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Yactp 3. UTepanmoHHbie MeTOAbI pelIeHUsI 3a1a49M HA COOCTBEHHbIE
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Tema 17. IIpobdieMa cOOCTBEHHBIX 3HAYEHU I

Jlnst matpunbr A={a J}P j=1 Hy’KHO HaHTH

yuciaa A ¥ HeHYJIeBbIC BEKTOPHI X TaKHE,
g0 AX = AX: A — coObcTBeHHOE 3HaUeHHE, X — COOCTBEHHBIN BEKTOP.
KoppeKTHOCTH 3a1a41 HA COOCTBEHHbIE 3HAYEHHSI

CoOcTBeHHBIC 3HAUCHHUS MAaTPUIIBI A — KOPHHU XapaKTEPUCTHUSCKOTO
MIOJIMHOMA

P,(4) =det (A—AE) = ()" A" + ppy A" +...+ P+ Py,
KOA(PUIUCHTBI Py, ..., Pp_1 — HEIPEPhIBHBIC PYHKIMH JIEMEHTOB {8; J},n j=1-

[Tycte 6 A — matpuia ¢ “MaibiMu’ 110 BeJM4nHE teMeHTamu, Py o (4) —
XapaKTESPUCTUICCKHUHN MOJIUHOM MaTpuiibl A+ O A.

CrnencrBuem HenpepsoiBHocTH det (A+ O A) kak GyHKIHH DJIEMEHTOB
Matpunbl A+ O A SBIsgeTcs
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Jemma 1. lim Ps (1)=R, (1) V AeC.
o A—0

Jemma 2.

n
B mo6om kpyre |4 — A | < \/ | P, (A.)| ectb kopenp nonmuoma P, (1).

Jloka3aTejbCTBO.
Paznoxum P, (A1) B psan Teitnopa B Touke A,

(n)
e (1 g+ B (1 4 =Q(2).

— n —
Z Z

[lyctb 74, ..., Z,, — kopuu momuaoma Q(z): Q(z,)=0 V K,

i - = min |z
min m|n| 1<k< nl k|

TaKKaKlpn(ﬂ“c” =1 Q(0) :|Z1'---’Zn|2|2min |n :M*min_/ic |n’
N
T0 Amin €{A €C: M*_lclg\/l P (Ae) [}

I:)n (ﬂ,) — I:)n (lc) +
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Jlemma 3.
Ecmm Ay, ..., A, — kopHu nomuaoma P, (1),

T0 3 Hymepauus KOpHe# Ag o, ..., A5, momunoma P (A):

Ask > A& V Kk mpudA—0.

Jloka3zarejabCTBO

MCTOJIO0OM MaTeMaTHYECKOU HHAYKIOHUHU 110 CTCIICHHU ITOJIMHOMA.
N=1 = 451=Pso > Po =+

[Tycts memMma BepHa mpu N < K.
n
N=K:u3nemmbr 2 = I As5q: [As1—A| S\/| Ps n(4)]| —0.

Tk B(A)=(A-A4)Ra(4), Psn(A)=(A-4A51)Rsna(A)
Rs n1(4) = Ry1(4),

TO /15’2 —)ﬂ/z, ceny /15’n —)ﬂn
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CTenneHHOM MeTO BLIYMCJICHHUA MAKCHMAaJIbLHOI0 COOCTBEHHOI'0
3HAYEHUSA MATPHIBI A= A" >0
HNnea merona:
ecn 0< Ay <A, <...< A, 4 <A, = p(A) — coOCTBeHHBIC 3HAYCHUS,

q(l)’ q’(z)’ - q(n)

— COOTBCTCTBYHOIIINC UM COOCTBEHHEIE BCKTOPBI,

TO\V/)_(O—‘/—‘O

A0 = K[ g™ + (2)K oy q® 4.+ (%)k oy D]~ pra g™,

&p /
>0
k+150
| AT 1 a0 o a(n)
Akg0 ) P akgD P4
FA™X]| FA™X]|
TIe O, Oy, ..., Oy — KOOP(PUIUECHTHI (HEU3BECTHBIE!)

Pa3I0KEHUsI BEKTOpa x° 1o 0azucy g (1), g (2), ey g (n),
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UrepanmoHHBIN IpoLEce
K X
V20 x=A k=01
%" ]

Ha3bIBA€TCH CTCIICHHBIM METOJA0OM BbBIYHUC/JICHUA MAKCUMAJIBHOI'O

%
co0CTBEeHHOro 3HaYeHust marpunbl A= A" >0:

174 || = p(A), X*—>%X: AX=p-X

Jloka3zarTejabCcTBO.
[Iycte 0S4 <...< A4, < A4 =...= A4, = p — cOOCTBEHHbIE 3HAYECHMUS,
(_j(l), ...,C]'(r), Ci(Hl), . q'(”) — COOCTBEHHBIC BEKTOPHEI MaTpUIbl A, u

val.

