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Tema 8. UTepantuoHHbIE METOAbI PelICHUS JTUHEHHBbIX YPABHECHU.

3amaua 8.1.

AN
Il

ReA+i-ImA4
Jlana cuctema AX =b: < X =ReX+i-ImX
\5: Reb+i-Imb
Jloka3aTh, 4YTO OHA SKBHBAJICHTHA CHCTEME

{ReA ~Im A}(Reij Reb)
= B R,

ImMA ReA|lImX Im b




3amaua 8.2.
J171s1 UTepalliOHHOTO METOIa PEIICHUS CUCTEMBI AX = b:
XKL — gk Hy (A)‘(’k — 6), H\ —3adannsvie mampuyeui,

k=0,12,..; detHy =0

—

X~ —3a0aH,

AaThb OIIPCACIICHUA.

7K =9 BEKTOP OIIMOKH K -ToM nrepanuu (IpHOIMKEHUSN),

-

FKk=2_ BekTop HeBs3ku (residual) K -Toit nrepamuu,
Sy =7 — maTpuna mara sl OumoKH,

T, — marpuiia mrara juist Hesizku (residual),

kb =

METOJ Ha3bIBACTCS CXOAAIIMMCSH, CCIH «..7..».
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3amaua 8.3.

—

81

JiIs cTalMOHapHOI0 UTEPALIMOHHOI0 METO 1A pereHus cucreMel AX =D

0 skl _ gk _H (A)‘(’k — 6), H — sa0annas mampuya,
X~ —3a0aH,
k=0,12,..: detH =0

HaThb OIIPCACICHU .

k = ? — BekTOp omMOKH K-T0i nreparuu (IpuOImKeHus),

Ny

K=o _ BekTop Hesszku (residual) k-roit urepanun,

S =7 — marpuiia mara JjIsi OIIMOKH,

=l

T — marpuma mara ajs HeBs3ku (residual),

O s~ bk

METOJ Ha3bIBACTCS CXOAAIMMCSH, CCIH «..7..».
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3amaua 8.4.

—

JIIs cTalMOHAapHOI0 UTEPALIMOHHOIO METO 1A pereHus cucreMel AX =D
gkl _ gk _H (A)‘(’k _ 6), H — saoannas mampuya,
k=0,12,..; detH =0

———

X~ —3a0an,

c(hopMyJIHPOBATH TEOPEMBI O JOCTATOYHOM YCJIOBHUHM CXOJUMOCTH.

3agava 8.5.
JI1s1 cTalimoOHApHOTO UTEPAIIMOHHOTO METOIa PEIICHUS CUCTEMBI AX = b:
gkl _ gk _H (A)‘(’k _ 6), H — sa0annas mampuya,

k=0,12,...: detH =0

———

X~ —3a0an,

c(hopMyJIUPOBATH TEOPEMY O HEOOXOJUMOM M JOCTATOYHOM YCIIOBUM
CXOJUMOCTH.




Tema 9. Utepanuonnsid MeToa Axoou.

3amaua 9.1.

Jlana cuctema AX =b ¢ matpuneii A=B—-C u

X0 — 300aH,

UTEPALMOHHBIN METOJ <

Bx“"'=Cx*+b, k=0,1,.
Jloka3atp, 4TO X< = gk B_l(A)_(’k ~b),S=E- B_lA.

Ecim B=D =diag A=diag{a;, 8,5, ..., &y}, det D =0,

xV — 300aH,

TO UTEPALMOHHBIN IIPOLIECC <

\

— meTtoj SIko0u s pemenns cucteMsl AX =D.

=gk _DHAX -Db), k=0,1, ...
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3agaua 9.2.

—

Jlana cucrema AX =D.

ChopmynupoBaTh MeTO 1 SIKOOH [JIs €€ pellICHUs
1 ONPECINUTD:

1. MaTpuIly 1I1ara Jjisi €ro OmrMOKH,

2. €€ PAaBHOMEPHYIO HOPMY.

3amxaua 9.3.

—

Jlana cucremMa AX =D.

