o1 =851/ hy; L., =(a Y]
]2 1701 ki12 = (Qr12 —balkiag) Moo
2. :
122 =\/32,2—||2,1| ) _ _
ik =@k — ks = — kol k) Ml ks
K 2.
\|k+1,k+1 — \/ak+1,k+1 - Zm:1| Ik+1,m | ,

Jlokazarenncrso. T.x. A = LyL7, To snement |y ; matpuns Ly onpenensercs

n3 ypaBHeHI/IH Aﬂ_ = al’l = Il,l . Il,l — Il,l — A /al’l .




Ipeanonoxum, uto matpuna Ly, Beraucnena: A, = L L, .

A

k11 e

I A
k+1,1
1) Ll

ey

2
2) (|k+1,k+1) = Ax 1 k41— Z

p
A K41 |

\ 9k k+1

Acirk | A1k+ |

Torna u3 ypapaenust A, ;= Ly Ly . q:

75

H k1 -
B T B LS R SR T e e 1k
i 0 Ik+1,k+1_
_
11 = ka1 /by
leoro=(89 1.1 =loal11) /1
IRGLEE. (@41~ loalks12) 12
ek = @kt =l == ok T

K

m=1

Ik+1,m ' Ik+1,m =Ckpy = Ik+1,k+1 =/ Ck+1 -
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Teopema (00yCIOBICHHOCTh METOIA KBAAPATHOT'O KOPHS).

Ecm A= A" =LL" (det A>0, T.e. 02 Sp(A)),
to Cond, A =Cond,L-Cond,L".

J1ok-Bo.
A=A =LL (A%, %), = (L%, L"R), >0 V X0
IAR=LU'R=4-X = {4 =(A%,X), /(X X), >0
(LL)L'K=2-US  [A=(LL)Y, v),/ (7, 1), >0
\ y y
—

SP(A) = SP(LLY) = Sp(L'L) [0 < Amyin (A)s A (A)]
Sp(AY) = Sp((LL) ™) = Sp(L°L) ™) < [0 < Ay (A), A (A)]




Hamoomanwm:

‘Cond,A=|[All,-]|A|l, ¥ A:detAx0;
| All =V (A" A) =\ Ay (A" A);

A =y P(A™) AT = 2 (AA) ™) =\ 2 (AAT) )

/N

CondyA=p(AD) p(AD) = A (A A (A)
= 4 CondyL = p(LL) -\ (L) ™) =\ () -\ i (A)
Cond,L” = p(LL) AL ™) = e (B) -\ (A

— Cond,A=Cond,L-Cond,L", uro u TpeboBanocs 10Ka3aTh.
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/8

Teopema (ommOKH OKPYTISHHS B METOAC KBAJIPATHOTO KOPHS).

Eciu A=A"=LL (detA>O) ¥ — MalluHHas TOYHOCTh U

- )
gog || Lgeey=6eaE): 10Ok
AX=h < - ; bl
\LW:V e 156)1
= (X + (X ) =§+5(7)+5(7): <y
A(X+0(X))=b +0o(b)] LU — 11l

1) ||5£X)||2 SCondz ||5(b)“2 <C0nd A. y
| Xl |b ||2

k X1l

TO <
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|51z _

Jlok-Bo. MbI 3HaeMm: 1) T Cond,
X1l2

S(b
A.II €)||2
b1,

Torpma 2):

L(y+5(y))=6+5(6) — ”ﬁ@ﬁ”z SCondzL-”ﬁ(BblT”Z <Cond,L-y;
Y2 2

* o il — _ nd 5 y
L' (X+6(X «))=Y+5(y)+5(Y): | ”(yyﬁllz <y=
X 2

y

5(X . v v
106G e g 1= 16@ +6@)l
X1l (17
Y1l 1yl
<Cond,L"-(Cond,L -y +y)<2-Cond,A-y
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Tema 5.2. IToJ10:xUTEABHO ONpPeAeIeHHbIE MATPHUIBI.
Kpurepuin CuabBecrtpa. Jlemma I'epmiropuna.

Omnpenenenue. A= A" >0 — MOJOXUTEIBLHO omnpeeicHHas MaTpUIla, €CIIH
(AX,X), >0 VXeC", x=0.
Teopema (orieHka kBagparuanoii popmsl (AX, X),).
Eciu A=A"u VvV A(A) >0,
10 (AX,X)5 = Ain (A)-(X,X), V XeC", X#0.