X =a1€|’(1)+...+arq(r) + aqu(Hl)

+ot o, g™ =

=Y +.. 404" +y, y=0.
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Torna AXC =pk[y+(ﬂ,l/p)ka1€](l) +..+ (4 /p)karﬁ(r)] ",

T.K. X #k_l = qk ==, 0<—=<.. <<,
N AR p p
k. Ny+ Gl ) @+ + (A 1 o) oG
1o || X* || =p = k1~ k1~ P
| y+(/11/,0) g "'---""(ﬂ“r [ p) a.q |
oy Il p) @+t el p) e oY
1Y+ ! p) g™+ (A 1 p) e g7 Iy

3amMmeuaHmue. CXOI[I/IMOCTB CTCIICHHOI'O MCTOda HC 3aBUCHUT OT BBI60pa B HCM

. n/~n
BEKTOPHOM HOPMBI, T.K. Bc€ HOpMBI B R (C"') skBUBaIeHTHEI.
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CTeneHHOIi MeTO/ BLIYHCIE€HUSI MUHUMAJBLHOI0 COOCTBEHHOT0
%
3HaYeHuss Matpunbl A= A" >0

pzp(A) = AB-E-A)=F-A(A=20

= p(B-E-A)=L—Anin(A).
(manpumep: 5= || All, = p(A))
UTEePANMOHHBIN MPOLECC

X020, x=(8-E-A) k=0,1, ..,

Ha3bIBaeTCA CTENeHHBIM MeTOI0M BbIYHCJIEHUS MUHAMAJIbHOTO
%
co0CTBeHHOro 3HavYeHusi MaTpuubl A= A" >0:

(B=I1X11) = Ampin (A,

-0 y
eCJIU MIPOEKIMSI HaYaJIbHOTO BEeKTOpa X Ha JIMHEHHYI0 000JI09Ky
COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOIIUX Ayin (A), He paBHa 0.
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IIpyMeHeHre OPTOrOHAJIM3AIUH U CTENIEHHOT0 MeTO/1a IJIsI
BLIYHCJICHUA 0YEePeTHOTr0 COOCTBEHHOI0 3HAYCHUS

TMycts A= A* >0, Ag\" =ﬂnq(”),
T = A, G =G,

[TocTponm: |5n =E—-{ (n)[d (n)]* — oproroHanbHbIi mpoekTop Ha (L{{ (n)})L,
A, ;=P AP =(A, )" >0.

YupakHenue. q’<n> e Ker(A, 1) (ecmm /in = An, a»(n) = Ci(n))
SP(Ar_1) ={A(A); < .. < A(A)y 1, O}

— €CJlin q(n) — q(n)> TO ,0('5&1—1) = (A1) = Aqa (A).
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CTeneHHOH MeTo/ BIYHCIEHHUS I'PAHNUII CIIEKTPA MATPHUIIbI BlA®
cayuae A=A " >0u B=B*>0
O1IeHKH CIIEKTpa MaTPHUIILI B1A (A=A">0uB=B">0)

HY>KHBI JIJISI IIOCTPOCHHUS ITapaMeTPOB MUKINYSCKOro MeToja Pudapacona
pemeHus cucreMsl ypasaennii AX =D ¢ mepeoOycaosiauBarenem B.

JJemma 4. Eciu s A=A >0uB=B">0
B~AxW = 4xM =12 .. n
TO
A =Re(4)>0 Vi
(AXD Uy =0 vizj.
Jloka3areabCTBO.
BlA-X=1-X < (A”ZB:lAU%)[A”ZX]:/1-[A1/2>?]

—

C g
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Ynpaxkaenue 1. C = AV2gipl2 —c* 50
Yupaxnenne 2. C=QAQ™:
Q=[q" q* ..d"], Q"=Q", @".q")=4,
s A=diag{4, 4, ..., 1.}, 4 =Re(4) >0,
Cq(i) :iiq(i) Vi

Ynpa:xnenue 3. Cﬁ(i) =ﬂ1-(j(i) = AllzB_lAllzq(i) =ﬁi€](i)

<(D R0
Vapamnenne 4. (AXV, %) = (ALA2qV], [A2g0]) =5, |
A =Re(4)>0 Vi

(AXW 50N =0 Vi ]

= BtAx(® = 2xM &{




Teopema 1. Eciun A= A*>0u B=B" >0, ro crenennoi MeTo

xV 20— 3a0aH, xkl—g1a

CXOIUTCS K PEIICHUIO 3aJauM BlA. X = 0-X,

e p= max  A(B7IA) = lim || x¥ A

2172

2eSp(B71A) k—0
X = lim x,
k—o0
eCin (A)_('O, X)#0.
Jloka3arejbCTBO.
[Iycts 0S4 <...S A4, < A1 =...=A4, = p — cOOCTBEHHBIEC 3HAYCHMU,

)N
{X( )}i _1 — A-opToHOpMaIbHas cUCTEMa COOCTBEHHBIX BEKTOPOB U3

JIEMMBI 4 MaTPHUIIbI BA.