CohopmynupoBaTh MeTOI SIKOOH 17151 €€ PEIICHHUS
M OIIPEETUTE:

1. MaTpHIly mIara JIjisi €ro HEBSI3KH,

2. €€ OKTa3IPUYECKYIO HOPMY.

84
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3agaua 9.4.

—

Jlana cucrema AX =D.

ChopmynupoBath MeTO SIKOOU Jj1s1 €€ pelIeHUS U TEOPEMBI O
CXOJIMMOCTH, €CII MaTpulla A MMeeT JuaroHajbHOE MpeobIagaHue mo
CTPOKaM HJIM CTOJIOIaM.

3agaya 9.5.
(3 1 1]
Jlana cuctema AX = b: A=[1 3 1]
1 1 3]

1. ChopmynupoBaTh METO SIKOOU AJ1s1 €€ PEIICHUS U
2. IPOBEPUTH YCIOBUSA TEOPEM O CXOJIUMOCTH.
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Tema 10. UTepanuoHHbIA MeTOA 3eHaeIs.

Ecm A=-L+D—R: D =diag A=diag{a,, a5, ..., 8}
0 ] 0 a, . . &, |
ayy O 0 0
L=—| R , R=- - :
0 0 0 an—1,n
_anl An n-1 O_ L 0 i
TO
(7(0 — 300aH,

X =gk —(D-L) (A -b), k=0,1,..

— metoj 3eiigenn (laycca-3eiigens) ms permenns cuctemMsl AX =D.




3amaua 10.1.

—

Jlana cuctema AX=b: A=—-L+D-R.

1. ChopmynupoBaTh MeTOA 3CUACIS A1 €€ PEIICHUS.

2. JloxazaTh (hopMyIIbl JJ11 MAaTPHUIIbI I1ara JJIsl €ro OIIMOKHU:

S=E—-(D-L)*A=E-(A+R)*A=(A+R)!R.

3amaua 10.2.

—

Jlana cuctema AX=b: A=—-L+D-R.

1. ChopmynrpoBaTh METOJ 3eiifielIs 11 €€ PeIICHMS.

2. IIpoBeputhb popmyny

3

%V — 3A0aH,

DX = x4 Rx* +b, k=0,1,...
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3amaua 10.3.
Jlana cuctema AX = b: A=—L+D-R.

1. ChopmynupoBaTh MeTOA 3CUACIS A1 €€ PEIICHUS.

2. IIpoBeputh GopMyITy BRIUHCICHUS X k.
%k — 3a0an,
X =a (A — .~ akn) + bi]
1 x5t = 35,12 ' [(—az,leﬂ) + (—32,3X§ e a2,nxrl§) +D0,]

kel -1 K+1 K+1 K K
X3 233,3'[(—33,1X1+ —33,2X2+ )+ (—ag4X4 —...— 8z Xp) + B3]
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Teopema.

Ecmn A=A > 0,
TO METOJI 3eH e,

xV _ 3A0aH,

X =x* —(D-L)(AR* -b), k=0,1,..

—_

CXOIMTCS K pereHuio cucteMbl AX =D

, p(R'R)
p(s)g\/ 2 (N p(RR)
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3agaua 10.4.

1 2

1. ChopmynupoBaTh MeTOA 3CUACIS A1 €€ PEIICHUS.

I 2 1
Jlana cucrema AX:b:A:{ }

2. JIoka3aTh €ro CXO0auMOCTb.
3. Ouenuts P(S).

3amaua 10.5.

1 2

1. ChopmynupoBaTh METOA 3CUACIS I €€ PEIICHUS.

. 1 1
Jlana cucreMa AX =D: A:{ }

2. JIoka3aTh €ro CXO0auMOCTb.
3. Ouenuts P(S).




Tema 11. MeToabl pejiakcamuu.
Teopema (0 cTporom yObIBaHUM (PYHKI[MOHAJIA OIIUOKH).

