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ajireOpanyecKux ypaBHeHU
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Tema 8. UTepantuoHHbIE METOAbI PelICHUS JTUHEHHBbIX YPABHECHU.

 ~ |AeR™" detA=0
Jliis pemenns cucteMel AX =D < — 3aJ1aHBbl,

\BERH

_ n o
X € R" — Heu3BecTHBI BEKTOD,

., oK Ny .
HTePAaNHOHHBIH MeTo — 3To criocol moctpoerus {X° € R™ } _q:

. K—c0
“=x¢m, %%, %, .., Y 5 % 1e lim||X* =% =0.
K—o0

o~ |AeC™ detA%0
Yapaxnenue. Jlokaszars, uto cucrema AX =D <

\BECn
Re A —ImA](Rex) (Reb)| ,.
YKBHUBAJICHTHA CHUCTEME = _|B R
ImA Re A|lImX Im b
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NTepaniuoHHOE YTOYHEHHE “IIPAMOro MeToaa’:

cuctemy AX = b pemraem X = A_lﬁ, TIIe Al = (LU )_1;

At~ At=(LU)™" ~ ~ -
W3-3a OIIMOOK OKPYIJIEHHSA § s = AX—X)=AX-D
\X:A_lb;tx ) 7 ;
7=AT~AYY |X=x-A'F x0= A
~ A—1= =1z 2 sgsx ) k+1 k A-1 K R
X—X~ AT X~X—AF X< =% - A (AXS -b)
(A0 _ 0 (1 0 =0
A" =T [Pl < All-[[Z7
OlLieHKa OIINOKH - ) i — ) o )
I =AT NZ5 <A )
=k =K =K
Z _ I I
Ut N cong A 1T

=0 =0 =0
1= (ing| =




B~ w e

OnHomaroBbii (ABYXCJIONHBIN) UTEPANUOHHBIA METO/X

_0 gk — gk _ H, (A)‘(’k — 6), H\ —3adanuvie mampuyei,
X~ —3a0aH,
k=0,12,..; detHy =0
X¢ — Kk-toe npuOamKeHue (urepanus) K X

K_gk—x% - BEKTOP OIIMOKYU K-Toi nTeparuu (puoOImKeHus),

Ny

—

P = AX® —b = AZ¥ - BekTOop HeBs3ku (residual) K -Toit nreparumu,
Sy = E —H A —wmaTpuna mara aas ommoku:

X g =% X —Hy (AX* - AX) = 7" =5, 7¥

T, = E — AH, — maTpuna mara ast HeBsizku (residual):

AX b = AXN —b - AH (AX® -b) = ¥ =Ty 1"

Fk+1 ~k ~k

MeTo Ha3bIBacTCs cxoasiuumest, eciu [im || z¥ |=0 V XY eR".
K—o0
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CTanuMoHApPHBIN OJHOIATOBBIN UTEPAUOHHBIA METO/
sk gk _H (A)‘(’k —6), H —3a0annas mampuya,
k=0,12,..; detH =0

—

X~ —3a0aH,

=X %X - BEKTOD OIIMOKH K -TOM uTepanuy,

Z
S = E — HA — marpuna mara juist ook (e 3aeucum om K):

k

Ny

K= AX® —p = A7% — BEKTOD HEBSI3KM K -TOM UTEpalny,
T = E — AH — maTpuna mara st HeBs3ku (e 3asucum om K):
Pt =T

v 7V eR" 7% =5%70 50

vieR" F¥ =T’ 50

.

MeToa CXOOUTCS, €CIH <
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JlocTaToYHbIE YCJIOBHA CXOAMMOCTH.
Teopema. Eciu || S || =|| E—HA|| <1,

10| Z%| =0, 1e. X > % VX% eR",
Tokazateascrso. Z< =SZ5 = | Z5|=1SZ* | < IS |- 1Z% 72| <
k-2 K 1150
<ISH-NISH-NZ <. <ISI-11Z7 )

ISIK=>0=[S|KIZ°|=>0=|Z¥||>0= Z"=xX-% >0
<1
Teopema. Eciu || T ||=||E - AH || <1,
0] Z%| =0, 1e. XK > % VX% eR".
Jloxka3aTeabcTBO. 1. P =Tt = =T*% >0
2. 7= A = | 2= | A< AT >0
— 7K =xK_% >0
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Heo0xoauMoe ¥ 10CTATOYHOE YCJIOBHE CXOAMMOCTH.

Teopema. CTanimoHapHBIM UTEPALMOHHBIN METO/T

0 {)‘(’k+1 — )?k —H (A)‘(’k _6), H — 3a0annas mampuya,
— 300aH

X
k=0,12,...; detH =0

cxomutcs < p(S) <1,

rae S =E —HA — marpuna mara mist ommoku 7K =xk — X,

p(S)= m(a>)< | A(S) | — ciexkrpanpHbIi paguyc.
A(S
?
JlokazaTeabCcTBO. 1. 7 50 vZ'eR" = o(S) <1
Toxaxure: Z€ =520 50 vzZ°eR" = 7z¢¥=5¥z° 50 vz%eC".
Torma ZK =S¥70 =[A(S)]¥-2° 50 v z°: 5.729=4(S)-Z°

[A(S)] —>0 = |[A(S)|<1l = p(S5)<1l.
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2

2. p(S)<1l = 750 vZ'eR™
Bamerum: ¥V >0 3Q,.eC™: (Q,)'SQ, =J, = diag{J, ., ... Im .}

_ﬂ‘i E O_
A .
Jj s = L | A eSO = max 14| +e=p(S)+e
0 Ai

k—)oo

Tak kak p(S) <L 103 e>0: ||, ]I, =p(S)+e<1 = ([I.[l.)¢ = O

Torna

k—>o0
k4% ||ooangnw-nQ;lnoo-(||Jg||oo)k-||2’°||w > 0,

T.C. MCTOA CXOIUTCAI.
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Teopema (0 KoIMUECTBE UTEPALUN).

=k
/
Ecmu || S || =|| E — HA|| <1, To ouenka |||| = ” < & g MeToja
/
Skl _ ok K Y H — 200
0 X =X" —H (Ax —b), 3a0aHHas mampuyda,
X~ —3a0aH
k=012 ..: detH =0
—Ing .
nocturaercs mocie V K > K(g) = n(s | UTCPALUi.
—INn
JlokazaTeabcTBo. [Ipu K > K(&) nmeem
k k_0 k 0
28| =1IS"Z7 [ <[[S]I" -[[ 27| <
k 0 k In||S 0
<|ISI)12° || = e 20 =
Ing

= "2’ | =&l 2°




140
ACHMMIITOTHYECKAS CKOPOCTH CXO{UMOCTH.
J1J1s1 UTEpalMOHHOr0 METOAA

0 )‘(’k+1 — )?k —H (A)‘(’k _6), H — 3a0annas mampuya,
X~ —3a0amn,
k=0,1 2, ..: detH =0
onpeaenum d =Xl SK |
k
—In —In
Tormaws L2l < sk =(@)F <2 = K(e)=—nf =10

12°] —Inde - _ngfsk
uma —InX||SK) k()= —Ine

~
acmosHue
CKOpPOCHb epems P

R, =—In¥|| SK | — cpennsisi ckopocTh CXOAUMOCTH UTEPALIMOHHOTO
MeToa 3a K ureparmii.

Vipaxnenne. Ecmu || S || = || E - HA|[ <1, 10 R, >—In||S ||
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R,=Ilim R, =—In {Ilm I SK |} — acuMnToTHYECKAs CKOPOCTH

k—>o0
CXOANUMOCTH CTaHI/IOHapHOFO I/ITepaHI/IOHHOFO MCTO/A.

Teopema. Eciu p(S)=p(E—HA)<1, 10 R, =—-In p(S).
JlokazaTeJbcTBO. J[0CTaTOYHO A0KA3aTh, YTO Iim \k/ | Sk | = p(S),

re. lim ¥/ s¥ |_I|m\k/||S | = p(S).
k—o0
1. p(S) < lim ¥/ s¥|:
k—o0
rak kak p(S)<||S|| V||S| = max

1o [p(S) <IS* Il = pS)<NIIS“Il = p(S)< |lm e

IISZII

& AS)=[AS)]",




2. lim K[|S*1|,, < p(S):
im 1% I, < p(s)

3HaeM: V € >0 3Q.:

k50 -1 K 1 0
15777 [l <1Qg Moo -I1 Qs Moo -L(S) + 1" Z7 ||
c,
(
K =
’ 15" 7|
[S% || =M ”
— | 20 || Z]|,

= |im

Tim 1%,

= |im
k—o0

(1S Il < imLp(S) + ]~

= IIs* .. <, [a(S)+]
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v 7%eC"

<c,-[p(S)+e]"

nmf[p(sng] o(S)+e Ve>0

k—)oo
_1

p(S).




Bnaem: 3 f: V¥V AeC™"

= Tim §/|Is* | < Tim &5
K—o0

k—o0

S 1., < lim /B - Tim K/}

k—>oo k—o0

v}

= l
Hrak,

p(S) < lim /|| s¥ | < |lm KIS 1< p(S)
K—>c0
p(S) = |lm KIS 1= Tim §11s*|I=p(3).

k—o0

3ameuanue. Onpez[eﬂmb KOJIMYECTBO UTEPALINH, H606XOI[I/IMOG TSI

1241,
| 2° ||

YMEHBIIEHHS HadaIbHOM oMok B 1/ & pas:

B KOHKPETHOM HOpME, 3Hast TObKO R, = p(S), HEBO3MOKHO.

All<BAIL, = IS“ I < B8-Sl

o <P
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Tema 9. Urepanuonnsii MeToa Axoou.

Cucrema AX =b ¢ matpuneii A=B—-C:

-

x0 — 300aH,

Bx"'=Cx*+b, k=0,1..

BX=CX+b =

k+1 — )—(>k

Ynpaxnenue. Jlokazats X — B_l(A)*(k ~b),S=E- B1A

HpnMep.
k+1 kK —a, XX ( _
al 1X1 — —al 2X2 al,3x3 +bl B — D = d|ag A
X ay 2x‘2‘+1 :—az,lxlk —a2,3x'3‘ +hb, = {C=D-A
K+l = k k ok+1
A33X3 T Taz1X —A3 X7 by [Bx " =Cx* +b




Ecu D =diag A=diag{a;, a,,, ...

TO UTEPALIMOHHBIN ITPOIIECC

(-0

.

X" — 3a0an,

=gk DA% -Db), k=0,1, ...

145

, &,n}, detD =0,

— meTtoj SIko0u 115 pemrenns cucteMsl AX =D.

Ynpa:xaenue. MaTpuiia mara s OImOKu 7K = g 7K.

-1
0 A1 o

-1
dp 28y 1 0

-1 -1
_an,nan,l An ndn, 2

-1
A1

-1
dp 2dy

0

|'S {l,,= max
1<i<n

|agi |+ a_gj [+, [+ +]anp ]

ET




Teopema.
Ecau maTpuma A mMeeT guaroHajibHOE Ipeo0iiajaHre Mo CTPOKaM:
n

g 1> > gl Vi
=L j=

—

TO MeTo SIKoOM CXOaUTCs K pereHuto cucreMel AX =D.
Jloka3zareabcTBO. 13 yCi10BUM TEOpEMBI =

|agi [+t |+ @]+ +lap,]
ET

<1l Vi=12, ..n

= (cMm. ympaxuenue) || S|, <1,

T.C. BBIIOJIHACTCA JOCTATOYHOC YCJIOBHUC CXOANMOCTH CTAIITMOHAPHOI'O
UTCPALIMOHHOI'O MCTO/1A.
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Ynpa:xxknenue. Marpulia mara aj1s HEBsI3KU Pl =T k.
0 a,ay ... ananh
. 880 0 ... anank |
_an,lal_,l1 an,2a2_,12 0 i
||T ”1: max | 1, ] |+"'+|aj 1, ] |+|aj+1,1 |+---+|an,j |
<j<n ESN

Teopema.

Ecau maTpuma A mMeeT guaroHajibHOE IpeodiiagaHre Mo CTOIO0IaM:
n

la; 1> > la;l Y],
EN

—

TO MeTo SIKoOM cXOauTes K pereHuro cucreMsl AX =D.