HpG,Z[CTaBI/IM HA4YaJIbHOC HpI/I6J'II/I)K€HI/IC CTCIICHHOI'O METOJ1Aa B BUJIC.

= W4t D b TV g, x

J/

70 J£0
Ou4eBUIHO, YTO BA. V=p"Y,
)*(k _ (B—lA))—(»k—l _ (B—lA)Z )—(»k—2 _ (B—lA)k 7(0
1A B2, 1BEARO )

(BEA) R0 = P [y (1)K - %@ 4+ o, (P63 1y

o v

g -0
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_ 1. _ _ Al ~
I (B7TAY RO || o= p* - [al(%)k ) +...+[ar(;f)k PP +VIA.

K132
V " la—0
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—_—

y k
a |l x" || A

Torma XX — -

: — 0.
R
Kpowme Toro,
O<p_||zk||A:p—pJ||V||i+|| URIIIR+IEI
p p
1E 1A 1185 11

R I R R e

Sllg i [051] ot A 2k-1) _ | X" ”A2 (ir 2(k-1)
2°”y“A 2||Y||A P 2‘||V||A

4TO U TpeOOBAIOCh JOKA3aTh.
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Teopema 2. Eciun A= A" >0, B=B" >0 u u3BecTua nocrosHuas

7R p(B_lA), TO CTENEHHOU METO/I

_K
KO¢O—3adaH, Kk+1:(71-E—B_1A) X k=01, ...

Sk
X1l A
CXOAUTCS K pemennio 3agaun B A X = (4 — Anin ) - X,

e A= min_ A(BA)=y — lim ||X* || A
21eSp(B7A) K—>o0

X = lim ¥, ecrm (AX®, %) #0.
K—00

Jloka3zareabcTBo. CPopMyIMpOBaHHBINA METO OIIPEACISCT CIIEKTPAIbHBIN
o o -1
paanyc U COOTBETCTBYIOIINI COOCTBEHHBIN BEKTOpP MaTpHlbl ¥4 - E—B ~A.

Tax kak A(y;-E—BA) =y, —A(B™*A) u A(B*A) >0, 10
B=p(r1-E—BA) = 1 — Anin (BTA), 1. Anyin (B™A) = 11— 8.
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Tema 18. Metoa aejieHus momojaam (OMceKIuin)

3aKoH uHepUMM:
CCJIN A:{ai J}In, j=1 = /A\>l<
T*AT = D; =diag{d,, d,, ..., d,} — xonrpy>uTHOE Ipe0OpazoBaHue,
rae detT =0,

TO OT MaTpHIBI | He 3aBUCHT curHarypa o(A) marpunsr A:

e 0_(A) — KOTHYECTBO OTPULIATENBLHBIX DJIEMEHTOB,
® 0y(A) — KOTMUECTBO HYJIEBBIX JIEMEHTOB,

¢ 0, (A) — KOIMYECTBO MOJOKHUTEIBHBIX YIIEMEHTOB Ha juaronanu Dy .
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3ameuanmue 1.

Eciu A= A" u det A, #0 V Kk,
TO (13 TeopeMbl 0 LDU — pasnoxxennn 3a KOHEUHOE YUCIIO OIIepaIliii)
A=LDL, D=diag{d,, ..., d,},
= (A ={o_(A), 5p(A), o, (A}, op(A) =0
BEIYHCIISICTCS 32 KOHCYHOC YUCIIO OITePAITUH.

3ameuanue 2.
Ecm A= A",
TO (13 TeopeMbl 0 hopme Kopaana)
A=QAQ , A=diag{/,, ..., 1.},
u(ecmm det A =0 V k) o(A)={c_(A), oy(A), o .(A)}, cp(A)=0
BBEIUHCIISCTCS 32 KOHEYHOE YHCIIO OIepaIii,

rae o_(A) — konmuectBo A, < 0.




Jlemma 1. Ecau matpuia A= A" u det
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A =0 VK,

10 o_(A)=YII3{], det 4, det 4,, ..., det 4, } — aucio mepemeH 3HaKa.