JlokazaTejbCTBO — YIIPaKHEHM e JIJIsl CTYJICHTOB.

Teopema. A= A" >0 < A=A", VdetA >0.
Jlokazateaberso. 1) A= A" >0 = A =A >0 = detA >0.
2) VdetA >0 = A=LL = (AX,X), =(L'X,L'X), >0 VX#0

— YIIpasKHeHHe /17151 CTYyJICHTOB.
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CaencrBue (kputepuii CHiIbBecTpa IOJOKUTEILHOCTH COOCTBEHHBIX
YHCEJT CAMOCOIPSKEHHOW MATPHUIIBI).

Ecin A= A" u V detA >0, 10 V A(A)>0.

Jloka3aTrejbCTBO — yIIpasKHEHHeE /IS CTYICHTOB.

JlemMma I'epiuropuna.
Sy ={zeC:lz—-a, |<R},
n K K,K K
v AA) el Sk: {

Re =lay 1 [+ +lag kg [+]ag ke [+4 8 n |
HdokazarenscrBo. Ecmu AX=AX & 0=|X [>[X;] V ], 10

(@ k = )X ==y 1 X = = B k1 Xk 1~ Bk k12 Xk 41 ~ -~ B nXn
—
[ % | | X1 | | Xyt | Xn |
lagk — Al <lag == +.+]ay k] A o =+t [ [ <
| X | | X | | X | X |
<lagq [+ +la g [+ ag koo | +-+lagn =Ry




ImA

| Amin (A) [ = Min{|ay | =Ry}

Re A
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CaeacrBue. Ecou matpuna A = AV Ay k > 0, co cTporum auaroHaJIbLHBIM

peolIIalaHueM 1o CTpoKaM: 8y > Ry, To

Amin(A) 2 min{a, , — R }>0:
1<k<n

ImAt

ﬂ“mil(A) > min{ay , — Ry}

—ﬁ—»Re A
Ay

R,
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Tema 6. PasioxxeHue MaTpuubl Ha IPOU3BEAEHHE OPTOTOHAJIBLHOMW U
BEepXHeHl TPeyroJbHOu MaTpun. MeTroa BpaleHuu.

Teopema (00ycinoBiaeHHOCTE pasnoxenus A= QR).
Ecian A=QR (det A= 0): Q — oproronansHas (yHHTapHas) MaTPHILA,

R — BepxHssa TpeyroiapHas MaTpHIla,

TO = Cond, A=Cond, Q-Cond, R.

2) Cond, R=Cond, A,
Jloka3zaTejbCTBO — YIIPAXXKHEHUE JJISI CTYJICHTOB.

CaencrBue.
Eciim A=QR (det A= 0): Q — oproronansHas (yHUTapHas) MATPHUIIA,

R — BepxHssA TpeyroiabHas MaTpHIIA,

Q
RX

<l
I

b
_ ' OJIIHAKOBEIE.
y

TO 00ycioBiIeHHOCTH cucTeM AX =D u {




JjieMeHTaApHAasi MATPHULIA BpalleHUs

Ey s 0 0
Cy | 0 = — k-5 cmpoxa
Qui—| 0 |0 TELLTTO | 0|t Bt so S=t
Sk 1 0 O — -5 cmpoka
0 0 E.
IMpumep B R":
e [(Qk,.i)k] Qi1 Xk | | cose,) —sin(ey ) | (X)x
(Qx,1%)) ((Qk,li)l j_ { sin(gy ;) COS((”k,I)}(()_()I j
Pk | (ij Ck | =Cx 1 =cos(ey )
AP0 e i
Sk,l = Sk,1 =SIN(@y 1)




YanpakHeHus.

1. IIpoBepuTh paBEHCTBA:

QX =

(Tt X —Sk1 - X

Sk, Xk TGk X

J

85




2. Jloka3atb, uto Q, | — yHUTapHas MaTpuLa:

Q1 Q) =(Q) Qi =E = Q) =(Q1)

Cond, Q =Cond, Q" =1.
3. Mokasats, uto detQ, | =1.