Joka3zareabcTBo. U3 yCiioBu TeopeMbl =

|ag j |+ +lajgjl+]aj. |+---+|an,j|<1 vV j=12, ..,n
|a ] ) ]

g |
= (cMm. ynpaxnenwue) || T || <1,

T.C. BBIIIOJIHACTCA JOCTATOYHOC YCJIOBHUC CXOANMOCTH CTAIIMOHAPHOI'O
UTCPALIMOHHOI'O MCTO/1A.

3ameuanne. S=E—D A=D H(E-AD)D=D'TD
= 5p(S)=35p(T) = p(S)=p(T),
Ho p(T)<[[T[{ <1 = p(S)<1

— H€O6XOI[I/IMO€ U JOCTATOYHOC YCIIOBHUC CXOJUMOCTH
CTAMOHAPHOI'O UTCPALIMOHHOI'O MCTO/1A.
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Heo0xoaumMoe M 10CTATOYHOE YCJI0BHE CXOAUMOCTH MeToaa Skodu B
cJIyyae CHMMETPUYHON MATPHIbI C MOJO0KUTEIbHONU TUATOHAJIBIO

Teopema.
Ecm A= A"u D=diag A=diag{a)1, a5, ..., ahn} >0,

TO METOI SIkoOu:
xV _ 3a0aH,

=gk DA% -Db), k=0,1, ...,

CXOIUTCSA K pemennro cucreMsl AX =D

3

.

(T.€. BBIMIONTHSIETCs ycnoBue cxoaumocti: V | A(E — D_lA) | <1)
S

X
A>0u2D-A>0

(T.¢. Bemmonusrorcst yeaosusti: V. A(A)>0u vV A(2D-A) >0).
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Jloka3arejbCTBO.

3aMeTHM:
1.D>0=Va;>0= D2 :diag{\/al,l, \/32,2, \/ﬁ}>0
2. Sp(S) = Sp(DY?sDV?) = sp(E - D V2 AD?)
— A(S)=1- (D Y?AD7Y?)
3. A=A" = D Y?2AD Y2 = (D V2AD V2

= V /I(D_llZAD_llz) — BCIICCTBECHHBIC YHCIIa

_1<1- (D Y2AD Y2y 1
4. 1N31.-3. = V|A(9)]|<]1 < | S
- 0<A(D Y2 AD ) <2
A>0
Hrak, HyxHO noka3ath: 0 < /I(D_lleD_llz) <2 &
2D-A>0
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2D-A>0
1. v ADY?ADV) >0 = DY?2AD Y2 >0
— (D_'UZAD_'UZ* ¥), >0 V y=0,
Ho (D' AD™?y, ¥), =(AD¥?y, DV?¥), >0 v 7#0

Z Z

U2 g y-1/2 ’ A>0
Heooxogumocth: 0< A(D "°AD "7)<2 =

= A>0.
2.V 2-2(DY2ADY?9) >0 = 2E-DY?2AD Y2 >0
= (D Y2(2D-AD?y, ¥), >0 V §=0,
no (DY2(2D - A)D Y%y, §), =((2D - A)D—l’z* DY%y),>0 V70

7 Z

— 2D-A>0.
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A>0 7

J10CTATOYHOCTD: = 0< /I(D_ll 2AD7Y 2) <2
D-A>0

1.A>S0=>(A 7 , 7 ),=(DY?ADY?y,¥),>0 Vv Z=0
D—1/2y D—1/2y»
— D Y?2ADY?2 >0 = v (D Y?°ADY?) > 0.

((2D-A) 7 , I )=
2.2D-A>0 =< D2y D Y%y
=(2E-DY°AD 4]y, ), >0 V Z%0

— 2E-DY2AD Y2 >0= v 2-24(DV?ADY?) > 0
— v A(DY2AD V%) <2,
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—

Yupaxuenne. Vccaenyire cxogumocTs MeToga SIkoou muss AX =D
Beranciaute o(S), rae

=A", D=E>0

IIpoBepbTe U caenaiTe BBIBOA O CXOJAUMOCTH MeTo1a SIKOOMu:

1 05 05
A=/05 1 05
05 05 1
"1 05 05
A=05 1 05| A4(A)=
05 05 1
1 -05 -05
2D-A=|-05 1 -05
05 05 1

2, L(A)=4(A)=05 = A>0,

. 4(2D-A)=0 = 2D-AX0.
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Tema 10. UTepanuoHHbIA MeTOA 3eHaeIs.

Marpuiry cucteMsl AX = b npeactaBum B Bujge A=—L+ D —R, rae
D =diag A=diag{a,, 8,5y, ..., an },

0 0 ap, A
8 O 0 0 L
L=—| - " . R=- . ,
0 0 0 an—1,n
_anl an,n—l O_ B 0 |

torma B=D-L, C=R;
- (7(0 — 300aH,

BX=CX+bh = A )
(D-L)x**=Rx*+b, k=0,1,..

Ipumep.
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k+1 Kk (
allxl =—ay X3 ~13X3 +by A=-L+D-R
k+1 k+1 K _ _
< a2 1X1 +a.2 2X2 = —a2,3X3 +b2 —<{B=D- L C=R
k+1 k+1 K+l — Sk+1
A1X T Tag%p T A aXg 0 BX =Cx“+b
Onpenenenue:

Eciu D =diag A=diag{a;, a,, ..., a4}, det D =0,
TO UTEPALMOHHBIN MIPOIIECC

xV _ 3A0aH,

X =x* - (D-L)(AR* -b), k=0,1,..
— metoa 3eiinens (I'aycca-3eiiaes) 1uist perennst cucreMel AX =D.
Yopaxuenne. S=E —(D-L) tA=E—-(A+R)A=(A+R)'R.
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Heo0xoaumoe ¥ 10CTATOYHOE YCJI0BHE CXOAMMOCTH MeToaa 3eiiaesqa B
cJy4yae CHMMETPUYHON MATPHIbI C MOJO0KUTEIbHONU JUATOHAJIBIO

Teopema.
Ecou A= A" & D>0,

TO METOI €U,

xV — 300aH,

=gk _(D-L) A%k -b), k=0,1, ...

.

—

CXOIUTCSA K pemennro cucreMsl AX =D

(T.¢. BoIONHsEeTCs yeioBue cxomqumoct: V | A(E — (D — L)_1 Al <1)
S

=
A>0 (t.e. Bemonnsiercs ycnosue: V. A(A) >0).




157

Jloka3arejbCTBO.
l)

HeoGxomumocts: ¥V |A(E —(D-L)1A)|<1 = V A(A)>0).
S
1. Mpeanosoxum, uto A (A) <0
(AZO = Amin (A) z°
(A2°,2%); = Ain (A) - (Z°, 2°), <O
2. Beruucium 7+ = (E-[D- L]_lA)ZO =(E-[A+ R]_lA)ZO 7

S yO

(Azlv 21)2 — (AZO o Ayoi ZO T yO)Z — (AZO’ 2»0)2 o
~(A 20 P —(AY, 20 )+ (A, §0), =
(A+R) 1 AyY (A+R) 1Ay’

— 37%%0: !
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=(AZ°, 2%, - ((A+R)Y’, ¥°), = (¥°, (A+R)¥°), + (AY’, ¥°), =

=(AZ°,2°), - (A+R)V’, ¥), = (¥°, (A+R)¥°), + (AY”, §°), =
=(AZ°, 27), - ([(A+R)+ (A+R)" - Aly°, §°), =
(D—L)+(D—R)—(D—L-R)
=(Az°, 2%, - (DY, ¥°), <(AZ°, 2°), = Ain (A)- (2°, 2°), <O
3. U32. = (AZ¥?, 7%, < (AZX, 79), <...< (AZ°, 7°), =const <0

4.U33. = 740 = 4..(A)>0 & A>0.

Heoboxo0umocms ymeepicoenus meopemovl 00Ka3auna.
3aMedyaHHue: B METOJIE 3EUEII

(AZ¥ 7% < (AZX, 7%), v Z¢ 2 0.
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2

Jlocratounoctb. A= A" >0 = p(S)=p([A+ RT'R) <1.
1. A(S)eC & {peC" &||pl,=8: Sp=A(S)-p

= Rp=A(S)-(A+R)¢p

= (R9, 9); =A(5)-[ (Ap, 9); +(R9, #),]

r+| U a>/1m,n(A)>O r+| U
2 | 2
2.2 |AS)P = | H o
(@+r)+1-u a(a+2r)+r?+ u°
(A, ¢)  +2-Re(Rp, ¢) =

3.82 Zin (A) >0, a+2r =1a-(05, 9)(R 5, 9)-(R5. @) ("5, 9)+(Rp, 9

= (D@, 9) 2 Anin (A) >0

r’ + u° 3 r’ + u°

a(a+2r)+ 2 +y2 - ir%in(A)+ 2 +,u2

4. = |AUS)|? = <1.
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3amMeuaHue.
_ 2 2 -~ =\ |2 2 -2 _ 2 *
Tak kak 0<X=r"+u" =[(Rp,9) |"<||R|3|l@]lz =Rl = p(R'R)
=1
TO

A(S))P<———— < max X P(RR)

220 (A) +X  0sx<p(RR) A2 (A)+X A2 (A) + p(R'R)’

T.e. p(S) < 'O(R*R)
ol )<\/ﬂ%m(A)+p(R*R> <




Tema 11. MeToabl pejiakcamuu.
DYHKIMOHAJ OIIMOKH
Teopema (0 cTporom yObIBaHUM (PYHKI[MOHAJIA OIIUOKH).

Ecmm: AX =b (det A=0)
{X K Yo — npubmKenus K X
1. 7¥ =gk _x=5(Z%) v ¥ =0
rre S: R" — R" — oneparop mara mnst ommokwu:
y" 20> y#0 = S(yk) — S(V);
2. f (X < £ (x%) v x* £x

rae T (X)=||Z¥||, ¥ = %* - X - pynxunonan omndxn;

0| Z¥|| = 0, e X > X.

3aMeuyaHHe: HAIOMHUM, 4TO B MeTOoJie 3euaens

(A7k+1, Zk+1) < (A?k , Zk), vV 78 20 (CpaBHHTE C YCIIOBHEM 2.).

161




/loka3zaTejbCTBO TEOPEMBL.

1. IIycTp V 7% 20 (ecn 2" =0 = X™ =X — cucremy pernim).

k+1 k+1

2. U3 ycnous 2. = 0<...<|| Z| <..<| 2’||O

— 3 lim||ZX||=a>0.
K —o0

<z

Ecin o =0, To Teopema moka3aHa.

3. Mpeanoaoxum lim || Z5||=a > 0.
K—00

3 Z’km 0> 7
1Z||=a>0
S(z¥n) 5 5(2)

K+l K o
a <2 =1SE™) | > 1S(D)] <e
K

o V |Z¥|<|1Z°||=const = {

e > (mumsl.) =+

e = o <Q — NpPOTHBOpEYHE. = kIim | 7¥ |=a=0= X
—>00

162

— X.
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MeToa MoJIHOM peJIaKCaluu.

B R" samana AX=b ¢ A=A"=A" >0.
Bagamum B R": 1. (X, ¥) 5 = (AX,¥) V X,V eR" - ckanapuoe npoussenenue,
2. || X|| o= \/()_(’, X)p V XeR"—nopma,

3. fo(Y)=||V-X]||ln V ¥eR" - pynkunonan omnodxu:

Z

5(2) .
° T (y)=c

f (y) = Cy1/2 < Ck

f(Y)=Cxi1 <Cxiuo
gD

Kd
o
o
*
o
o
o
0
D
| S AP A
.
. "
N '
. '
.
. '
o '
'
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oK g k+1
Jl1d 3ajaHHOro X mocTpoum X 3a N 1Iaros:

(2 _
(2) Sk k+1/2

f(y) = f(x)
| (V) _f ()—(»k+1/2)

f(y) = (X
- a(d)

_____




X

X

X

rae

(ck+l/n _ g || 2 7K+1/n

~(1 =k = (1
;- €Y [P AR - N

_ )_(.k+(i—1)/n | —»k—H/n k+(1-1)/n

ale(l) akl |

gk+l _ gk+(n-1)/n _

— OPT B R"

165

a8V, Va

N a7 g By Y
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Yunpaxunenue 1. Pemuts 3a1auy
) Zke+i/n <] Sk+(i-D/n _ &) Ir VaeR

Peurenue.