Jloka3zarejbCTBO.

M3 3ameuanus 1. = A= DL, -

(D =diag{d,, ..., d,,}
detA =d;-d,-...-d, V k

if d; <0 then {sign(1) - sign(d;) <0
If d, <0 then {sign(d,)-sign(d,d,)
det A

detﬁn_l

o_(A) — konuuecmeo dy <0

— nepemena 3HaKa}

<0 — nepemena 3naxka}

If d, <0 then {sign(d;...d,_;)-sign(d,...d,4d,,) <0 — nepemena 3naxa}

deEfA*1

U3 3ameuanus 2. = o_(A) =YII3 — konuuecmeso Ay <0.
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Hnes metoaa oucexkunii Beraucaenust A; € Sp (A)
Ilycthb A= A Q<L ZA,.
Yupaxuenne. — || A|[,<—p(A) S A4 <AL LA S+Hpo(A) <+ || Al
Aj €lag. ol =[=1l Allo. Il All]

Ormpenenum, B KaKoil IOJOBUHE WHTEpBaia [8,,0y] nexur A i

Jlnst aToro Beraucium o_(A—CyE)
— KOJIMYECTBO COOCTBEHHBIX 3HAUEHMI MEHbIIHNX Cy = (8 +1y) / 2.
Ecm o_(A-CyE)=> ], To A €lay,Col=[ay,by],
nnave A; €[Cy, 9] =[2y,b;].

Uepes k Takux waros noxyuum: A; €[a,b ], b —a = [ All, 12" >0,

T.€. Mbl MOKEM IIOJIYYUTh OIIEHKY UCKOMOTO COOCTBEHHOI'O YHCJIa C JTH000H
TOYHOCTBIO.
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J11s1 moCcTpoeHUsT METO1a OMCEKIIUM HYKHO
00001UTH (POPMYITY
o_(A) =YII3{], det 4}, det 4,, ..., det 4}
Ha cirydaii 3 det A, =0

J1J1s1 3TOTO:

1. 3amauy AX = AX mpeobpasyem k 3agaue QAQ™ (QX) = 1(QX):
%/_/

Y
QQ" =E, : ‘
011 161 0
T =QAQ" =tridiag{_, &, ;} = A p
. n-1
] 0 Bn—l n

2. TIOCTPOHMM METO OMCEKIHiA st sitkoOueBor marpuusl 1 : | F, | > 0.
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IIpuBeaeHne caMoOCONPSKEHHON MATPHUIIBI K TPEXAHMATOHAJIbHOMY
BH/Y OPTOIrOHAJIbHBIM MPe00dpa3oBaHUEM MOA00MS € IOMOIbI0 MATPHIL

BpaleHus
Hanmomuuwm:
S 0 0
Ck. 0 =Sk | — Kk —1a cmpoxa
Qi=| O OE|—|<—1 0 0 C 1 Ci,1 + Sk, -Sk,1 =1
kit 0 Gl — | —a cmpoka
0 0 En—I

— 3JIEMEHTApHAas MaTpULla BPaICHUS.
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1-¥ miar.
W ckmroueHue 3J1eMeHTOB 1-10 cTos101a MaTpunsl A, HaunHas ¢ 3—ero,
C MMOMOIIBIO ITOCIEA0BATEIABHOIO YMHOXKCHMS HA YHUTAPHBIC MATPHUIIbI

Q2,3’ e Qz,n: Ayp = (92,n QZ%)A,

Q
npeoGpasosanue nono6ust A =(Qy -...-Q3) A(Qy .- Qy 3) = QAQ,

Ao

HcknrodyeHne 3IeMEHTOB 2—T0 ¢T0J101a MaTpulsl A, HadnHas ¢ 4—0ro,

C IIOMOIILBIO ITOCICAOBATCIBHOI'O YMHOXXCHHS HAa YHUTAPHBIC MATPHUILIbI

Q3,41 -1 Qant Apyyo =(Qg - Qa g) Al
npeobpasosatue nonobus A = (Qgp .- Q34) A (Qap s Qs4)" =QAQ;.