Fo
A
4. OmnpenenuTs 11 BEKTOpa 8, =| : | Marpuny Qy :
(Gnk )
(Q 1@kl =Sk |-k +Cj-a, =0.
a a
OTBerT: Sk,| . K.k +Ck,| . K

2 2 2 2
\/|ak,k| +|a i | \/|ak,k| +|a i |

Ck. | —Sk, I

0.
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A=

IlocTpoenue pas3iioxeHus: QR YMHOKeHHeM A Ha dj1eMeHTapHbIe

MATPHIbI BpallleHHSs].

Teopema (Q"A=R).

VvV A3 Q* , Q*A: R, Q* :Qn—l,n '---'Qz,n '-"'QZ,B 'Ql,n ""'Q1,2 ’

Qn—l Q2 Ql
I'1C Qk,l — OJICMCHTAPHBIC MATPHUIbI BpameHHﬁ.

Joka3areabcTBo. [locTpouM 3T MaTpHUILBI.




1-it mar: crpoum Q, », AL2) Qu2A; .. Qun, AN — Ql,nA(l’n_l) = AW:

Qupy oo

Cin
>1,n

Qi

A 9
CYY,

an,2

A 1

~(1,n-1)
a1y

_ A@n-1)
an 1

a1,n
a2, n

an,n

o -

af o) .. af)
1 1

0 Ay, ..oagh

~(1,n-1)
an 1

(1,n-1)
d'q

a
2’1}’ e =\/| ay [° +lagy 75

& n-1) 2 2
T n:\/lal(,l )l +|an,1|
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2-H miar: cTpouM

Q2 3, AlZ3) =Q2,3A(l); s Qo ALz =Q2,nA(2’n_l) = Al?);

1
a3 o

Qop e

Yupaxuenue. [[poseputs popmysbr:
~2,1-1) ]
2

.
Ay |

0 al)

1
a’) =

T

0 | aq)

I

ds 5

—(2,1-1)

2,1-1 2,1-1
@D D

(1) ' L
ay) | af)

0 1 af3

........................................................................

(2
2]
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o k
K-#1 mmar: nocie K —1 miara umeem Al

Cmpoum mampuuwt epawienuii Qy 1, ..., Q -

Qk,k+1---Qk,nA(k_1) =

Re-1 Ri-1,n-k+1
k-1 =
-1) _ aIg,k ) aig’n )
0 : .
k-1 k-1
ar(Lk ) ar(]’n )
Rt Rk—1,n-k+1 |
K (K k
alg‘z aIE,IZJrl algr)]
L e
0 | O Al - &l
‘ k
0 ar(l,I2+1 ar(1r)1

90
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—

Yupaxuenue. [Toctpouts Gpopmynsl mis pemenuss AX =D,
ecit Q°A=R u det A=0.

Teopema (omOKM OKpYIJI€HUS B METO/I€ BpalllCHUI).
Ecimt A=Q0QR (det A=0), ¥ — mammaHas TOYHOCTH U

N ()
e | egraw)=bes): 1Tk o,
A=B o {7 — b1
ML e 1561
o N P
AX+SG)) =b + (b R(X+6(Xog)) =V +0(Y)+0(y): ——=—=<y
(X+5(R)) =B +5(B). ) - T
1y 1O o cong,a 10Ol cong, A 5
1%, 151,
) 6Ge)l
X
2) | 772 <Cond,A-2y
TR
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Tema 6.1. Pa3jioxkeHue MaTpHIIbI HA IPOU3BEIEHUE OPTOTOHAJIBHBIX U
ABYXJIHATOHAJIbHOM MATPHULL.

Teopema (Q"AT™ =R).

VAIQ, T : Q' AT =R = ,
rn—l,n—l rn—l,n
0 0 Mn

Q* — (Qn—l,n)'---'(QZ,n Q23) ) (Ql,n le) ,
T" = (T2,3 ""'T2,n) . (T3,4 ""'TS,n)'---'(Tn—l,n) ’

rae Qy | u Ty | — dIEMeHTapHbIE MATPHIIBI BPALIECHHH.

Jloka3zareanbcTBo. [locTpoum 3T MaTpUIIbL.




1-it mar: crpoum A2 = QoA

a1 1
Ay 1
Qupn o Quo| .
_an,l
Clo —S12 1
T 12
1 S12 G| T
. 6l,n _§1,n
Sin Cin |

A 2
Ay o

ooo’

_ 4(@n-1)
an 1

93

AlLN) _ Q, nA(l’n_l) — A(Q).