Eciu: AX=b (det A=0)
{X K Yo — npubmKenus K X
1. 7 =gkl g =5(7%) v ¥ =xX—x =20
rre S: R" — R" — oneparop mara mns ommo6ku:
y" 20> y=#0 = S(yk) — S(V);
2. f (X < £ (x%) v ¥ =%

—

rne T (X)=||Z%||, ¥ =%¥ - X - pynxunonan omndxu;

10 || 2| = 0, T.e. X = X.
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3amaua™ 11.1.

JlaHna BemecTBEHHAs, CHMMETpHUYHAs MaTtpura A = Al >0:
1 (A%,7), = (X, A7), VX, JeR",
2. (AX,X), >0 VXeR", x=0.

Jloka3ars:

1. (X, ¥)a=(AX,Y), V X,§eR" - cxanapuoe npoussenenne B R",

2 /(R V) Al SJER)a J(V,Y)a VX, ¥ eR" —nepasenctro Komm,
3. IX|la=+/(X,X)a V XeR" —nopmas R".

Ykazanue. /[ 1oKa3aTenbCTBa HEpABEHCTBA KoM paccMOTpETh
P,(a)=(Ala-X+Y), a-X+V), >0 u uccienoBats TMCKPUMUHAHT
kBajparHoro ypaBHenus P, () =0.




3amaua 11.2.

2 1
JlaHa BemecTBEHHAs, CAMMETpHUYHAsA MaTpuia A = { .

11
1. fokasars (AX,X), >0 V XeR?, X #0.

2.V X,eR? (X,)a =(AX, V), =7

1 3 r()_(’y»)A =7?
3. X :(Zj, )7:(4} Boryucaumso § (X,X)p =?
(V. ¥)a ="

Yka3anue. [ nokazarensctBa (AX,X), >0 V X e RZ, X #0,

MCIIOJIb30BaTh KpuTepuii CHiibBECTpA.
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3amaua 11.3.

- al’l

Jlana cuctemMa AX =b: A

3a1aHbl BEKTOPBI X0 = [ u €

0
X5 )

1. Tloctpouts opmyity st ¢y € R:

2. Iloctpouts popMyJty IS

)—(>O+1/2

val,

=X

=min(Z° -a-8W, 7

(04

— 0{0’1 . é(l) .

94
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3amaua 11.4.

- a ad -
Jlana cucrema A)?:b:Az{ H 1’2}:AT>O,b=(blj.
dp1 A b,

3a1aHbl BEKTOPBI xOHU2 = | ™ u € :[ j

X5 1

1. ITocTpouts popmyy 1i1st &g o € R:

» e
2 —X—agp-8) s =

= min(Z’O — 8@ 70 —a-é(z))A

(04
2. Iloctpouts popMyJty IS

ol _ 50+2/2

— 0(0,2 . é(z) .
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3amaua 11.5.
.o Y1 A2 ~
Jlana cucrema AX=b: A=| “|1=AT >0,b= by .
dpy Ay b,
0
0 | X1
3ajaH BEKTOp X = )
X2
Hcnonws3ys pe3yabrathl 337a4 11.3 u 11.4, noctpouts hopmyny s X2,
(,1_ 0 0
X{ =X —0py =X —(81) " (g X +ap X3 —by)
OTBeT. < . )
X2 =X~ 0502—X2 (azz) (821 x1+a22 X3 —by)
1 0 -1 1 0
Xl B Xl B a.l’l 0 ( 0 0 Xl N al’l a.l,z Xl B b.l. )
X3 X5 0 ay, 81 O\ x} 0 a2 | x3) (b,

D-1 L D-R

— ATO OJUH HIar METO1a MOJIHOM peJaaKkCalmn.
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Ecau B popmynsl otBeTa 3agaun 11.5

(L1 _ 0 0
X{ =X — g1 =X —(agg) " (A1 X+ X3 — )
Z
1_ 0
X2 =X — Ofoz—xz (322) (821 x1+a22 X3 —by)

BHECTH ITapaMeTp @ .