”Zk+(|—1)/n -0 ” _(A[z»k+(|—1)/n 0. e(.)] k+i-Din _ . e(.))_

_ (A7k+('_1)/n, z»k+(|—1)/n) —- (AZk+('_1)/n | e(|)) — - (Ae(l), Z’k+(| 1)/n) +

ckH(i-1)/n
+a -(Aé(i), é(i)) = constk (D" _ 2y . (Fk+(i_l)/n, é(i)) +a? -3 =P, ()
ai,;f>0
P, () (min P2 (0[) = P2 (ak’i)

1 a
\/ = di P (e i) =-2- (rkm_l)/n, é(i)) +20;-8; =0
o

—a o = (ai’i)—l.(l—,»k+(i—1)/n’ s())
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Ynpaxunenue 2. Jloka3aTh:
—»k/ sK-+(1-1)/ -1 /=2k+(i-D)/n z(1)\2
|2 R = 12T R @) T (FTT e0) <

< ” Zk+(|—1)/n ”A; ecilul (~k+(|—1)/n)l -+ O

Yupaxxnenue 3. JlokazaTh:

(ke ||A <||z¥ ||,2q, ecnu 7X = A% 20

YHpaﬁ(HeHI/Ie 4 HpOBepI/ITB Xk+|/n — Xk+(|—1)/n . (a| I)—l (r»k+(l 1)/n)| (I)

Cok+1\ [ Lk+1
1+ Xg ) (0
K+1 K+1
Xj_1 X1 0
)—(»k+|/n — Xik+]_ — Xik . (ai,i)_l . ('—,»k+(|—1)/n)i . 1
K K 0]
X1 Xi+1 .
K K 0
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Yunpaxuenue 5. [IpoBeputsb:

(F"“('_l)/'”)I = a 1xlk+l +ot 1xkjl +a Ixk +..+a r]xk b

anaﬁmemle 6. Hokazate (A=—-L+ D —R):

[ k+1 k+1 k+1 k
XI X _(au) [allxl + .. +a||1X|1 +aIIX T .. +aInX b]

| L (D-R)X*]

L 1=12,..,n

Ynpaxnenne 7. Jlokazate (A=—-L+ D —R):

=gk DLkt + (D-R)%* -b) =
=X —(D-L)}(AX* -b)

= S=E-(D- L)_lA — HEIPEPHIBHBIN OIIEPATOP:
—»k+1 S ( )
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N3 ynpaxkuenuit 1. — 7. =

Teopema. IlocnemnoBarenbHOCTE {X k}ﬁozo METO/1a IOJHOM pelaKcallun JJIs
pemennss AX =b (A=—L+D—-R=A">0):

(7(0 e R" - 3a0an,
X =gk —(D-L)1(AXK -b)

CXOJIUTCI K X.

3

&

Joka3zaTeabcTBo. U3 ynpaxxnenuu 1. — 7. =
7Kgkl _g=[ E-(D-L*TA Jz¥=s7*
3 S — Henpepbw;bzﬁ onepamop
g K+1 sK+1 K oK
fr(X =127 a <127 [|a= fr(XT)

—> (CM. TeopeMa O CTPOTOM YOBIBAHUU (PYHKITHMOHAIA OIITHOKH)
K

17, >0 = 5%




170
Tema 11.1. MeToa HENMOJIHOM peJIaKCAIMMH.

MeToa HEeNmoJIHOU peJIaKCAIlMM.
B dopmynbl MmeToaa momHOM penakcanun (s AX = bcA=A"=A" > 0)
100aBUM IapaMeTp @:.

(S k+1/ Sk = (1 1
X =X —a)'ak,i'e() akl_(all) (F*, &)

)—(»k+i/n _ )—(»k+(i—1)/n _W‘O‘k,i (I) akl (al I) ('—,»k-l—(i—l)/n’ é('))

N

)~(k+l _ )—(»k+(n—1)/n ~®-0 .é(n) A = (an,n)_l . (rk+(n—1)/n, é(n))

.

rie é(l)—OpTB Rn’ z»k+|/n:)—(>k+|/n_)—(>.




Yupaxnenne 1. || 27" |3 = || 24703 —0(2 - a))(

FRHi-Dn 5 (0)y2

gkin _ ghe(i-1)/n

Jloka3aTreabcTBO. X — @O .é('); Qi =

qQ i
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(I—,»k+(i—1)/n’ §(i))

” —»k+|/n ”A _ (A[Zk+(i_l)/n — ooy .é(i)]’ z»k+(i—1)/n —w-ay 8

J

(e(l) A~k+(|—1)/n)

_ ” 7 sk+(i1-1)/n

_K+(i=1)/ny2 *k+(}f—1)/n
[t f

a j

()

_ (AZ¥HIDN ghei=Dimy o ( AZFH-Dn gDy _

— 0oy .(Ae(u) z»k+(i—1)/n)+[a).ak,i]2 (AW g0y =

'

qj

(F»k+(|—1)/n’é>(i))2 N a)z (f"k+(i_1)/n,§(i))2

13 —2@

a j

a i
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Ynpaxaenue 2. /lokazars:

V 0e(0,2) |25 <||Z¥|4, ecnu 7 = 4Z¢ %0

Yupaxuenue 3. [Iposeputs:
)—(»k+i/n _ )—(»k+(i—1)/n — W (ai,i)_l . (I—,»k+(i—1)/n)i . é(i):

(k1Y [ Jk+1)

X1 X1 0
k+1 k+1
Xi—1 Xi_1 0
sk+i/n _ k+1 | _ k -1 /=k+(-1)/n
X = Xi+ — X; _a)'(ai,i) -(I" (=) )i' 1
K k 0
Xi1 Xi
k k 0

. %n J U %Xn
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Yunpaxuenue 4. [IpopepuTs:

(F"“('_l)/'”)I = a 1xlk+l +ot 1xkjl +a Ixk +..+a r]xk b

Yupaxnenue 5. Jlokaszars (A=—L+ D —R):

[ k+1 k

X: k+1 k+1 Kk b ]

i =X _w(au) [allxl o+ 81X -1 +aIIX T .. +a|nx

) L [(D-R)RX],
1=12,..,n

Ynpaxnenne 6. Jlokazats (A=—-L+ D —R):
X' = x¥ — D H-Lx*" + (D-R)X* -b) =
=% — (D — wL) H(AX¥ - D)
= S=E-w(D- a)L)_lA — HEIPEPBIBHBIN OIIEPATOP:
764 _ g ()
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N3 ynpaxsaenuit 1. — 6. =

Teopema. IlocnemnoBarenbHOCTE {X k}ﬁozo METO/1a HETIOJHOM PEeTaKCaliy JIJIs
pemennss AX =b (A=—L+D—-R=A">0):

()*(O e R" - 3a0an,
X4 =¥ — (D - L) (AX* - b)

cxomutca k X mpu V w € (0, 2).

Jloxa3zarejbcTBO. 3 ynpaxuenuii 1. — 6. =
7¥ =gk _g=[ E-w(D-wL)A J7¥=57*
3 S — HenpeprGszﬁ onepamop
Sk+1 k+1 K oK
fr (X =127 a <127 [|a= fz(XF)

—> (CM. TeopeMa O CTPOroM YOBIBaHUHN (PYHKIIMOHAJIA OIITHOKH)
K

7%, >0 = XX>x%.
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OHeHKa CXO0AMMOCTH METO0B peCJIaKkCcalilum
HpenBapnTeanme JaMCUYaHUHA

Urak, A=—L+D-R=A" =A* >0,
XV R", we (0, 2) 3a0anui, 1 o {” k+1 ”'26\ <| 7k ||2A 40

X" = x* — w(D - wL) " (AX* -b) k=0,1, ..

A=(-L+05-D)+(0.5-D-R)=R, +R;"
(AY, V) =2-(RY, ¥)>0 VyeR" = R >08R".

D-wlL=(1-050)D+®(0.5-D~-L)=(1-0.50)D +wR, =

@ @ @
=(1-0.50)(D + R)=—(D+7-R)==B>08R",
( w)( (1-0.50) 1) r( 7-Ry) . B
rae 7 = ©_ (0, o) pu w € (0, 2).

1-0.5w
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Torga meTon penakcalu MOXKET ObITh IIEPEIUCAH B BUJIC

xV e R" 3A0aH,

sk+l Sk 1/, ack R .

X" =X"-7-B 7 (AX" =b), B=D+7-R >0 V >0,
k=01 ..

M OH CXOJMTCS Ipu JIrooom 7 > 0.

Od4eBUIHO, YTO
7“1 =[E-7-BtA)Z¢ = 57K
3ameuanune. MbI 3HaeM, 4TO 1 JIF000r0 BekTopa Z # 0

ISZlla<lIZ]la = 1IS lla= ”SﬁJp I1SZ o= Il SZgyp lla<1.
Z Azl

31eCh Mbl IPUMEHUJIA TEOPEMY O JOCTHKEHUM MaKCHUMyMa
HEeNpEpPbIBHON (DYHKIIMHU Ha cpepe KOHEUHOMEPHOI'O IIPOCTPAHCTRA.
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Ouerin || S |2 = max LA2:52). S=E-7B A=
720 (AZ,7)
i ~1a5 A5 ~1as p-1pa7) |
IS |2=max|1-2- B ALAZ) 2 (AB AZ,B A7) |
7#0 (AZ,7) (AZ,7)

Tak kak

(AB"'AZ,B'A7) =2(Ryy, ) =2 }([B- DIy, )

y y
=2¢71 (BY,y) —2c7H(DYV, V)

{3, BY)=(7. BY)
=2 Y(B1Az, A7)-2:71(DB1AZ, B71A7)

~1as p-1a=y | A rs o-1a=
ro |IS[2=max|1-2-PB AZB TAD |45 i (DB _AZB A7)
7#0 (AZ,7) 7#0 (AZ,2)
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(A=AT >0 inR"
D=diag A>0
B=D+7R;>0

I
Ntak, ||S||2A:1—27- min (DB AE’? AZ),
7eR™: 720 (AZ,7)

y(z)

.

YnpaxkHenue 1.

—1as p-1las
Ae)= min BB ALBAD ;L a5 DB LAY
7eR™: 720 (AZ,Z)
Jloka3zarTejabCcTBO.

1. A=A" >0 inR" = A=QAQ", A=diag{}(A), ..., 4,(A}>0 =
3 AY2 =QAY2Q" =(AY?)T >0, A2 =diag{ /4 (A), ..., 2, (A)}>0

-1 -1 1a25 p-1pal25
~ o (r) = mln(DB AE? AZ) i (DB A qy,qB A~Y)
Z7#0 (AZ,7) V:A”ZZ;&O (¥.Y)
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2. ()= A (C)=min YY) - aV2(g1yT pg-1al?.

520 (Y,Y)
c=A"?B1H"DB1AY2=C" >0
= C=QcAQ¢, A =diag{#4(C), ..., 4,(C)}>0

(CY.9) _ (QeAcQLY.Y) _ (A[QeyLIQLY]) o

—_  —>

(V.9)  (QQv.y)  (QV1L.IQLy)
. Zmin (C) - ([QY1.IQE YD) _

—=C o Aenin (C)

([QLY1.IQL VI

(Cy, y) _ (ﬂ'min (C) ) y! y)

=2 (C), Cy=A,(C)-V
V.7) (V. 7) Amin (C), CY = 4in (C) -y
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Yupaxkuenue 2. y(7) = 4,in(C) 2 [p(A_lD) +7+ rzp(A_lRlD_lRlT )™
Joka3zareabcTBo. [1ycTh

A2(B Y DBAY Y=y § = 15 A—1/2 _,.[BDIBT]A Y2y

f —
V V

Tx. BD'B*=(D+7R)D }D+7rR)=D+7rA+r°RD 'R},
(AV,V)

T0 ¥(7) = >
(DV, V) + 7 (AV,V) + 22 ([R DR} IV, V)
1
> — i >
max(DY’Y)+r+r max([Rl R{]V V)
V=0 (AV,V) V=0 (AV,V)

1
p(AID)+r+ 2 p(ATRDTIR] )
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1/5> p(A1D)
A2 p(ARDIR])’

YnpaxxkHenue 3. ECii N3BECTHBI OLICHKH 4

TO IIPOBEPUTH, UTO
1 1-70+ 26/
ST+7+47%A 1+15+1%54

IS14=1-27y(z) <1-27 =g(r) <1 V >0

Yupaskuenue 4. [Tocrosunas 0< 8 < A .- (D LA):
5-(DV,V)< (AV,V) VVeR"

Yupasuenue 5. Hocrosnas A> A (AR D™'R;) > 0:
(RRD'R; V,V) < 4-(AV,V) VVeR"




Yupaxknenne 6. Haiitn muaumym pyukiuu §(7):

1-715+7%54
d(z,)=min 5
>0 1+70+7°04
U MapaMerpbl @.: 7, = —
p PBI W, T, 1- 050,
1 1-/81(44)

2
OTBeT. 7, =—F/—, W, = : T, :
JoA 1+ 264 9(z.) 1+./51(44)

3ameuanme. [Ipu pemennu 3aga4 MaTeMaTHYECKOM (PU3HKU:

2
oM<l = l<w, = <2
1+ 2+/04

— METO/JI BEpXHEU pelaKcalumu.
ITpu 0 < @ <1 — meTox BepxHel pelakcalum.
[Ipn @ =1— MeToa MOJIHOM pelTaKcaIuu.