(1,n-1)
A 1

S
az.,n |0 aéQzl) aé%l) ag%l)
a
nn_ _ 0 ar(](?zl) ar(]%) ar(]%)_
d1| 12 2 2
Tt =4lag |t +Hla [T -
alj \/ 11 1
- ~(n-1) =(n-1) |
C¥l N -
= 1l P rag,
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Teneps cTpoum Ali23) — A(Ql)T2’3; ., Az - ,A\(C‘?l;z"n_l)Tz’n =AW

e a3y

0 (a3 a3

0 aéQzl) aé%l) aé%l)

Ay,

a{%)

DIEeMEeHTBI MATPHIEL 15, | > 2:

i 2 1-1 2 1-1
g s

2,11 2,11
(G2 gt

21-1), — -2 1-1 )
(3219 (s, )+ a2 ey =0

Co1 =Sy

2,1-1 2,1-1
ry) =182 D P 4+ a{Q21 ) 0

>3

i 2.1 2 ]
X EUN U
2,1 2,1

al(gl ) al(’(ll?l )

( 2. 1-1
Co :al(,czgl )/r2,|

— 2,1-1
52| :al(?l )/rz,l

o) o) o 0
1 1 1
0 a5} ap) ... ay)
1 1 1
0 fapy Ak . agn




2-ii mar: crponm A% :Q2,3A(1); .. AE :sznA(z’n_l) = AlQ):

Qe

Yupaxkuenue. IToctponts Gopmynsr matpunl Q; 3, ..., Qy .

Qa3

o) |a) o 0
) (@ 1
0 |85} a3} ... )
) .1 1
0 |a§) ag} ... ag
) . 1
0 & ap} .. a

95

_al(? al(’lz) : 0 0

0 @y ey . ad
0 0 aé%f) aé?f)
0| 0 'a\¥ a{%)
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Jlanee, mmocieaoBaTeIbHO, OOHYJISIEM JIEMEHTBI 2-M1 CTPOKH MATPHUILIBI
A(QZ), Ha4YrHas ¢ 4-T0, yMHOKCHHEM Ha 3JIEMEHTAPHBIE MATPUIIBI BpAILICHUS

Tag Tags oo Tap: AP ={[(ARD) T, ) Tye]- o Ty 3

[MOJIYUUM
ay a3 | 0 0 .. O
0 aé%) ag,zg o ... O
(2) — 2) (2 2
A 0 0 a§,3) a§, 2 . a§,n)
2 2 2
I 0 0 ar(,,?z ar(,,j ar(],r)]_

Yupaxuenue. [locrpouts popmynsl matpun T 4, Tac, ..., T p.




o k
K-#1 mmar: nocie K —1 miara umeem Al
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A1) _

Ry-1 Rk-1 n—k+1
(k -1) (k-1)
U k %n |
0 : Lo
k-1 k-1
ar(1,k ) ar(l,n )
k—1
k—1,k—1 12—112 0 0
a(k-D) (k-1 2 (k=)
Ay k K,k+1 Ay
k—1 k—1 k—1
I$+1, Iz alg +1, IZ+1 al(< +1, |?1
a(k-D) (k-1 a(k-1)
n k n k+1 n,n




Crpoum mMatpuibl BpameHui Qy 11, -y Q n ¥ Tyiq 2y s Tiaan:
Kk k—
AY) = Q ki1 Qe n A MMyt izy oo Tz =
(k-1 k—1 i ]
al(,l ) al(,z )
k—1 k-1
alh | ald | 0 0 0
Kk k
0 aﬁ) § ), 0 .. 0
k k k
0 0 é%ﬁk+1 aé%ak+2 e §+in
k k Kk
0 0 ar(1,lz+1 ar(1,IZ+2 alg%

Yupaxkuenue. IToctponts Gopmyel MaTpuiibl BpameHuit Q i1, -
Taan K=1 0,

Tk+Lk+2""’

n-—1.