-

1_,0 0 0
=X @ a1 =X —o-(agg) " (A X+ Xg —hy)
1_ 0 0
\Xz=X2—0)'050,2=X2—a)'(az,2) (821 x1+a22 X2 b, )
1 0 -1 1 0
Xl Xl al’ 1 0 0 0 Xl a.l’l al, 2 Xl b.l.
|7 oY 0 a ( a 0l 1 i 0 a 0| )
) ) LT %22) P21 TJ0e) LT 22]0n) \b
D-1 L D-R

TO MOJYYUM OJIMH 1Iar METO/IA HEeIOJTHOM peJIaKCalluu.




3amaua 11.6.

- a ad -
Jlana cucrema A)?:b:Az{ H 1’2}:AT>O,b=(blj.

dpy dpo

0

0

0 | X
3ajaH BEKTOp X = .
X2

IIpeoOpazoBaTh (hopMyJly METOAA HEIOJIHOM pellakcaiiu
x'=%"—w-D(-Lxt+ DX —=Rx? -b)

K BUY

xt=x0— (1 D-L) (=%’ + Dx° —Rx° - b).
)]

ARV
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Teopema (oLieHKA CXOAUMOCTH METOAOB PEIIAKCALINN).
Ecou matpuma A=—-L+D—-R= Al > 0,
TO METOJ HETIOJIHOM peJlaKCallin

X< = gK —(lD — L) AR - D)
(0]

CXOAMTCH K penienuio cucteMbl AX =0 mpu modom @ € (0, 2)
K K

1 JUIS OIMUOKKU Z & = X — X UMEET MECTO OIICHKA!
2
_K+l 12 kw2 1-70+7°0A4 20
123 < g(@) 2 I, 9(r) = K
1+70+7°64 2—

rne 0<8<A.. (DA & A> A (A 'RD™R; )>0, R, =0,5D—L.
OnTuMalIbHBEIN ITapaMeETp:
1—

BTED 4 L,
1+./5 1 (44)

JoA

2
1+2\/5_A'

ming(r) = g(r.) -




. 2 -1
3amaua 11.7. JTana cucrema AX =Db: Az{ 1 2} =A" >0.

1. IToctpouts matpuusl L, D, R: A=-L+D-R; Ry =0,5D-L.
2. Boruncnuts Matpuiel DA, A_lRlD_lRlT .

3. Bomumcnts uncna 8 = A (DPA), A=A (ARDTR, ).

4. BeIYHCIUTh ONTUMAIBHBIM apaMETP METOAA pelaKCalluu

2
_1+2\/§_A'

5. Beraucanth K03 PuUIMeHT yObIBaHUS OIIMOKU METO/Ia pEIaKCaIluu
1—

\/5/(4A) , 20€ T, = 1 .
1+/8 1 (44)

Wy

g(T*) — \/5—4‘

6. BerancinTth criekTpanbHeii paguyc o(S) MaTpHIls! miara

S=E-(D- L)_lA METO/Ia ITOJIHOM pejlaKCallnH.

100
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OTBer.

R

1 —1/2 1/6 0
2. D—lA{ X } A RD'R/ { }

-1/2 -1/6 1/2
3.0=1/2, A=1/2.
4, o, =1.
5. 9(z,) =1/3.

6. p(S)=1/4.
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Tema 12. MeToabl HAUCKOPEHIIEro CNYCKAa M MUHMMAJIbHBIX HEBA30K.

MeToa HAUCKOPEHIIIET 0 CIyCKa

—_

Eciau marpuna cucreMbl AX =D

T .
CHUMMETPHYHA U TOJ0KUTENbHO onpeneiieHa (A= A" >0):
TO (hOPMYJIbI METOJIa HAMCKOPEHIIIETO CIIyCKa IS €€ PCIICHHUS

(0

X~ — 3a0aH,
_k -k
IR64 gk (ARK —D), 7, = (qu, qu)z |
(AF*,1%),
k=01 ...

=K
3HEpreTUdeckas Hopma || Z* || o omrOKH KOTOPOTo CTPOro YOBIBACT.




3agaua 12.1.
Jlana cuctema AX = b: A=A >0.

3agaH BEKTOD x°. BekTop ommbOku 7Y

0

= X~ — X HEU3BECTEH,

—

M3BECTCH BEKTOP HEBSI3KHU FO = A7% = AX? — Ax = AX® —b.