182
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N3 ynpaxsaenuit 1. — 6. =
Teopema (oLicHKA CXOAUMOCTH METOAOB PEIIAKCALINH).

_k

_ @
JI1s1 ook Z K

= X" — X MeToJ1a pellakcalnum (7 = ):

1-0.5w

-

%V e R" 3a0an, k=01 ...,
<
x1=gxk_7z.B (A% -b), B=D+7-R >0 V >0,

\

HNMCCT MCCTO OILICHKMU.

1-185+ 7254

Vr>0: |25 <g@) 1255, g9(2) = <1
|z ||A g(7)-|l ||A g 17642264

1- \/5/(441)

ki1
Nz

13 <g9(z) 125 1A, 9(z) =

T,

\/_ 1+/5/ (4A)

re 0<5<A.. (DA & A> ... (A'RD™R/)>0.
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Tema 11.2. IllpumMep OEHOK CXOAUMOCTH METOJA0B PeJIAKCALUH.
Cucrema

(uO :O

Ui +h™?(=u_; +2u, —u; )= f;, h?=(n+1? i=1 .., n;

N

Upi1 = 0

.

alIpOKCUMMPYET KpaeByIo 3aaauy 1 AudhepeHInaIbHOr0 YpaBHECHUS:
u(x)—u"(x) = f(x), xe (0, 1);
{u(O) =u(l)=0
Ha ceTke Xg =0<X =h<X, =2h<..<x,=nh<X, 1 =("N+1)h=1:

U q —2U; + U
1-1 h2| |+1; fi _ f(xi)'

u(x) = Uuj; u(x)~

— 93TO MOJCJIbHAsA 3aJia4da.
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2 -1 0] [1 o0 0] [1 -1 0
1 2 1 1 0 0 1 -1
A= T =l e e
1 2 -1 1 1 0 0 1 -1
0 1 2] |0 -1 1] [0 0 1

CoOcTBEeHHBIC 3HAUCHHUS MAaTPHIbl A M3BCCTHDI:

. K-z /4 7’
— 4.sin? k=1 .. n, . (A)=4-sIn ~ ,
& 2(n+1) Fin (A) 2(n+1) (n+1)?
. n-z
A) = 4-sin? ~ 4.
e (A D
O1eHnM TTOCTOSHHYI0 O - D < A
2
S=A. (DA =054 . (A) » ——— <<1.

2(n+1)?




OLIEHUM IIOCTOSHHYIO RlD_lRl* <A-A:
rx. A=2-RD'R; +diag{L, 0, ..., 0} >2-R,D'R}, 10

05-E>AT-RD'R =
JIitst MmeToa mojiHoM penakcanuu (w =1, 7 = ©___ 2):
1-0.5w

Xk+1 — Xk _(D . L)—l(AXk _b)

) 1-26 + 46/
12 A< NS N a 1124 o< \/ N 28| a=

1+26+46A4

1

2\ ax (=28)-|| 2K || a~ (1—
s 12 am @=28) 12 [l 4= (

186

A=0.5.

(n+D

)”Z | A
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JIJ1s1 MeTO1a HEMMOJIHOW PEeJIaKCAllMU C ““ONTHUMAJIbHBIM ~ IIapaMeTPOM

(Wx =

— e/ (1-05m) =1/+/oA"
1+2¢57‘ 1=0.50.) =

1- 75+ 172 54 1— /51 (44)
HZ A< NIS I a -l 2] A< E || 2 | as J Nz N A
1+ 7.6 +7{ A 1451 (44)

_ T . K
\/1+\/W |2 | ax Q=5 12)- | 2 | 4= (2 2+ 1)) 1" 1l A
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Jlis metoaa SAxoou:

k1 _ ok -1/ Aok k+1 k
X =x" =D (A" =b) | 12" A IS A 2" A=

:max|1—o.5%(A) Nz Nl A=

~(1-05- (n+1) 1121 A=

J1eViCTBUTENBHO,
(A(E-D7'A)z,(E-D1A)2) o || (E-AY2DIAV2)AV27) 1
(Az,2) (AY?7, AY?7)

72_2

2(n +1)°

IS ]I5=sup

_ D2 (E— AV2DLAY2) = p2(E DAY = p2(E—05- A) ~[I &

2

CIIeTOBATEHHO, ||Zk+1||AS[1— ] ||Z | A-
2(n+ )
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Tema 12. MeToabl HAUCKOPEHIIEro CNYCKAa M MUHMMAJIbHBIX HEBA30K.
I'pagueHT GyHKIUH

y=21 XM=t yu|| X -%|? =min || X" —X+a-§|??
z»lzf+1 @ Zk
I'pamuent dpyukuun f(Z): R" - R:
f(2'+a-y):f(2’)+df(z+a'y) .a+0(a’) =
do ~
a=0
:f(2’)+{af(z)yl+...+af(z)yn]a+0(a2):
074 Z,

= f(2) +(V,V)-a+0(a?) ~ f (Z) + (VF, V)«




Tak kak (Vf,y)=cos(Vf,y)-|| VT ||| VIl
MPUHAMAET MUHUMAIbHOE MM MaKCUMaabHOE 3HAUYCHH,

kornga Bektopa VI, Y mapaiienbHbl, TO

Yy = VI — nanpasjienue MmakcumajabHoro sospacrauus f(7),
y =—V{ — nanpasiieHue MakcumMaiabHoro yooriBanus f (7).
Z2 .
N yf(2)

f(2) =eomst™ |

[IpuMep criycka 1o aHTUTPAJIUECHTY.
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I'paguent pyuxkumu f(Z)=||Z ||é 'R" >R
Ecmn f(Z)=|Z]%=(CZ,2), C=C">0,70

N\

f(Z+a-y)=f(@)+(VF,¥)-a+0(a?)=

= f(2)+(CZ,¥)-2a +a*-(CY, V)

CrnemoBaTeabHO, UTepanuoHHEIN ponecc umeeT Bug (Y =—0.5-CZ)
R Z K _ g .CZ¥, 7K = 7K g .CEK,

ay : |2 |&=min[)| 2% ||g —2a-(CZ¥,CZ%) + & -(CCZ¥,CZ%)],
a

L = Vf(7)=2CZ

Tak kak
(Cz¥,7%) (Cz¥,C7%)?
(Ccz®,cz%) (CCz¥,Cc7%)

u oroopaxkenue S(Z) =Z —a(Z) - CZ wenpeprisuo npu Z # 0, To mo Teopeme
O CTPOroM yObIBaHUU (DYHKIIMOHAJIA HTCPALMOHHBIN IIPOLIECC CXOMUTCS.

-k sk+1 ;2 sk 112 sk 112
a(Z”)=oy = = 1277l =117 1l - <[I7"[lc
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MeToa HAUCKOPEHIIIET 0 CIyCKa

—_

Eciau marpuna cucreMbl AX =D

CHUMMCTPHUYHA U ITOJOKHUTCIBHO OIIPCACIICHA,

TO, BBIOHMpas C = A, moiyyaecM MeTO,I HAHCKOPEHIIIEro CIIycKa:

r

val,

X~ — 3a0aH,
Kk =k
Rk Z gk g (ARK ZB), 7 = ! k) ,
(Ar-,r")
k=01 ..

=K
3HepreTudeckas Hopma || Z* || 5 omrbKH KOTOPOro CTPOro yObIBaeT.
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MeTo] MUHUMAJIbLHBIX HEBSI30K
B urepaimoHHoM mpoiecce X Kl — gk 7, (AX k_ b)

apameTp 7}, BbIOMpAeM U3 yCIOBUSA MUHUMU3ALUU HEBA3KU:

T P = min (K - 2 AFK, FX — 2 AFX).

T

Teopema. Ecmu maTpuia BemecTBEHHON cucTeMbl AX =D Moa0KuTEILHO
OIIPEJIEIICHA, TO METOJ MUHUMAJIbHBIX HEBA3OK:

XV — 300aH,

(A*k r)
(Ar , AT )’

/N

k=0,1,...

.

CXOIMTCS, a HopMa || rK | = \/ (Fk , Fk) €ro HEBSA30K CTPOro yOBIBAET.




Jloka3arejbCTBO.

Bo-nepBbIx; MIN (fk — 7 AFK, —z'AFk) =

T

=min [(7F*, %) =7 (7, AT*) =7 (AT, ) + 22 (AT

T

=min [(F,F*) =27 (AP, FX) + 22 - (AFX, AF9)]

JIOCTHTACTCS TIPH T}, = (Afk , Fk) / (Afk , Afk) 7

| (AT, *k)|

~k 12
<lIP
(AFK, AFK) :

—»kl 2 =k 112
P05 =15 -

ecu T 20 & (AFX,F¢)=0,

TO HEBs3Ka cTporo yoeiBaeT mpu A > 0.

194

 AF¥)]
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Bo-BTOpBIX; U3 CTPOTOro yObIBAHUS HOPMbI HEBSI3KU K =A7¢ =

_ (vk+l =k+1 K =Ky _ 13K 12

=) <) =127 |
*

T.c. A" A-HOpMa oIMOKHU CTPOro yOBIBAET.

Kpome Toro, 04eBHIHO, UTO OIIEPATOP S !
7 =gz} = 7% -7, (z¥)- AZ¥
HENPEPhIBEH BCIOAY 3a (MUCKIIOUYCHUEM, ObITh MOXKET, 0) U

110 TEOPEME O CTPOroM yObIBaHUHU (PYHKI[MOHAJA
UTEPALIMOHHBIN MPOIECC CXOIUTCS.
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Tema 13. MeToa npocTo MTepauuu

B MeTomax HAauCKOPENIIETO CITYCKA U MUHUMAJIbHBIX HEBA3O0K:

Tk:

=K
rapameTp IBa CKaJIAPHBIX TPOU3BENEHUS + yMHOKeHune Al

Tk =T = \MeHbllle BLIYUCICHUI.

ITOCTOSIHHBIN IapaMmeTpa
IlpeaBapure/ibHbIC 3aMeUYaHUA
Bompoc: 7 =?, 4T00bI CTaIlMOHAPHBIN UTEPALIMOHHBINA METO/T

XV — 300aH,

—_

Xt =gk 7. (A)?k —b),r cxommica Kk pemeHuio cucreMbl AX =D .

k=0,1 ..

OtBeT: < p(S)=p(E-7-A) <L
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Yupaxuenue 1. p(E—7-A)= max |1-7-A(A)|

: A(A)eSp(A)

Yupaxkunenne 2. Eciu A(A)=ReA(A)+1-ImA(A),

10 |A(S)|2=1-27-Re A(A) + 72 | A(A) |

Yupaxnenue 3. Eciiu 7-Re A(A) <0, to | A(S)| 21 = meroxn He cxoauTCs.

Yupaxuenue 4. Ecou 3 4 (A) & 4L(A): Re4(A)<0 & ReA,(A) >0,

T00(S)=p(E—-7-A)>1 = wmeton He cxomures V 7 € R.