98

) Qk,n u
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Teopema (uucio obycinosiaennocta Q AT =R)).
Ecmm A=QRT (det A=0 = detR #0),

10 Cond, A =Cond,R =y Ay (R'R) / \/Aumin (R*R),

T.e. cucteMbl AX =Db u <

\

@y

Qy
RZ
T

x|

—

Y OIMHAKOBO OOYCJIOBIICHEL.

Ny

Jloka3arejbCTBO — YIPAXKHEHUE IJISI CTYACHTOB.

%k
3ameuanue. Marpuna R R — tpexauaronanbHas MaTpuIia ¢
[TOJIOKUTENbHBIMU COOCTBEHHBIMH YHCIIAMH, JUIST UX

IpUOJIMKEHHOTO BEIYHUCIICHHUS MBI B TPEThEM 4acTH Kypca
IPEAI0XKUM METO ACJICHMS MoIoJiaM (OMCEKIUN).
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Tema 6.2. Paznoxkenue MaTpuibl HA MPOU3BeEAeHNE OPTOTOHAJIBLHOM U
BEPXHEH TPEYroJbHOM MaTpull. MeToa oTpaKeHUM.

JjIeMeHTApPHAasi MATPULIA OTPAKEHHUS

H=E-2WwW', Ww=(WW) =1

Ecnu BekTopsl d u Ha 3amgaHsl, T.¢€.
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YinpaxHeHus.

5. Hokazate, ecmu H =E —-2wWw", W w=(W,W) =1, To
H=H", H-H =E = H'=H", Cond,H =1, detH =-1
6. IToctpouts H k) = g — 2w (W(k))*:

Cay ) [ Ak
. . 4
: - ay T, Ty :\/Z|ai,k B
A _1 A1k =k
HW)N%%"::G“Mixhk’(Hwkkﬁkk:< —ay k
e | g o =T | Ay k # 0
; ; 1, a k =0
LGk ) L 0 )

_ K) = T
Oteer: W) = Tk H' )a°’k = (O, - O, [ak,k -0y Kyl A1k oo an,k)

m — »
- H®a, |a, —HYa,, |,
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Teopema (H A=R).
vAIH*: H'A=R, H*=H"Y. . H@ . HD
rne H® — 3JICMEHTAPHBIC MATPHUIIBI OTPAKCHHUSL.
JlokazareabcTBO. IloCTpOMM 3TH MaTPHUIIBI.

1-if mar: nusg A= [é,’l é’,’n] crpormm H®:
r 1 N N
HYa, = ar; -8, o =—ays/ oy |, 1 = Il Il

_ 1) =
4 D) _ a,,l—H()a,,1

la,, - HYa, ],

HD _ g _ox® (V_V(l))*
1 BBEIUUCIISIEM

AD=H® . A=[HDa,; .. HOg

Il
1
_OQJ/-\
=
&
52
L |

||




AL —

¢! 1 1
o) [ ... o
1 1
0 [af} .. af)
1 1
0 [al} .. ap

1
Clald l=r=lla

Yupaxkuenue. [loctpouts (GopMyJibl 1JIs1 BBIYUCICHUS é.(l% =HW de 9 =

=[E - 2wV (wh)*]-4, ,.

OtBer. é’.(lg =3a,

—2(d, 5, W(l)) ) (= 4N yMHOXXEHUH U CIIOKEHHUIH).




2-W mar: s AD = [é’.(l) *,(1%] ctpoum H (2).
rp=\1a8% P +1a P +.+ 2l P
ﬁ(l)
H (Z)a(% _ 12 = _a(l) /| a(l)

N BbIYHNCJISICM

A2) — (@) AQ) :[H (1)3’.(?1) H (2)3’.(’1%}

~(n-1
< ayry &

%) a'.(l) H (Z)a(l)
W —
1a¥) - H ‘”a.(,l% I,

HO Z E 2@ @@y’

.

~(2) =(2) =(2
(a8 3
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T (1 1 1 1) ]
al(,l) al(’z) al(’3) .. al(,r)]
0 ay) &}y ... &)
AP="0" 0 [ . a@| 1B 1= =1} P . lalhl
0 O arﬂ’zg ar(,,zr),

~(2 2)=z(1) _
Ynpaxuaenue. [loctpouts GopMyabl 1J1s1 BEIYACICHUS a.(,g) =H( )a,(’:),) =
=[E —2w¥ (w?)*].a8.