A1/2
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K—ii mar.
Hcknrouenue aneMeHToB K—-ro crondua Matpunst A, 4,
HaunHasi ¢ (K+2)—oro,

C IIOMOIIBIO ITOCJICAOBATC/IIbHOI'O YMHOKCHHUA HAa MAaTPHUIIbI

Quitk+2r - Quatn’ A2 = Quin - Qurkr2) Akt

npeoOpa3oBaHuEe MOA00US

A = ng+1,n s Qk+1,k+2)Ak—% (Quin - Quarkiz) = QA1Qx.
Akjl/Z

(N—2)—ii 1mar.
VcknroueHue nocieaHero aneMenTa (N-2)—-ro croadua maTpuisl A, , C
MIOMOIIBIO YMHOKEHUS Ha MaTpuIyy Q,_1p:

A2 = (Qn—l,n)An—S (Qn—l,n)* = Qn—zph—:eQ:—z-
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0ﬁ1 b
boay b
T=A_=Qn 2 Q)AQy 2. Q) = e K
D2 0£n—1 D
i Pha oy |
Sp(A) =3p(T).
T, 0 5
Ecmu S, =0, 10 T = 0 T = Sp(T) =Sp(T, )USp(T,,_« ),
_ n—k _

T.€. HOMCK COOCTBEHHBIX 3HAYECHUN CAMOCOIIPS)KEHHON MAaTPHUIIbl CBOAUTCA K
3a7ja4€ Ha COOCTBEHHBIC 3HAUCHUS IKOOUEBBIX TPEXIMArOHAIBHBIX MATPHII.
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Jemma 2.

CaMoconpsiKeHHasi MaTpUlia 110 100Ha TpeXJuaroHajJbHOM
BEILIECTBEHHOM MATPHUIIE.

Jloka3zarejbCTBO.
Nmeem:

T = (Qn—z '...'Ql)A(Qn—Z Ql)>’< =tridiag{,§i_1,ai ’:Bi}-

Onpenenum Matpuny (npeanonaras vV f; # 0)
D =diag{dy, ..., d,}:

di =1 dy =L/ Bl Ao =Bl | Bol - Pral | Baa |

Torma D' =D* B=DTD * =tridiag{| 5_, |, &;,| 5 [}
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SAxko0ueBbI MATPUIIBI
BeniecTtBeHHass MaTpuia

adq
Co

oy

do

b,

Cn—l

an—l
Cn

bn—l
an

, by-c, >0, by-c3>0, ..., b,_;-C,>0,

Ha3bIBaeTCs AK0OMeBOii (y Hac C; =D_1).

Jlemma 3. [Tycte B =tridiag{b;_;,a;,b; } — sixo6ueBa marpua, rorma
detBy =1, detB; =4a;,
detB.,, =a;., -detB, —b’-detB,;, i=1 .., n-1.

ecu detB; =0 (i<n), To detB; ;-detB;,; <0,
ecim det B, =0, To detB,_; # 0.
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Jloka3zaTejabCTBO JIEMMBI
OCTaBJISIETCS CTYJICHTAM B KQUE€CTBE YIPAXKHECHUS.

Jemma 4.

CoOcCTBeHHBIC 3HAUCHUS SKOOMEBOM MaTpUIlbl B momapHo
pa3IM4HbIC (IIPOCTHIE).

Jloka3aTejibCTBO.

T.x. pa3amepHOCTSb siApa cuMMeTpuuHON MaTpulel B, =B - AE
COBIIaaeT ¢ KpaTHocThi0 A € SP(B),

a U3 JIEMMBI 3 clieayeT, YTO y BBIPOKACHHOM sikoOneBoi MaTpulbl B,
muHop [detB; ],4 #0,

To rang B, =n-1, dimKerB, =1wu

A mpocToe cOOCTBEHHOE 3HAUCHNE MaTpHUIBI B.
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Teopema.
[Tycte B =tridiag{b,_4,8;,l } — sixkobmeBa matpua, Toraa
o_(B)=YII3{1, det B}, detB,, ..., detB,},
ecim det B, =0 npumnucars 3nak det By ;.

Jloka3areabCTBO.
1. Ecom V k det B, #0, To 310 nemma 1.

2. Ilycte 3 k: det B, =0. [Tycrts sign(det B, ) =sign(detB, ;).

BamaguMm: &y = min | | >0 u sskoOneBbI MAaTPHUIIBI
AeSp(B;), A#0, I=1,...,n
B,.,=B+¢E
B_,=B-¢E, ¢€(0, &)

Tk A([B,,])=A(B)te#0 Vi=1..n,

TO
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det[B,. = [ (AB)+2)=0
A(Bj)eSp(B;)

de't[B_g]i — H (E(BI)—S) 7&0 \V/ | :1,...,n,
A(B;)eSp(B;)

a) 1

0) sign(det[B, .];) =sign(det[B_.];) =sign(detB;) V detB; =0,

B) sign(det[B_.]y)-sign(det[B__.],) <0 V detB, =0,
(T.K. u3 iemmsbl 4 crieayert, uto A(By ) =0 mpocroe