Yupaxknenne 5. Eciu ReA(A) >0 V A eSpA,

oV 0<7< min ZOReE(f\)
A(MESPA | A(A) ]

max |A(S)|°= max |[1-7-A(A)|? <1,
2(S)eSpS A(A)eSp A

T.C. MCTOA CXOIUTCA.
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MeToa mpoCcTON UTEepaluH

—

Teopema. Ecin marpuma A= A >0 cucremsr AX =D,
TO METOJ IIPOCTOM UTEpauu (MeTo 1 Pudapacona):

XV — 300aH,

N

gkl _ gk —T-(Aik — 6),
k=0,1, ...

.

2
cxomurea pu V 7 € (0, ——).
p(A)
Jloka3zaTteabcerBo. Tak kak A= A" >0, o A(A)=Re A(A)>0n

(cM. YopaxxkHeHue 5.) METOd CXOOUTCS, €CIU

. 2-ReA(A) . 2 2
O<z< min >— = Mmin = .
A(A)eSpA | A(A)] A(A)eSpAlA(A)|  p(A)
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OnTumMajbHbIA BIOOP mapaMerpa 7 MeTroaa Puuapacona

[TycTh rpanums! criektpa MaTpunsl A= A" > 0 U3BECTHBI:
0< Jimin (A) < A(A) < A (A) = p(A)

Ompenenum 7,

o(S, ) minp(S;)|=min max [1-7-A(A)|<
Fonm T . A(A)eSpA

<min max |l1-7-A|=
T ﬂminﬁﬂﬁﬂ.max

= mTin max{|1—7- Anin(A) |, |1— 7 Apax (A) [} =

— |1_Tonm 'ﬁ“min(A) | — |1_T nm max(A)l

— T _ 2 ( Onm) /ALmax m|n <1

onm
ﬂ'min + ﬁ'max ax m|n
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Teopema. Marpuna A= A" >0, metox gkl gk _ . (A)_('k — 6),

¢ onTUMaIbHBIM apametpoM 7, = 2 [ [ Aqay (A) + Amin (A)],

TOTJa CIPABEJIMBBI OLICHKU:

| Z

| Z¥

K
|A S p (STOI’lm

Jloka3aTe/ibCTBO.

=k Kk =0
2<P (S, )12

0
)1l Z

21

|A’ >0e p(Sronm):ﬁ“maX(A)_lmin(A) <1

Amax (A) + Anmin (A)

Tak kak A= A", 10 S_ =S_ u, cnemoBarensHo, || S, ||, = p(S,) Vr,

w0124, < p(S;

Jlanee,

)12

lp <. <P5S. F1Z00,

Yupaxuenue 6: ||S_ || o= po(S;) V.

=k —»k -1 k =0
S 1ZMa<p(S: M2 A< <o, I 1200 A
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Onenxu cxoaqumoctu MHC n MMH
k k

Teopema. Eciiu A= A" >0, To st oGk 2 =X — X
METOJa HAaUCKOPEHIIIETO CITyCKa:
=K =K
_ _ _ r,r
X=X~ (A =), 7y = (qk qk) . k=0,1,...
(Ar-,r")

CIIPaBEIJINBBI OLICHKU

-k -k
1291 < | Zmax = Amin |70 174, < [Zmax | Zmax  Amin |70,
A A 2 2
ﬂ*max + /1min | ﬂ'min ﬂ*max + ﬂ*min |

(11 =k+1 - =k =k =k
|7 |y =inf | 2K~z AZ¥ [ 4 <IS,  Z¥Ia <

onm
T

_k _k
[a-lIZ" la=p(S. IIZ" || A

onm onm

=k K50 _ Amax (A) = Amin (A)
TO ” Z ”A S [/Oonm] ” z ||A9 Ic 'O(Sfonm) — ﬂmaX(A)‘F/lmin(A).

Jloka3areabcTBO. T.K. <

<|Is,




Tax kak A (A)-(Z,2) <(AZ,2) < 1. (A)-(Z,2) u,

CJICIOBATEJIBHO,

Smin A1 Z 12 <N Z 1 AS A Amax (A 1 Z 1|5,
10 |21l o < maxc (A Zenin (A - [Pomm ] 120114

Teopema. Eciu A= A" >0,

TO U1 OIITHOKU 7K = xK _x METOJIa MUHUMAJIbHBIX HEBA3OK:
-k =k
_ _ K o Ar-,r
R 2 g6 (ARF ~B), 7y = — qk) . k=0,1,...
(Ar®,Ar")

CIIpaBCAJIMBbI OLICHKH:

/Imax + ﬂ'min /1min ﬂ'max + lmin

K K
_ Aoy — Ami . . A Aoy — A .
K ”2 < { max min } ” rO ”2 | ” Zk ”2 < Zmax { max mln} ” 7

202

0
2
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Jloka3zareabCcTBO. TaK Kak

k41 .ok K K K
P55l =inf |75 =z AFE ||, <|IT° — 17, AT ||, <

T

=k _k
<lIS;,,, ll2-IIT" 2= p(S;,, ) -I1Z7 Il

onm onm

10 | 1l < [ Lo ] IF0 I, Tt
Amax (A) _ ﬂ*min (A) |
ﬁ“max (A) + ﬂ“min (A)

Ponm = 'O(Sfonm) —

Tak xax | F¥ ||, = || AZ¥ ||, wu

| Ain 12+ (Z,2) < (AZ,AZ) < | Aay |? (2, 7),
~k _k -
10 13 HepaBeHcTB Anpin (A) [ Z° 15 < | F¥ 1125 Amax (A) 11 24 11

lmax(A) Kk =0
|l Z .
imin(A) Lonm ” “2

CIIEy€eT OICHKA || 7K |, <




Tema 14. MeToa PuyapacoHa ¢ 4eObIIIEeBCKUMU NapaMeTPaMu.

IIpeaBapure/ibHbIE 3aMeYaHUSA

B npeasiaymeM pazaeine aiag AX = b ¢ Matpuied A= A >0
11 MeTosia PruyapicoHa (IpoCcTor UTEpaLiin ).
(0

X" — zaoan,
I = gk —Z’-(A)_(k —b),
k=01 ..

.

onpeaenuny mapamerp 7 =7, =2/(4 . + ):
onm min aX

p(Sx,,,) =Nf P(S.) = Ve — Amin) ! omax + in)

204

rae S; =E—7-A, 0<Ayin = Ayin (A) < Anax = Amax (A) = p(A).
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Ecnu O<a<p: O<a<Anin < Amax < 5,

TO ONTUMAaIBHBIN napamerp 7 =7, (¢, ) =21 (a + [):

mf,o(S )=iInf[ max |1-7-A[]<Inf[ max [1-7-A]]=
T AeSp(A) T aslALf

=1nf || S ; (1) llce, g1=
(4 ——

1-7-4
—infmax{|l-7-a|,|1-7- A =(B-a)/ (B+a)=py
‘ zl—ga/ﬂ
T,.m =21 (a+ ),

rne S,(A)=E-7-A < 5, ,(4)=1-7-4.




Penrenre »Toil MUHMMAKCHOM 3aJa4M Ha CJIEAYIOIIEM rpaduke:

S.(\)=1-1-2

MA)
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JABynukianyecku meroa Pugapacona.

Teneps caenaem aBe urepauuu (2-UUKINYECKAM METO1 PrudapicoHa), HO ¢
PA3HbIMU ITApAMETPAMM:

2k+2 —»2k
R = (E 7,A)(E - TlA)
)—(>2k+2 — )—(>2k+1 2 (A—>2k+1 b))

SZ,r:[rl,Tz] (A)

Ynpaxnenune 1. 1(A) e Sp(A) = A(S, (A)) =[1-1,A(A)]-[E - A(A)].

Yupaxuenue 2. Onpenenuts napaMeTpsl 7y U 7.
Int - p(S,,)=Inf{ max |[1-7,A(A)]-[E-7A(A)]] }
7=(71,72) r AeSp(A) ©
S(A)Z,r:[rl,rz](l)

< ir;f{ 152, (D llcia,p1 = P2
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3amMeyaHue. 3HaUCHUS ITapaMETPOB = (2'1* =1y 1, Z'; = Ly l)

OIIPEIEIAIOTCA U3 YCIOBUM:

WA)

Yupaxuenue 3. Jlokasars: p, < [,01]2,

T.€. 2-IUKJINYECKUM MeToJ1 PudyapacoHa cxoautcs “ObicTpee’
METO/IA IIPOCTON UTEPALIUH.
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M-UUKJIMYIecCKUU MeToa Puuapacona.

% A M
[Tapamertpsl 7 ={7; =7; }j_; M-UKIAYECKOrO MeToaa Pudapacona:

X =X
k=01, ..

. ~ o _
)~(mk+1:)—(» k_Tl (A—»mk b), :ka+1:(E_TlA)’ka,

smk+m _ omk+m-1 —7 (A—»mk+m -1 6)’ FMKk+m _ (E-7,A)- 7 mk-+m-1

Smr =(E—-71A)...(E-7A)

CTPOMM M3 YCIOBUSI MUHUMH3AIUU OIleHKH 1ist P(S,, =1, 0 Tm]):

Inf

7=(71, s Tm)

p(Sy) =inf[

< inf

T

max |l-zy-A)-..-(A—7,-4)|]=
- 1eSp(A)

max | (L7 z) -z, A)] =
asp e ) J

= inf ||sm,f<z)||qa,m=pm-




Penrenue »Toi 3a1aun 1300pake€HO Ha rpaduke:

° O<a£,&k_l<,uk <l&k Sﬂ, k:]., 2, ey M,
me’T* (O) :1, Sm,T* (Ile) :O

Sin 2+ (1) = (=D oy

— “4eOBIIIEBCKHAM aJIbTEPHAHC .

. Sm’r* (0)=1; A

210
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MTtak, MBI JTOJKHBI:
1. Jloxasarh: ecinu Sm,r* A =A-7,-A)-..- A—1 - 1)

MMeeT “deOBIIICBCKHM anbTepHaHC Ha uHTepBane [«, ],
TO Sm I (1) HanMMeHee yKIIOHSETCS OT HyJI Ha uaTepBaie [, []

BO MHOXKECTBE MOTMHOMOB S, (1), S,,(0) =1

S (A = Inf S, (A .
IS D lera, g1 s () Sm(o):1|| m(Dllcra.p

2. Toctpouts S . (A4),

m,z
HaiiTu ero KopHu O < a < py < pp <...< uy < B3,

BBIYHCIIUTE O = || Sm,r* (D llcfa, g1

3. Bamatb 7, =1/ 40, 75 =11 pt5, ..., T =1/ iy,

4. TlocTpouThb UTEPALMOHHBIN METO;

—

k+l _ gk SK  Ry. : *
X =X —Tk+1(AX —b), Tk+m:Tk' TjZTj, J:1,...,m.
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Teopema.

Ecim S . (A) umeeT “ueObleBcKuii anpTepHanc” Ha uHTEpBane [, ],
m,z

0018, - Al = inf 190 lega 1

Jloka3zaTeabcrso. [Iycts 3 S, (1): || Sm’r* (D llcre. g1 > 11 Sm D llcre, g1

1
pm :
” ”C[OL,B] ----- ‘] """""""""""""""""" s:* -----
1 ~ |
:' Hk-1
0 - A
a Vel )
S\ e\
o || ||C[0(,B] ---- E ———————— o o : _____
PmT NS (D)
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Sm(2)
P .
TN RN w—’ b N S
0 3
- ” Sm ”C[OL,B] -- - S
~Pm ' NS (A)

= R, (1) = S e (1) — S, (1) umeer M+1 monapHoO pa3ITHMYHBIX KOPHEH:

O=p<(@<n<iy)<.<( 150 <) <.<(fng <1< iy =p).

Ho torna R, (4) =0 (monuHOM cTemenn M umMeeT He OoJbiie M KOpHEi),

re. =35, ()0 1S, Dlcgep > 150D llcga
= 1IS,, - Dliciap <150 llciag ¥ Sin(A), S (0) =1




214

IHosmmHom YeObIeBa
Ha unrepsane [—1, 1] pacemorpum dyrknmio T, (X) = cos(m-arccos(x)).