OrtBeT. é'.(’zg) = a’flg — 2(3’.(,1%, W) w2 (~ 4(n—1) yMHOKEHHUH U CIOKCHHIA),
(2) _

TaK KaK Wl =




Jlanee MeToa MaTeMaTUYECKON UHYKIIUH.

[Ipenmonokum, 4To MOCTPOSHBI MaTpHUIlbl H (1), o

H kD
[H (2) .(H @ A}

AL _ g (k=1) .

(k-1 k-1 k-1 k-1
al(,l ) al(,k—l) al(,k ) al(,n )
0 . : : :

k-1 k-1 k-1

0 0 &SRy Ak Adia A 1n

AKD _I g 0 |al? ag "
k—1 k-1

0 0 al£+1,lz kK+1,k+1 I£+1 r)l

k-1 k-1

0 0 |ak® an
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K-#f mmar: mis Ak _ [a(k_l)

-

H 00D _

) _

H ()

.

N BBIYHCJISICM

\

él’,(’kn_l) J crpoum H ().

K k— k—
= 180D B +1al ) P+t 20D P

k-1 \
al( )
' k— k—
k—l k
ar, .el(n—k+l)/
alkD _ (50D

I a(k—l) H (k)a(k—l) I

= £ —2w® (w®)y*
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ALK — (k) alk=D) _ [H (k)g(ii—l)

k) z(k—1
H W5k >]E

~(K) =) =k
=aly) al) aly

(k-1 k—1 k—1 k—1 k—1

ay afk_f al‘ s a£k+f alk

0 A :

k-1 k-1 k-1 k—1

0 0 aihg|ac | : alg Y Ny

(k) _ k) k k
A= 0 0 AR A A
k k

0 0 0 I£+)1k+1 . IS+)ln

o .. 0 0 ar(]‘fk)ﬂ aﬁﬁ}




[Tocne (N —1)-ro mara moay4um

R= A" -

- (n-1
ayy

0
0

109

(n-1)

A k1

0 al?d

T.e. A=H R u Teopema nokaszana.

A1) :H(n—l) . H@. H(l)J-AE R:

H*

— BEPXHSAS TPEYTOJbHAsA MAaTPUIIA,

—

Yupa:kuenne. IToctpouts popmyiasl st perenns AX =D,
eciu H"A=R u det A=0.
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Teopema (ommOKN OKPYTICHHS B METOAC OTPAKSHHM).

Ecin A=HR (det A>0), y — MamuHHas TOYHOCTD U

AX=b < {

A(X + 5(X)) =

b

| ~<1
I

R

|l
T <

TO <

1) ”5(3()”23(:0
X1l

2) ”5(XHR)”2 <Cond A. 27/

X1l

N

b —>

).

1@
91

ndzA-Hél(Bbl?||2 <Cond,A-y




—

—

Tema 7. Pemnenne cucremsr AX =Db, ecam det A=0.

Hanomunm onpenenenns anst A= (g ; ),n i - c"-s>c™

1. ImA={ZeC": 3XxeC": AX=7},

dim(Im A) — uncio TMHEHHO HE3aBUCUMEBIX CTOIOIOB (CTPOK) A

2. KerA={ZeC": AZ7=0}
3. C"=ImMA®KerA" =ImA" ® Ker A:

VZeC"3IbelmA JeKerA™: Z=b+Y, -

(b, y), =0

2 NE12 o1 5112
N ZI2= bz +1YI

4. Cucrtema AX =D coBmecTHa, ecu b e Im A

—

111

5. Bcee pemenust coBMecTHOM cucTeMbl AX =D X = ) 47 Vv ZeKer A,

rie X — mo6oe peIICHUE: AX™) =p
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6. Eciiu cucrema AX =b coBmectHa, To 1 cuctema HAX = Hb
COBMECTHA M MHOJKECTBA MX peleHnii copmanaroT, eciu det H =0

7. Ecnu b & Im A, To cuctema AX = b HECOBMECTHA,
eé o606mennsie permenns: {X € C" || AX—b ||,= min || Ay —b ||,}
yeC"

¥ p— ko " n
Yupaxuenue. Jlokaszars: cuctema A" AX = A'b cosmectna Vb eC'.