M OTPHLATEIBHBIX COOCTBEHHBIX 3HaUCHHUH y MaTpuisl [B_. ], Ha
oxHO Oomblre, uem y Matpuus [B, ], ),

r) G—(B+g) — O-—(B)’ G—(B—g) — 0—(8) + O-O(B)-
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W13 nemmsl 1, a) U T) ciaeayerT, 4To
o_(B,.)=4113{1, det[B . ], det[B,.],, ..., det[B, ], }=0_(B),
o_(B_,)=4IlI3{l, det[B__];, det[B__],, ..., det[B_.],}=0_(B) +oy(B),
YIl13{l, det By, det B, ..., detB, }=7?
IlogcunraeM 5T yucia:
13 6) cnenyer, uto ecnu det B; # 0 u detB;,; # 0, To nepemena 3naka
MPOUCXOANT (MIIM HET) OTHOBPEMEHHO B 3THX IOCIIEJOBATEIBHOCTSIX.
Ciyuait det B, =0, k #n.
13 nemmsl 3 umeem det B, ; -det B, ; <0,

OTCIO1a U U3 0) cieayer
det[B, . ]i_; -det[B.,]x.1 <0 u Ha yuacTkax

det[B,, s, det[By,J, det[B.,]j.,

10 OJTHOM IIEPEMEHE 3HAKA.
det B, 4, det By, det B, 4 }
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Cnyyaii det B, =0, oy(B) =1.

OTcro1a, U3 B) U T) CICAYET, 4TO
det[B,.],;-det[B,.], >0, det[B_.],;-det[B_.], <O,
sign(det B,,_;) - sign(det B,,) > 0.

CnenoBarenbHo, (ecnu det B, =0 npunucare 3nax det By ;)
OCJIEI0BAaTEIBHOCTY MHHOPOB MaTpull B, . u B nmeror onnHakoBble
3HaKu. Teopema goKa3aHa.
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O Bprunciaenuu YII3

Jlnst Beraucnenns o_(B) =YI113{l, det B;, det B,, ..., det B,} sikobuesoii
matpuiel B =tridiag{b;_i,a;,0 } nocraTtouno 3nare 3HaK kaxxgoro det B, .

Ecan
do =1, d; =detB,,
{dm a0 = diy, =1, k=1,
dyy=dy /|t |, d=d /|t | — Hopmuposka,
(o0bruHO BeIOUpatoT t, =max{|d,_4 |, |dy |}),

di+1:ai+1'di—bi2 'di_l, i=k, ceny n—l,

TO O-_(B) :qH3{l, dl’ caey dk’ dk—l—l’ . dn}

HopMHpOBKY MOKHO MPUMEHSTH HEOJHOKPATHO, YTO IMO3BOJIUT N30€3KATh
ObIcTporo pocra (mepenonHnenus) yncen {d; }.
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O BBIYHCJ/IEHHU COOCTBEHHOI'0 BEKTOPA
Jlemma 5.
[locmegHsss KOMIIOHEHTA COOCTBEHHOI'O BEKTOpa X
sikobueBoi matpuiel B =tridiag{b;_4,a;,b; } e paBna nymo.
Jloka3areabCTBO.
ITycte BX =AX, X #0.

[Ipeanonoxum, 9to X, =0.

Torna
Xng =—(@n —4)- X, /b1 =0
Xn—i = _[(an—i+1 o ﬂv) Kn—i+1 T bn—i+1 ' Xn—i+2] / bn—i =0,

1=2,....,n=1

— X =0 — npotuBopeune, 3HauuT X, # 0.
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CoOctBeHHbIi BekTop X sikoOueBoi marpuiel B =tridiag{l;_4,a;,b, } Mo
MOKEM, MTOJIOKKB X, =1, BerauciuTs mo hopmyiaam

Xn—1 = _(an _ﬂ') ' Xn /bn—l
Xn—2 = _[(an—l — ﬁ) ‘Xpa t bn—l ' Xn] / bn—2
X =—1(8y = 4)-Xo +0y - X3]/ by

WJIU PEUIUB CUCTEMY

ETY/ A %) ( 0 )
bn—3 dp_p — A bn—2 Xp—2 0
B bn—2 dn_q — /1_ \ Xn—l) \_bn—l)

C HEOCOOCHHOM MaTpPHIICH.
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Tema 19. Metoa Bpamenui (SAxoon)

Ecnm Az{alj}ln’ j=1 = /A\>x<
03 Q=[G® g .. g™} 1. Ag¥ =244g%, k=1 .. n
2. Q"AQ = A=diag{/,, ..., 1.}

3.Q°AQ=E
= @(Q"AQ)= min O(T*AT),rxe ®(A)= |3 ;|
T*T=E ]

Unes:
noctpouts { A, = QA 1Q : QuQ =E, Ay =Akly:
D(Ac_1) > P(A) —0,
rorma A =(Q .- Q) AQ .- Q) = A =diag{(A)11, - (Adnn}
1 SP(A) ={A, -, Lk={(Ad11s - (Adnnk
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" 8P = S(A)=S(A)=a(A)+Y g

=1

Omnpenenum S(A) = Z

JlemMma 1.
Jlns 1r00BIX KBaApaTHOM MaTpHIlbl A M YHUTApPHON MaTpHUIEl | HMeeM

S(TA) =S(AT) =S(A).