Ta(X
 Ta)
X
-1

Ouesuano, uro (K =m, m-1, ..., 0):
1. X, = cos(k—ﬂ) = m-arccos (X, ) =kz = T, (X ) = (—1)k;
m

(2k -1
2m

) = (2k -1

2. X, =C0S —> m-arccos (X = T,(x,)=0
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Jlemma.
®ynknus T, (X) =C€0s(m-arccos(x)) — moaruHOM cTeneHn M.

Jloka3zarejbCTBO.
To(X)=1, T;(X)=X — noNMMHOMBL.
cos((k +1)¢) +cos((k —1)¢) = 2cos(e) - cos(ke),
@=arccosx —
T 1(X)=2-T{(X) - T (X) =T, 1 (X) — momuHOM cTenenn K+1V Kk >1.

3ameuanue. [lommrom YeOwimena T, (X) uMeer albTepHaHC:
—1=X, <Xpg <...<X <Xy =1,

ITa() llepez g =1 Tm(R) = (D"
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IocTpoenne S e (1), S I (0) =1, ¢ ueOBIIIEBCKUM AJbLTEPHAHCOM:

lTi(X)
\x,  x R xe[-11] - Ziela, f
' ' X
\ i IB—a IB‘FCZ
- A(X) = X +
o (=%
1 A\wx(x»
_ \ (1) =—2_ - PF@
b —a b —a
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OtHOpMEpPYeM TOTUHOM T, (X(A4)): OJTY UMM

1
T (x(0))

-(4)

Tm(X(4)),

m,z

T.€. Sm’f* (0)=1

C KOpHAMU
(2k -1
2m

, X, = Cos( ), k=1 2,.., m.

ty = A(Xy ) = Xy +

L - L+a
2 2

Bamevtanite. o = 1S (A llcga,p1 = T (XO) [
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Teopema.
o=l Dl = gy <1 7=30—VE
me ’ 1+yp" JB +a
JlokasarejbCTBO.
_ +a
=118 Dlletan =Ta(XO) ™, x@=-722 < -1

Jlst Berauciienus 1., (X(0)) Bocronbs3yemcst hopmysioi

(X+VX2 =)™+ (x—4/x2=1)"

2

T (X) = npu | X | > 1.
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3aMeTuM, 4TO

(Ve 21 Bra |Bra) | -p-a+2pa _

O+ 01 p-a \/(ﬁ a)” o p-a
_—WB)’ +2ypNa-(Na)? _ B—~a _
WB+Jea) (o) — B+

X(0) —/x2(0) —1 = L __1

X(0)+yx2(0)-1 7

Torna

()" + (=)™ n 1+ 72" 2y
T..(X(0)) = = (-1 — = <1.
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JlokazaTenbCTBO (POPMYIIBI

(x+\/x2 —1)k + (x—\/x2 —1)k
2

T, (X) = opu | X | > 1.

To(x) =1 u Ty(X) = X — HOITHHOMBL.
Ocranock IPOBEPHTh, 9TO T}, 1(X) =2-T(X) - Ty (X) = Ty 1 (X) mm

(X+ /XZ _1)k+1+(x_ /XZ _1)k+1:

2Tk+1 (X)

= 20 (x+ VX2 =) + (x=x2 ~1)¥ =[x+ VX% =1)F o (x = /x% ~1) ]

2T, (X) 2T, 1 ()
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Ilycte Yy = \/X?—l, TOT A
X+ Y)Y (x=y) =X [+ Y+ (x= ) Ty [+ y)< = (x—y)€ 1=
=x-[(x+y) +(x—y)“]+
+y DY) T = (= ) Ty ) T (x— ) T =

=X-[(x+y) +(x=y) ]+

+y XL Y) T = (= ) T (D) {(x+ ) T (k- y) T =
=2 [(x+ y)* + (x=y) T={(x+ ) T+ (x—y) 3+

+(=X% =Xy + YX+ X°) - (X + y)k‘1 +(=X2 4 Xy — yX+ X2) - (X — y)k‘l =

= 2%X-[(X+ Y )¢ + (x= Y)Y T={(x+ y)* T+ (x= y)*}, uro u 1p. 1ok
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@opmyJibl M-TUKIAYECKOr0 MeToaa Puyapacona ¢ 4yeObImeBCKUMH
ImapaMeTrpamMu

Wrax, s pemenns cuctemsl AX =b, A= A" >0, Sp(A) c[e, ], a >0,
NBY4JIEHHBIE (POPMYIIBI M-IMKINYECKOro MeToAa Puuapacona:

R =gk (AR D), k=01, ..,

\{Tli i z-m}; {Tm+1 =11y Tom :Tm}; (Tm+j :Tj)’

rj=7;=2/[(f+a)+(B-a)-cos (2} _1)”], j=12, ..., m
2m

a MaTpHIia Iepexoaa S (A) =(E—-17,A)-...-(E—7; A) ans ero omubku 3a

7 (t+1)-m —»t m
7(t+D) Sm e ) CHMMETPHYHA, U, CIICIOBAaTEILHO,

IS, « (Ala =S, «(Alz < \f Ja
<15, -+ W lcta, sy = Pm = 2y™ \/7+\/_

MOJIHBIN UK ( Z
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YucjieHHass HEYCTOUYUBOCTD JABYYICHHBIX (hopMyJ1 MeTOAA
Puuapiacona.

N3-3a OIMOOK OKPYTIICHUS

peanu3anust GopMyI X<t = K Ty +1(Axk —Db) nHeycroiiuuga,

T.K. HOpMa orneparopa mara || E — 7, 1 A||, ans ommbkn MoxxeT OBITH

3HAYUTEIILHO 00JIbIe 1 (B METOEC MPOCTOM UTEPALIMK 3Ta HOPpMa MEHBIIIE 1),
B T0 Bpems Kak || (E —77A)-...-(E—7,,A) ||, < oy <1.

IlooTOMYy, ecii HECKOJIBKO UTEPALUU BBITIOIHAETCS C TapaMeTpaMu 7y 1,
IJTsL KOTOPBIX HOPMBI OIIEPATOPOB 1Iara

IE =7 aAlly = max{|1-7y g Amin (A) | [1= 711 Amax (A) [ }>>1,
a>0 ;é

TO MPOLIECC BEIYUCIICHUHN ““TIPEPBETCS U3-3a IIEPECTIOJTHEHUS .




TpexwiaeHHbie (popMyJibl peasu3anuu Meroaa Puuapacona.
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Henw: ans pemennst cuctemsl AX =b, A= A" >0, Sp(A) c[a, 8], a >0,

OCTPOUTH MPUOIMKEHUS X

e 1 _0 =0
124l =11S, (A1l <IIS, (Al 12° 11

.

N

0 Sl ok

X, L X

P
1251, =1IS, (A2’ <IIS, - (Al 120, i 2"
rie S, .(A)= L T(x(i))=£T (x(1)) <
" ke T (x(0) ¢ T
! _1
Syer (A= 1y T AN = T (KA,




To(X) =1, Ty(X) =X,

Ynpaxunenue 1. 13 {
Ty (X) =2-T1(%) - Ty (X) = Ty 1 (%),

= 1 ETm(—ﬁiZ): ]

2
b+
2 1

S, «(A)=1, S _.(2)=1- 2,

= 18, (D =W+ D) L-—= 718, (1) L.

k+1,7° tk+1 ﬂ o tk+1

t t
(z) (1+ L) 1S, (L) +XL[S, .
tk—l—l ﬂ T K,z tk—l—l Kz

(4)=S
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Sk—l,r* (l) -

k-1,7" (l)]




2
Yupaxkuenue 2. So,r*(A):E’ Sl,f*(A):E_IB+aA
t t
A)=S, (A 1+ K A-S L(A)+XL[S ,(A)-S
Seia s (A =S, (A)=( tk+1)ﬂ s o (A) tk+1[ (A =S,
Vopaxuenne 3. S L (A)Z°=7° S ,(A)Z°=7"- 2 AL°
P ' ¥O,r* J_ ’ ¥1,r* J_ ,B-I—Ol
50 51
t 2 0
S . (AZ°=S ,(A)Z° -1+ A-S L(A)Z°+
St W =5y (A2 =g =) A3 VT
k+1 sk sk
( _0
tk =[S, - (A) S+ (AZ7]
K+1 v " y

—»k z»k—l

226

L (A)]
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. 1 - 2 0 7
Ynpaxnenne 4. X’ — 3a0an, =x- (AxO —b)

_ _ t kT Kk ok
Xk+1:Xk—(1+ k—l) rk-l- k—l[Xk_Xk l]

T,
Vnpaxuenne 5. XL = o @

tk+1
to __ﬂ—a

wl_qz pra tea 2t —a

_ 2
X = XK+ @y (X — x5 1)—mm D) (A =b), k=12, ...,

— TPEXCIIOUHBIA MeToA Pruuapacona:
K =0
1240, =118, - (A2, <

S, (Al 1271, Yk

.

Pk




228
Tema 15. MeToa conpsisKeHHbIX I'PAAMEHTOB.
IIpeaBapurtejbHbIC 3aMeYaHUS
Huxnmnueckuu meton Puuapicona

X< = %K — ¢ J(AX* D), ¥ =(E—7ri ,A)Z¥, Z¥TM = S, .- (A)Z*!

* *
C 4eOBIIIIEBCKUMU HHApaMETPaMHU Ty . = Tk

JIUISL PEIIEHUS CUCTEMBI AR =b: A= A" >0, A(A) ela, £], a>0,

3a M I/ITepaHI/Iﬁ yMeHBHIaeT OHII/I6Ky B 1/ pm pa3:
=t =(t-1)- t |50 =0
1Z5™ 1A < o 129 D™ 4 <ol 1200, v Z°,
;1€

Pn =S, +Dllea,p=2¢" 10+ 7™ <L, y = (B -a) | B +a),

a mapamerpsl 7y, =7y (, 3) onuHakoBbie V 7.
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Ho, ecn 7, =17 (Z’O)'
127 Mg =11 (E =7 (Z°)A) .- (E =73 (Z°) A) Z2° || o =

mr(?o (A)
=inf || (E—7pA) - H(E-7A)Z° ||
S (A)

_ =0\ 11 =0 i
10 (127 |o < P (2°) N1 2° llas £ (Z°) <
Yunpaxuenue 1.

7M = 70 _qlAz’O —...—qumZ’O e’ +{AZ°, ..., A"}
Vupasuenne 2. Ecmu L. { AZ° ..., A"2%}=L {01, ..., G},
r '=Ax’-b Am_lroj HoGviLl Gazuc

'

UzeecnmHusle 6EKmopbsl

TO Zm :Zo—algl—...—am gm.
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(-0
X~ — 3a0aH

— YnpaxHenue 4. - y (1

X" =X"" —akgk,kzl, 2,
1Z™ || o :mfin”(E_TmA)---(E_TlA)ZO”A: moin||70—051§1—---—05m§m | A
[TapameTpsl ¢y, ..., &y YAOBIETBOPSIOT CUCTEME YPAaBHEHHI
1 0(AZ™ 7 oz™m _ . . .
1 ") =(A=—,7" =(AG;, 2° -G —...—nG ) =0, i=1 .., m
2  0a; oa -
—
- . L - (a0 =3\ (/20 =y )
(AG,G1) (AG1.Gp) - (AGLGw) ] e ) | (Az°.G1) | | (FGy)

(AGy.G1) (AG2,G2) - (AG2.Gm)| @2 | | (AZ%.d,) | | (7% Gy)

_(Agm’gl) (Agm’QZ) (Agm’gm)_\am) \(Azo,g'm)) \( gm)/
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Ecnu 6asuc {§; }i"4 ABnsieTcs A—OpTOrOHATBHEIM, T.€.
(A(ji,gj)zO, | # j,TO

(—m 0

_(A°g) _ (760 7" =7 —a1Gi—a20p -~ G,

- (Agk’gk) - (Agk’gk)’ Xm = XO —algl_azgz —...—amgm.