Ynpaxnenue. /[okazarh: minn | Ay —b lo,= || AX -b |, V X: A"AX = A'b.
yeC

Ynpaxknenue. /lokazaTb: MHOXKECTBO 000OIIEHHBIX PEIICHUN CHUCTEMBI
AX =D coBmamaer ¢ MHOXKECTBOM PEIIEHUIH COBMECTHOM

* p — *y_
cucteMbl A" AX=AD.
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Yupaxknenue. /[okazaTb: MHOXKECTBO 000OIIEHHBIX PEIICHUNA CUCTEMBI
AX =D coBmamaet ¢ MHOXKXECTBOM 00OOIIEHHBIX PELICHUN

cuctemsr HAP(P*X) = Hb,
raec H, P — oproronansHbIe MAaTPHIIEL.
Jloka3zarejbCTBO.
MHOeCTBO 0000IIECHHBIX PEIIeHHI CUCTEMBI AX = b

o o * Ao *o
= MHOJKECTBY periecHuii coBmectHoi cucteMel A" AX = A'b;
7

v * o g
MHOKEeCTBO 00001eHubIX pemenuii cucremsl HAP (P X) = Hb,
= MHOCECTBY PEIICHHI COBMECTHBIX CUCTEM:

(HAP)*(HAP)(P*X) = (HAP)"Hb = P*(A"AX)=P*(A"D)
= A'AX=A'D,

4TO 1 TPEOOBAJIOCh JOKA3aTh.




114

Teopema (pemenue y cucremsr HAP P™X = HB). Ecau
y g

1. cucrema AX =D peoOpa3zoBaHa B CUCTEMY {(HAP)y =g=Hb
rae H, P — oproronaiasHbiec MaTPHUIIEL,
2. m=rangA=dim(ImA) <n,
R R g(m)
HAP = | —= R  detRy,  #0:; g’[ J;

_On—m,m ‘ On—m,n—m_ 5(n-m)

9

()
— y — —_ — — —_ — —_
T0 {y[y(nm)]: ™ = Rm) (™ =Ry ™) VYT

— MHOXECTBO 0000111eHHBIX penienuii cucremsl (HAP)Y =g.

S N ~(n—m
3ameuanune. Eciau cucrema AX =b coBmecTHa, TO g( ) =0.




Teopema (HAP =R).

v AeC™ FH=HV. .HO 3p-pd. .pd.

1. H® - 3JIEMEHTAPHBIE MATPHUIIBI OTPAXKECHUS,

2. pl_ 3JIEMEHTapHBIC MAaTPUIIHI IEPECTAHOBOK,
3. HAP =R — Bepxnss TpeyronpHas MaTpuma:

[ -] (

e Ti2 - T ral 2[rl viLJ=12..,n
R = f22 - Tan < r2,2|2|ri,j| Vij= 2,..0n
el 21l v )=

0 F'nn k=1 .. n-1

Jloka3zareanbcTBo. [locTpoum 3T MaTpUIIbL.
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1-i mar. Beraucoum dy =||a, 1 |[o, dy =1|as 5 [l5s ...y dyy =@ y ||

Harimem J;: d i > max d; u 3amagum pWD Pl i

J

1<j<n
«Borucaamy AY? = ApW = [a£’11/2) aS%Z)}
[Toctpoum
(1 1 1) |
(al(,ll)\ 31(,1) 31(,2) (,3
(1) m)
HO. 4O | 0 |, a0 _ywawd _| O | 822 - 8
1 1
L0 ) 0 |ay) ... ag
Zamernm, uro [} | =]1aly? [, > [[al) |, V j>1
= la7 |z[a]| Vi, ]

116

> 1.




n
2-ii mar. Beraucoum d, = (Z| al(lz) 2V,

1=2
HaiizeM J, 1 d; > Max d; u3ananmm p(2) = P -
2 2<j<n 42
«Boraucmamy AG2) = ALp2) E[afll) ‘ af’32/2) af%z)}.
[Toctpoum
(4(3/2))
a1(,2 )
2(2)
2). (2.2 | 22 )| _4
H . H a..’z — O y |a2’2 | — j2
.0

N
, dy :(Z| ai(,lr? |2 )1/2;
=2
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ORI ORING.
aﬁf,l) 31(12) a§,3

118

2
A

0 |af3 :af3
A @ pG2) _| 7T

0 | 0 jan

a? [2]|alll, v j>1

3aMeTHM9 YToO A

—

0 | 0 jagy ..