Jloka3zarTejbCTBO.

1. S(TA)=S(A):
eciu A:[é'l é’n], TO
S(TA) =S([T, ... Ta.]) = (T, Ta,), +..+ (T4, Td,), =
=(8g,8)p +...+ (85, 8y)2 = S(A).
2. S(AT)=S(A):
S(AT) =S((AT)*)=S(T A")=S(A") =S(A).
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JlemMma 2.
Mycts A=A", A=Q;AQ j ={& 1}k 1=

rae Qj j — dJeMeHTapHas MaTpyLa BpalleHu,

~ 2 2 ~ |2 5 2
TOorma @(A)=Q§(A)+[| a |+ |aj,j| -l " - |aj’j| }

JlokasarejbCTBO.

3aMeTHM, YTO U3MEHUIUCH TOJIBKO CTPOKH U CTOJOIBI C HOMEpaMHu |, |.

Torga, UCIIONB3ys JIEMMY |, MOITyduM
n
2 2 2
S(A)=@(A)+ D laI*+la; " +laj ;I°=

k=1
k=i, k= j

n
~ 2 i x 12 1A 12 ~
=D(A)+ D laI“+1&,;1°+14&; i ["=S(A)
k=1
k=i, k= j

OTKYJa CJICAYET YTBEPKIACHUE JIEMMBI.




Bb10op BpamieHus
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JIns ipocTOTHI OyIeM IojaraTh, 9To MaTpuma A BeleCTBEHHAS.

Boipasum pasocts @ (A) — O(A) = EX |2 + 18 ; |2 —| &y |2 — |a;

gepes3 JIEMEHTHI MaTpHIlsl A.

Jemma 3.

ITycts A= A", A= Qi*,jAQi,j ={8x 1}, te Q; j ¢ @ — yron Bpamenus,

TO <

.

Jloka3arejbCTBO.
Tpebyemblie paBeHCTBA BBIBOASTCS U3 TOXKICCTBA

q i

d; ;

1, ]

& |

a.

J

J. ]

|

(@(A)—QD(A) =2|a

COS«
SIn &

.|2_1
) 2
=23 ; |2_2|é-i,j §

—SinNa
COS«

.|2
i)

] 2
|:(a.i’i —aj’j)3|n 200 + 2ai’j COSZO{]

|

a

I, ]

a

ajj |

1, ]

|

COSa SN«
—sina cosa |
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JlemMma 4. IIycte A= A", A= Q{’jjAQi’j Z{Qk,l}’

rae Q; j — DJIEMCHTapHAs MaTPHIIA BPAIICHUS TaKas, 4To

EN :T;Xlak" , (8 —aj j)sin2a +23g; jcos2a =0,

o @(A) <[1-2/(n(n-1))]- P(A).

Jloka3areabCTBO.
1. VI3 nemmbt 3. = @(A) =D(A)-2| & ; §

2. <

-

n

(A= > lagl=<la ;- > 1=n(n-Dla;l’

—

k,1=1; k=l k,1=1; k=l
1
= |a;[° > D(A)
| n(n-1)
O(A)=D(A)-2|a ;> <D(A)-2 1 D(A).

n(n-1)




JlemMma 5. Pemennem ypaBaenus a-Sin2a +2b-cos2a =0 opu b =0

ABJIIETCA YTOJ & TaKOM, YTO

COSa:\/%(l—E), If=\/|61|2 +4|b?,
r

sing = — =signb.\/1(1+3).
r-coso 2 r

Jloka3zarTejbCTBO.

1. r=+|af +4|b[2 %0

Z.E-sinZa +2—b-0052a:0 — cos20::—E & sin205:2—b

r r r r
3. 005200 =2C08° ¢ —1 = CoSa =/(cos2a—1)/2
4.sIN2a=2c0Sax -Sina = Sina =sin2a / (2cos )

—> (OpPMYJIbI JIEMMBHI.
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N3 IMOCJIICAHUX ABYX JICMM CJIICAYCT CIIPABCAJINBOCTDb TCOPCMBI
CXOANMOCTHN MCTOAA.