\

y

BaxHoe 3ameuanue. B cimygae A—oproronansHoro 6asuca {0 |}:< 1 B Ly,
k=1 m,
— 01 —...— o Gy SBIISIETCA pelIeHrneM 3a1a4n

=k - _ - =
17 1la =min||(E -z A)..(E=nA)Z | o=min | S, - (A)Z" ||

BEKTOP 7K =79

T.€., B OTJIN4YKE OT MeToaa PuyapacoHa, MUHMMM3aIUsl HOPMBI OLLIMOKH
OCYIIECTBJISIETCS HA KAXJA0M BHYTPEHHEM IlIare 1UKJia, ,
CJIEOBATENBHO,

=k =0
1240 <o 2001 a VK =1, i m.
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IlocTpoenue A—opTOroHaJIbLHOIro 0a3uca

A—OpTOroHaan3yeM CHCTEMY BEKTOPOB {AZO, . Amzo}.
0 = (21 50 .
0 . r 7" =7" — o0
=A'=rfcL, = az( 9) = 3 1
1 1 L= AG:. G;) 1 1 alD .
91,91 T =A7"=AZ" -4 AG,

Vreepaxaenne 1. FL e Ly, tak kak - = AZ° -y A°Z° e L, = L{AZ°, A%7°}

YTBep:kaeHue 2. (fl, d;) =0, re. rt 1 L.
(Fl, d;) = (A70 —oyAgy, 0p) = (FO —oyAgy, 1) =

—>O —>
=(r", — Ag,, =0
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Jlanee mpuMEHIEeM METO MaTEMATUUYECKON UHIYKIIUH.

IlycTh TOCTPOEHHI:

01 A —opmozconanvhuiii 6azuc ¢ L = L{AEO
J{61.823 L, = L{AZ° A*Z"}
{01,000 G} - L, = L{AZ°, A%Z°, ..., A¥Z%}
20 = 20 = 20 =
M BBIYKCIICHBI @ = (r_fg_l,) , Oy = (I’#,gg) Ve O = (r#’g_k,)
(AGy, G1) (AD>,0,) (AQy, Gk )
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( 3\ . ~
2122’0—05191> §<rleL2, r1J_L1
ZZ_Z’O—algl—azg% §<F2€L3, Fe 1L,
<I’ = AZ ) \(r ,gl)—O, (r ’g2)_0
[k .k _
_k 20 _ . R r EI-k+1’ r J—|—k-
" =7 —ay0;—a,0,—...—x L o
. 191 — 229> k 9k s <(rk,gl)=0, (rk,gz):O,
I =AZ o
. . (F%,G,)=0

K _ o
= 7191 == 7k Ok € Leqat Alyqr L Ly

Jokasats: F<™ Ly .o, Ft o Ly -

Hama 3agaya. Ilocrpouts Gy 4 =T




Berancnum Gy g =

Fk

ely i1

{(Agkﬂ’ Gi) = (AP, Gi) — 71 - (AGy, Gi) = — 7k - (AGk, G;) =0,

= 7191 == 7Ok € Liias AGkaa L Ly

ELk

[ (AFX,g)) )
(AF¥,G,)

| (AFX,G,) )

1=1, ..., k,
T.C
(AG1,01) (AT, 0y) SAgk’glz—

0 0 /7/1\
(AT G2) (A2 G2) - (AGG) |

0 ; :
(A, 0) (Ad2.Gk) - (AGc.G) [V ™
0 0 |
= 7 =(F,AG)/ (AG;, Gi).
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Yrounum dopmyay y; =T, AG;)/ (AG;, G;):
TdK KadK fk 1 Lk 151 Agl € Li+l

4 —

Vi :O, i:]., k-1
7 = (AP, G, )/ (AGy, Gy
= O = =70 7 = (AF, G) 1 (AGy, Gi).

1o (AT, G)=(F,Ag))=0 = <

Janee,
-0 = ? _k =
oy = (r , gk+1) . (r , gk+1)
+1 — - . - . - )
(Agk+11 gk+1) (Agk+1’ gk+1)
(_k+l 50 — - _zk —
=L —0q Y11 Q1 =2 — 41 Yk

=K+1 =k+1 =0 ~ ~
T =A""=T"—a-AQ; —...— ¥ 1 A0k 41




Vreepxknenne 3. P Ly .o, Frt o Ly .-

—K+1 sk+1 _ =0 ~ - -
1.1 = AZ =!‘ —al-Agl—...—ak-Agkj—akﬂ- Agk+1j

.

erLkJrl EAI-k+\1f:|—k+2
(ok+l = _ _ . ~
(M) =Gi—on Ay —..— o - AGg — 1 Ak
5 K ely 1 eAlL 11=Lk;2
o2
:( ’ j) A1 (Agk+1’g )
\ =0 vvjék =0 jSk
(|7.>k+1 A_’ N —
gk+1) (r gk+1) — Ok ( Ok+1: gk+1) =
3 rK =
K = (", Ox.1) .
= (I’ , gk+1) P — '(Agk+11 gk+1) =0
L (Agk+1’ gk+1)

— 0y, DOCTPOEH.

237

€ I—k+2
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3ameuanue. Ml HCIIO0JIL30BaAIN (DOPMYITY:

(F%, 0) (P Gk)

Olk 1= — — = — — .
" (Agk+1’ gk+1) (Agk+1’ gk+1)
Jloka3aTejbCTBO.
oty 1 = (%, Gca) (T +0q ATy, Giin)
+1 — — — T —
(Agk+1’ gk+1) (Agk+1’ g|2+1)
1 - K =
__ (PG (FGe)
(Agk+1’ gk+1) (A(jk+11 gk+1)
HUrak,
(. _k .
Ok =T =79 € Liss
K~ .
7k = (AT, 0x) 1 (Adk, Ok) = s = (T, Gia)
L i (AQk+1’ gk+1)
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(I)OpMyJIbI MCTO/1a COIPHA’KCHHBIX I'PAAUCHTOB

Wrax, wis pemenus cuctemsl AX =b (A= A" > 0) noctpoen MeTox;

%0 3a0aH, 79— 470 —p

(o1 S0 —~
0 = — _
<~ _ =0 _(r,61) X=X~
gl—r — 0(1— . > X 1 0
(A1, G1) =T - AGy
( LK = LK =
(Ar 1gk) — —k —» (r 1gk+1)
Yk = I Ok =TI —7W9 = O ~= G
(ADy, k) (AGk 1, Oks1)
) (Sk+l Sk ~
X =X =011 9kn
il k+l -k
K+ = —
| \r = —oyn Ag k+1
k=1 2, ...

— MCTO/ COIIPSKCHHBIX I'PAAUCHTOB.
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Teopema.

Ecmm A= A" >0, To METOZ CONPSKEHHBIX IPaNECHTOB IIPOIOIIKACTCS
1o nonyudenuns perrennst cucreMbl AX =b 3a m=Kk(b) < n urepanuii

(rmoka rK #0)n V Kk

=k 27/k =0 \/’Lmax - \/)Lrnin
VA < Z
1Z" || A T AN

y = -
1+y \/ﬂmax + \/ Amin
Jk(b) <n: z¥P) =0

JIlokazaTe TEOpEMYy B KAYECTBE YIIPAKHECHUS.

3ameuyanue. B popmynax MeTo1a CONpsKEHHBIX I'PaACHTOB

HeT KOHCTAHT Ay (A) La < < A (A),

HO €CTh CKaJIISIPHBIE IIPOU3BEIECHUL: (Afk 0k ), (fk  Oki1),
(AQy.1: Oy.1) — 9TO 11eHA He3HaHus koHCTaHT: 0 < < f3.




TpexciorHbie POPMYJIBI METOAA CONMPSIKEHHBIX IPATUECHTOB

Yr1Bepxkaenue 4. /[ByxciioiiHbie (GOPpMYJIbl METO/Ia CONPSIAKEHHBIX
IPagVEHTOB:

X' =%~y PO, oy = (F°,F°) 1 (AF°,P);
f_» —>k -
Oka1=T =79«

— Uk g k+1

.

MO>KHO ITpeo0pPa3oBaTh:
X' =% —oy 70, g =(F°,F°) [ (AF°,F°);

(Sk+l _ Sk =  _ gk =K ol —
X =X" — oy O =X — oy (P — Jk )=

ok =K ok gk-1
=X" =l — P (X0 =X77)

.

— TPEXCIOMHBIE (POPMYJIBI METOAA CONPSIKEHHBIX IPAIUCHTOB.
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Yupaxknenue. [loctpoiite (opmyabl 171 HEBA30K METO/1a CONPSIAKECHHBIX

IPaJVCHTOB:

X' =%° —ay - 70, ap = (F°,F0) / (AF°,FP);

X = gK — gy FE = B (X =%, k=1

.

OT1Ber:
=A% -b
;P =0y AR, o = (F0,70) 1 (AFO,FO);
rk+1 — rk _ak+1AF :Bk+1(r k 1)’ k=1

.

YrBepxkaenue 5. [lapamerps! a1 U [y 1 MOKHO OIPENENIATh U3 YCIOBUN

.

( k-I—l

—K+1
OpPTOTOHAJIBHOCTHU HEBS3KU I HEBsI3KaM I

F Y= PN = B (P =T T D) — - (AFS

k-1 =k,

ur
—»k—l) ~0

(rk“,f )=(FX FY) =By (F =F* L F%) —g 4 (AFK,F¥) =0
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Yupaxxnenue. [Toctpoiite opmyIabl 1j1 OIMIMOOK METOAa CONMPSKEHHBIX
rpaJleHTOB:

xt=x0—ay - FY, oy = (F°, FO) 1 (AFO,FP):;
X = XK~ P~ B (R %), k>1
OTBeTt:

70— 50 _x

74 =70—0 - AZ°, o =(7°,70) 1 (AFC,TO);

7 = 7% o AZN - B (ZF 75T, k21

.

*
YrTBep:xnaenue 6.[Tapametpsl o) 1 1 [y .1 MOXKHO ONPEACIATh U3 YCIOBUS
MUHUMHU3aUMd A-HOPMBI OLIMOKU:

125 |3= rgi/g(A[zk A CAES AR BTN ol RARY N AR AR BTN o))
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Ynpaxkaenue. Peuiuts 3aga4y:

)_(’k_l, )‘(’k, P = AXK —b — 3a0ansi

BLIYUCTUMD O 1, ,Bk e

((A[? :Bk+1 ( ) Ay r ] Z :Bk+1 ( ) 41 I_;k)

_.k+1 ~k+1

=min(AZ" -5 (2" -2 ~a 12 - - (2 - 7" ) ~a- 1Y)
a,p

OtBer: @, .1, [y .1 — PElIEHUE CUCTEMBI:

( k k-1 k k-1 k kl k k-1
Boa - (r =X =Xy g - (KK =k i) = (6 X =X,

,Bk+1 (r _1 k) +ak+1°(Ark’rk) =(I’ a )

3
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Tema 16. IlepeodycaoBiauBarenn (preconditionary).
Ecnu cucremy ypaBHEHUN

AX =b

peoOpa3oBaTh K CUCTEME YpaBHCHUM

BlAx=B'p,

TO 00YCIIOBJICHHOCTD

cond (B_lA) MaTPHIGI B~ A nogoii cucremsi

MOKCT OKa3aThbCA 3HAYUTCIIbBHO MCHBIIIC

cond (A) — 00yCIIOBIEHHOCTH MATPHIILI HCXOJIHON CHCTEMEI

1 BIUSHHE OIINOOK OKPYIJICHHs Ha PCIICHUC CUCTCMbI YMCHBIIIUTCA.

Marpuiia B Ha3eiBaeTcs mepeoOycIoBIMBaTEIEM IS MATPHITLI A.
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Onpenenenue. IlomoxuTenpHO onpeneeHHbIe MaTpunbl A u B
HA3bIBAIOTCS SKBUBAJICHTHBIMH 110 CIIEKTPY C HOCTOSHHBIMHU
712y >0, ecnu

7o (BV,V) < (AV,V) <y, (BV,V) VVeR"
Teopema. Ecin A=A">0u B=B">0wu y,B<A<yB:
70 (BV,V) < (AV,V) <, (BV,V) VVeR",
0V A(B™A) elyg. 7],
JlokazarensctBo. B=B" >0 = 3 BY2 = (Bllz)* >0 =
Sp(B~1A) = Sp(B”’Z[B_lA]B_l/Z) — Sp( \ B2 pAp-1/2 J )

C=C*>0 = V A(C)=4(B1A)>0

B Ay =A(B'A)-y =

= @A =Y ety =Y
(BY, ) (BY, Y)
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MeToa nNpoCcTOil UTEPALMU C MePeodyCIA0BIUBATEIECM

Teopema. Ecitm A=A" >0 & B=B">0, 10 MeToa mpocToii uTepanun

r
—

X~ — 3a0aH,

X =gk —z.BHAX* -Db), k=0,1,...
cxomutes V 7€ (0, 2/ y,),

M cIpaBeAJIuBbI OleHKH (S =E —7- A):
sK+1 =K .
125 A <HS Mla-N1Z° la < o112 [la,

12 e <11S, s 11 2% 1ls < 2,11 2% IIg.
pr=max{|l-z-y5 | |1-7- 1 [}<1
_71")0

IIPU OIITUMAJIBHOM I11apaMCTPC 7 =T = 2/ + NUMCECM .
p p p onm 7171770 P Tonm v+
1 0
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Jloka3zaTteabcTBO. MBI 3HaeM, YTO, €CJIU BCE COOCTBEHHBIC 3HAUCHMUS

-1
Matpullbl B ~A BelecTBEHHBI M ITOJ0KUTEIbHBI, TO YCIOBHEM
CXOJMMOCTH METOJIa IPOCTOM UTEPAlIMH SBISETCS BHIOOP MapamMeTpa

7 u3 unrepsana (0, 2/ p(B_lA)), a CrieKTpaibHBIN paaunyc p(S,)

OIIEHUBAETCS CBEpXy BenmuuuHoit o, = Max{|1l—-z-yq |, |1-7- 14|},
-1

TIE Y U ¥q OLICHKH ClIeKTpa MaTpuusl B ~A.