-

<

2
a0

asn |

2
.

n
a9 1= (Y 1Y P)Y? v j>2
k |:2

ajf |z]a7] | Vi j=1

lags =187 | Vi j>2
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Jlanee meTon maTemaTuueckoi nuaykiuu. [locae (K —1)-ro mara nmeem

A(k—l) _ (H (k-1) . .H (1)) A (P(l) P(k_l)):

(k-1 k—1 k-1 k-1

a ) A | Ak e Ay

0 5k-1) 5k-1) 4 (k=D)

A(k—l) _ k—l k-1 k—lk k_]_n
k-1 k-1

0 0 |afs? ... a?

k-1 k-1
| 0 0 r(lk ) ar(1 n )_

|a|(k 1)|>(Z|a(k DRYW2 s |a|(k 1)|_|a(k DI vi, >

=1, k-1

=S

7
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n N
k-if mar. Beraucnum d, = (Z| ai(,‘f(‘l) |2 )1/2, o (Z| ai(’i;_l) |2 )1/2;

=k
HalineM Jy @ dj = max dj u sagazum P(k):ij.
k<j<n 'k
«Bpraucianm»
k-1/2 k1) p(k k-1 k-1 k—1/2 k-1/2
ACYD - ACDRU Tl [l Al |

T.€. B MAaTPHUIIEC Ak IIepPECTaBUM CTOJIOLIBI afkk_l) 5| afkjj),




IToctpoum H (k).

(k=1/2)\

5‘1

H(k)a.(!<2—1/2): 0 (k)|_d >(Z|a(k DRYW2 v jsk

H (K) p(k=1/2).

U BBIYUCIIUM A( ) —

121




AK)

.

122

a<k>|>(z|a<k DYz v jsi

=1, .., k

(k-1 k-1 k k k) |

afy A a1“ afk)+1 al‘,r?
0 5(k-1) 2.(K) 2.(K) a.(K)

A 1k | Ak-1k : A 1 k1 A 1 n
_ (k) alk=172) _ k k k
sREATTE= 0 0 _i‘f_ﬁ_’_) Ak A
k k

0 0 0 I£+)1k+1 ¥ I£+)1n
k k

0 . 0 0 alr(]’k)+1 ar(,,g _

., K

[lafP 12181 vi.j=1
| =1,
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[Tocie (N —1)-ro mara: AN — H (=D . .H (1)J- A-P(l) P(n_l)J =R:

v

H P
_(n-1 -1 -1 -1) |
SR L I RN
-1 1 -1
oy | 0 AmDarh ary|
A" = o= o |= R = ij=
0 e 0 am+l,m+1 e am+l,n
0 .. O 0 .. any

) (

n
2\U2
<|r|,||2(Z|fi,j|) V> N

INEINBISER2

N
ﬁ

=

=
vV

Mol Z. 2|2

=1, ..., n | 2 Irm+1,m+1|2---2|rn,n|




CaencrBue. Eciu m=rang A=dim(Im A) <n,

To u3 TeopeMbl 0 HAP = R crnenyer, uto

124

E S
no A _| O ahm’ | Bmm o Ao |
0 .. O 0 0
o 0l o .o
rre |aff P |2 [a8h Y |2 . > &l | > 0.
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3ameuanue. Ecau m=rang A=dim(Im A) <N, u BeraucacHus

B Teopeme 0 HAP = R BemonastoTcs npubamkeHHo, TO

Ui (L - () D
- R _ 0 aivD parh ey |
0 ... 0 |¢ &nﬁl}n e & r(nn+_11,31
0 0 0 e’
re [&0 7[> ]a)y Y |2 > a0 | >> e 1> >0,

JTa rpymmna HepaBeHCTB «onpedeisemy M =rang A.
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—

CaeacrBue (anroput™ perierus cuctemsl AX =b, ecmm m=rang A<n).

1. Ctpoum oproronaababiec MaTpuilbl H, P:

Rin,m ‘ Rin,n-m

HAP =

On—m,m ‘ On—m,n—m

2. Cucremy AX = b npeo0pa3yeM B CUCTEMY <

. g(m . Gm )
g |7 goem.

o(n-m)

, detRy, o, # 0.
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