Teopema 1.
Econ A= A",
00 s,
TO MOCJIeI0BAaTENLHOCTD MaTpull { A, }_y MeToaa BpaIleHMHIi:
%k
PAo=A A= AQ,

rae Qp = Qi(k), j(k) — MATpPHILIBI BPALIICHHUS] (memMMBI 4 1 5),

CXOAUTCA K JTUAarOHaJIbHOMY BHUAY, T.C.

D(A)—0,

DO(A) <[1-2/(n(n-1))]" - D (A).
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N3 Teopembr 1. = V &>0 Fk=k(g):

A=A =(Q-Q) AQ..Q)=Q"AQ, @(A)<s’.

CxoauMoCTh COOCTBEHHBIX 3HAYCHU N
J/’i = diag A=diag{4,, ..., 4.},

ITycrs @(A) < &2,
A=Q AQ =diag{4, ..., 4n}-

Jlemma 6.
P(1) =det(A—-AE) —» P(1) =det(A—AE) mpu & — 0.
Jloka3areabCcTBO.

1. det (A — AE) =det (QAQ" — 1E),
2.QAQ" = A-Q(A- DQ"
3. S(Q(A- )0 =S(A-A) =d(A)<&? >0

= Q(A-A)Q" >0 = QAQ" > A = det(A—AE) > det(A—1E).
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Teopema 2 (onieHKa NpUOJHKEHUS COOCTBEHHBIX 3HAUYCHHUM ).
a) VA4 3din: 14-4iglsVn-e,
6)V A; I Ay |4 — Al <n-e.
JlokasarejbCTBO.
Tk QAQ* =A=04AQ" + Q(A- A)Q", 10
AQQA-QAA=QQUA-N=¢, |g;I" < S(E)<e
y 'Zj =& j» e {h j}=R =Q"Q.

a) Vi 3j): 16 6 [ = max| 1 F>1/n, mx |6 |* +ek | =1

= A -G

= |4 _Zj(i)|:|5i,j /"i,j(i)|3\/ﬁ°8-

0) JOKa3bIBACTCS aHAJIOTUYHO.
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CxXoauMOCTh COOCTBEHHBIX BEKTOPOB

ByaeM mpeanonarars, 9to A < A, <..< A u 4 <A, <..< A,
Jemma 7. Ecmu 4 <Ay <...<A,, MH<A,<..<1, +n-e<05-a,
a=min |4 —4;],
i ]
|4 -4|<Jn-e, |[4-4;|>05-a Vizj.
Jloka3aTejibCTBO.
1. B V unrepsane |, =(-0.9a+ 4, 4 +0.5a) ectp uncno Zi(k)
2. lHTepBajbl NOMapHO HE UMEIOT OOIINX TOUYEK
— B V unrepBane |, =(-0.5a+ 4, A4 +0.5a) ogHo gucno ji(k)zk

3. Paccrosinue ot Ay no unrepsana |, Gonpme 0.5a
= |%4—-4j|>05-a Vi=#]j.
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T.kx. coocTBeHHBIC BEKTOPHI Q = [C]’l C]'n] MaTpHIbl A OPEeACISIIOTCS C

TOYHOCTBIO JIO X HampasieHus, Oynem cunutatb, yto (i, Gi) =0

~

([q’l C]’n] = Q — mpubamKeHns K COOCTBEHHBIM BEKTOpaM MaTpuibl A), T.c.

. ~
IUaroHalbHBIC 3JIeMeHTHI MaTpulbl R = Q™ Q HeoTpuIaTeIbHEL.

Teopema 3. (o11ieHKa NPUOJIHKEHUS COOCTBEHHBIX BEKTOPOB).

~. 8
B ycnoBusix gemmber 7 S(Q —Q) < — &%
a

Jloka3zarTejabCTBO.
Tk S(Q—Q)=S(E-Q*Q) =S(E —R) u u3 nokasareascrsa
reopembt 2 (€ = AR —RA =R(A— A)) u nemmbl 7 crieayer, uto
& <|<9i,j| 4 4

Vi#], 10 ®(E-R)<x— S(£)<— &°.
-1 | 05a J, 10 @( ) > (€) "

6l =
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2
OcTanaoch OLICHUTD Zrzl(l— ri’i)2 = Zinl(l— l—zrj]:ﬂ i |2j
J#i

>0
Tk (1-%)? <1-x V xe[0,1], To

Zi”l[l— 1= 5l IZT 32?1(1— 1- >l |2j=

J#l J#I
n 2
=>" 17 <@(R)=@®(E-R)<— &°.
L+ [1=>jaln ?
J#

[IoaBoas uror, nmeem

S(Q-Q)=S(E-R)=@(E-R)+> | (L-r;)? s% g2