CrenoBaTenbHO, METO POCTOM UTEPALIMM CXOIUTCS TP JTFOO0M

(0, 2/ p(B1A))

W O, MUHUMAIIBHO, ecii 7 =7, =2/ ()1 + ¥p)-

kil _ STZk JIOCTaTOYHO

JIns1 TokazaTenbCcTBa OLICHOK ISl OLIMOKY Z
yCTaHOBHUTbH PABCHCTBO dHEpreTudeckux A- u B-HOpM MaTpHIIBI ITIepexo/ia

S,=E-7 BA ee CIEKTPaJIbHOMY PaIUuyCy:
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LIS, lla = p(S,):

> . . (A(E-7B*A)Z,(E-7B1A)?)
IS, l|a=inf — =
70 (AZ,7)

. (E-zA"2B7AY2), (E - AV?BIAY2)Y)
v=AY270 (V,V)

— ” E _TAllzB_lAllz ”3 :IOZ(E —TAllZB_lAllz) —

= p* (A%, A7) = p*(S,)
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2015, Il = o(S;):
'S, (2= inf (B(E-zB'A)Z,(E-7B'A)Z)
TBT 0 (BZ,7)

I (E-zBY2AB™Y%),(E-7BY2AB V%))
V=BY2720 (V,V)

= ||E-rB™Y2AB™Y?||5 = p*(E-rBV?AB™Y?) =

= p*(B7%S,B7%) = p"(S,)
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Teopema Camapckoro.
Teopema. Eciu A=A" >0 & B>057A (r>0),

TO METOJI IIPOCTON UTEPALUA

r
—

X~ — 3a0aH,
X< =gk . BHAZ -b), k=0,1, ...,

CXOIUTCH.

9

.

=k+1

K
Jloka3atebcTBO. DHEpreTuueckas HopMa omuoku Z° ~ =S_Z° yObIBaer:

” —»k+1||A (A—>k+1 k+1):(Azk,zk)—ZT(AB_lAZkJ,Zk)-F

Wk

+7 (AB‘lAz B1AZ¥) =

~k Wk

= (AZ¥,7) - 27([B-0.57 AJW¥, W¥) < || 2% |5

U, T.K. OIIEpaTop S, HEMPEPBIBEH, TO UTEPALIMOHHBINA IPOLIECC CXOIUTCH.
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MeToa HAMCKOPEHIIIEero CnycKa ¢ nepeodycjaoBjauBaTesieM

Ha xaxaoM nrare Meroa mpoCTOU UTEPALIUU ITAPpAMETP T MOXKHO BBI6I/IpaTB

3 YCJIOBHUA MUHHUMHU3AITNUHN 3H€pF€TI/I‘IeCKOI/I HOPMBI OIIINOKU Z r

Teopema. Eciu A= A" >0 & B >0, To ureparuoHHslii MeTox
(

—

X" — 3a0aH,

$xKL = gk — Tyt B~ (AX* -Db), Tyl =

k=01 ..,

L

CXOAUTCH.

b
Ecnu, kpome Bcero npouero, B =B u u3BecTHrl rpanuusl 7o 1 4
-1
crekTpa MaTpunsl B “A, To

=k+1 —
[FAR RS NZOp, o, =210

K+1.
A — Tonm ” Z ||A (pz' ) o 7/1+70

onm
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/loka3zareibCTBO. OquHz[HO YTO MUHUMYM SHEPrETUUECKON HOPMBI

124412 :irlf [(AZ¥,7%) - 27 - (AB7IAZX, 7¥) + 2 (ABLAZK  B1AZ¥)] =

(B F¥)2 e (B1F¢ 7Y
(AB~1FK, B1rK) T (ABIFK BIFK)

M HOpMa OIIIMOKH CTPOro yOBIBAET, TaK KaK

(B, F*) =([B7'r*],B[B~'r*]) > 0.

Tak kak oneparop S, 7K = 7K _ Tk +1(2'k) .B~tazX HEMPEPHIBEH

Tk+1

Bcroay (kpome Z =0), To HTCpallHOHHBIN IPOIECC CXOIUTCS.

*x
Onenka HopMbl omnOku ipu B = B™ > 0 ycTanaBimuBaeTcs 3J1eMEHTapHO:

_k+1 : _k _k _k _k
125 =inf 1S, 25 A< IS, Z50aslS, Na-lZ5la< pr -1Z¥]Ia

T

4TO U TPEOOBAJIOCH JOKA3aTh.
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MeToa cONpsizKeHHBIX I'PAIMEHTOB C MePeodyCJI0BIMBATEIEM

HaHOMHI/IM, qTO MCTO/ COHp}I)KeHHBIX FpaI[I/ICHTOB JJIA pCHIGHI/I}I CUCTCMBbI
AX=b, A= A" >0,

OBLT TOCTPOEH U3 YCIOBUS MUHHUMHU3ALUH SHEPTETUUYECKON HOPMBI OIITMOKH 32

M 111aros.

HOCTpOI/IM MCTO/ COHpSDKCHHI)IX FpaIlI/IGHTOB JIJIA pCHIGHI/IH CUCTCMBI

B1iAx=Bb A=A*>0 B=B*>0,
T.e. PELINM 33714y OCTPOCHHS OMIMOKH 7 TakoM, 4To
1Z™ | o =min||(E—7,B7*A)..(E-;BA)ZY || o=
T

: 0 _ ~
=m0:n||z —oq§1— =Gl A

ree L, = {B*AZ°, ..., B*A)"z-"}=1{G, ..., G}, a cucremy BexTOpOB

=M
{0; }i—; HykHO IOCTPOUTS.
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Kak u panee, mapaMeTpsl ¢, ..., &y, YAOBIETBOPAIOT CUCTEME YPAaBHEHNUM

1 o0(AZ™ 7" oz™ L ~ ~ .
E ( oa; ):(Aa’zm)E(Agi’Zo_algl_---_amgm)zo’ =1 ., m
| |

NJIN

~ A= = L Lo " [ a50 =\ )
(AG;,01) (AGy,Gy) - (AGLGm)|( e | (AZ7.01)
(AG,,0;) (AJ,,05) ... (AG,,04) || o (Afo, d-)

_(Agm’ gl) (Agm’ gZ) (Agm’ gm)_ \%m / \(AZO, gm))
Marpmuiia 3Toi cucteMbl — Matpuiia ['paMma B CKaJIsIpHOM IIPOU3BEICHUN

(X,¥) s = (AX, ) 6asuca {§i 4 B L,,, ee onpenenurens He paBeH HYIIIO,
CIIEIOBATENBLHO, PEIICHHE (¢ CYLICCTBYET M €IUHCTBEHHO.
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Ecnu 6asuc {§; }iry ABIseTcss A—OpPTOroOHANBHEIM, T.€.
(Aqi’gj):O’ | # j,TO
= = = ~1 (—’ —’O ~ = —
o — (AZO,gk) _ (r01gk) < 2" =7" -G — a0y — ... — Ay G,
k _ —> —> — — — !
(Agk’gk) (Agk’gk) )_(m:XO—ngl_azgz—...—gmgm.

.

IHocTpoenue A—opTOroHaJbLHOIro 0a3uca

A—0OpTOroHaanu3yeM CHCTEMY BEKTOPOB {B_lAZ’O, s (B_lA)m 20}.

0 -
_ 1 Ao _ N, _ _ _
3agaaum g, =B a7 =B 10 ¢ Ly, Torna oy = (. G1) , 71 =70 — 0.

(AGy, 1)
BEIYHCINM BEKTOP rl=A7l=A70- o AGy = A7V — alA(B_lAZ O).

HerKo IIPOBEPUTH, YTO Bl =B1AZ° —al(B_lA)ZZ el, n ( ,g1) =0,

Te P L L, oTHOCUTENHHO OOBIYHOTO CKASIPHOTO IIPOU3BEACHHSI.
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Jlanee mpuMEHIEeM METO MaTEMATUUYECKON UHIYKIIUH.

Ipeanoao:kumM, 4To MbI HOCTporin A-opToroHanbHbil 0asuc {J i}=<:1 B
L =L{(B*A)Z°, ..., (B*A)* 7%} taxoit, uro
1{G;}, — A-oproronamusiit 6asuc & Lj = L{(B™'A)z°, ..., (B"A)) 2%,

<K,
r_}- —>O ~ N
2<ZJ:Z —a G emap gy (7))
' i _ _ _ ) | - - )
X)=%"—og Gy —..—t; - G (Agi, ;)

.rl=Az:B el urd LLj,re (r),g)=0Vi=1 j.
Onpenenum Gy 4 = Bk — 7101 —...— 7Oy € Ly 4 u3 yciosui

(A1, Gi) = (ABTFX,6)) — 71 - (AT, Gi) — .. — 7 - (AGy, Gi) =0,
1=1 ..., k.
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Tak kak (AG;,G;) =0, i # j,10 7; =(AB™'T*,G;)/ (AG;, i),
TaK Kak [~ L L, u BAG ey L mpui+1<Kk,
ro (AB7YFX,g.) =(F*,BYAG;) =0wu y, =0, i=1 k-1,

-1
(3nech moTpedoBanach CAMMETPUYHOCTL MaTpULBl B 7).

Torna
1.G,.1 = B —%,.0,, 7 = (BT, AG, )/ (AGy, G
Oks2 =B T" =Gy, i =(BT",AGy ) / (AQy, Gk )
0 =
K+l ok _ (F", Gka1)
27" =7 =041 Oy k1= o v
" ’ " (Agk+1’ gk+1)
3P = AT =0 o A - — g AT L Ly,

T.K. JIETKO IPOBEPSIOTCS PAaBEHCTBA (fk+l, gi)=0,1=1 k+1,
OYCBUIHO, UTO

B~lrk = Baz" " c L{ B, L{(BIA)?Z0, .., (BIA 2% =L ,».
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ba3ucHeli BEKTOP {1 MOCTPOEH U BCE MPEAIIOIOKEHUS METOAA
MAaTEMATUYECKON UHAYKIIUU JJIsI HETO BBIIIOJHAKOTCS, U3 KOTOPBIX CIEAYET:

(7%, Ga)  _ (P + AT Ghaa) _ (FL G _
(Agkﬂ’ gk+l) (Agk+1’ gk+1) (Agk+1’ gk+1)
_ (P Gk
| (Agk+1’ gk+1)

DopMyJIbI METOA CONMPSAKEHHBIX I'PAJMEHTOB C MePeodyCJa0BIUBATEIEM
g, =B r°=B1(Ax"-b,)
1_ g0 ~ -0 .
-oq-0;, o =(r",4;)/(Ady,0;)
(. ~1-k _ 1K as .
<gk+1=|3 " — 70k, 7k =BT, Agy) / (Ady, Ok)

kel ok B, K I
X=X — g Okt Qe = (M Okia) / (A1, Gks1), k>0

Ay =

X" =X