1. ITocTpouTh BEKTOP xt=x0— 70 (A)*(0 —b)= X0 — 70 Fo:
=112 sl o2 S0 =0 S 12 =0 =0 12
IZ7 M = 1 X =X[[a= [ (X" =70 T7) =X [[a= 112" =70 - T" [[a =

=min||z2°-7-F°|5.

T

2. JIoka3zaTh HEPABEHCTBO

12 11502 v 50
IZ"[[a <lIZ" s v 27 #0.

103




3agaua 12.2.

o 12 1% 1) -
Jlana cuctema AX = _
1 2] X, 2

0
3agaH BEKTOD X" :( j

i
@y

1

—

1. BEIYUCIUTH BEKTOP HEBSA3KU FO = Ax® —b.

2. Beraucauts mapaMerTp 7y METOAA HAUCKOPEHUILIETO CITyCKa.

3. Berauciauth npubImxeHue 5= %0 _ 7o U

METO/Ia HAUCKOPEUIIIETO CITYCKA.

104
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MeTOIl MHUHHNUMAJIBHBIX HCBH30K

B urepaimoHHoM mpoiecce X Kl — gk 7, (AX k_ b)

apameTp 7}, BbIOMPAeM U3 yCIOBUSA MUHUMU3ALUU HEBA3KU:

(F P, = min (F¢ — AP, F¥ —7AFY),,.

T

Teopema. Eciu maTpuia BemecTBeHHON cucTeMbl AX =D moaokuTeasHo
OIIPEJICIIEHA, TO METOJ MUHUMAJIbLHBIX HEBA3OK:

XV — 3A0aH,

(AFX, rk)z
(AF¥, AFX),

/N

X = %K — g (AX* = D), 7, =

k=0,1, ..

.

CXOIMTCS, a HOpMa || P |,= \/ (fk X )> €ro HEeBS30K CTPOro yObIBaeT.
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3amaua 12.3.

1 1
Jlana BemecTBeHHas marpuia A = {2 4}.

Jlokasatb, uto A>0 B R

Yka3aHue.
Wcnonp3yiite kputepuii CunbBecTpa, HO HE ISl MaTpHIbl A, a Juis
Matpuisl A+ AT (moyemy?).
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3agaua 12.4.

—_

Jlana Bemectsennas cucrema AX=0b: A>0.

3agaH BEeKTOp X 0

3BecTeH BEKTOP HEBSI3KU FV = A’ —b.

1. [TocTpoHUTH BEKTOP xt=x0— 70 (A)?O —b)= X0 — 70 Fo:

Tl =l AX"=blz =[IT" —zo- A"l =
.11 =0 =0 (12
:mT|n||r —70- AT ||5 .

2. JlokazaTb HEPABEHCTBO
|75 <7013 v PO =0,




3amaua 12.5.

11X 1) -
Jlana cucrema AX = = b
2 4\ X 2

0
3agaH BEKTOD X" :( j

1

—

1. BEIYUCIUTH BEKTOP HEBSI3KHU FO = Ax® —b.

2. Beruucauths mapaMerTp 7y METOAAa MUHUMAIILHBIX HEBA3OK.

3. BEIYKMCIIATE IPUOIMKEHHE 5= %0 _ 7o U

MCTOJad MUHUMAJIbBHBIX HCBA3O0K.
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Tema 13. MeToa npocTou MTepanuu

N

— 300aH,

'

k=0,1 ..

3agaua 13.1. p(S;)= max

A(A)eSp(A)

—

CXOIMTCS K PEIIeHMIO cucTeMbl AX =D

S p(S,)=p(E-7-A)<L,

ST
re. lim || XX—% ||=0
k— o0 S

7 =S,Z
11—7- A(A)].

3amaua 13.2. Ecmu A= A' > 0, To
P(S;)=max{|1-7-Ayin(A)|; [1-7- Anax(A) [}
3amaua 13.3. Ecmu A= A' > 0, To
IS, [l = p(S;) =max{|1-7-Anin (A |} 11-7- Anax(A) [}
3apaua 13.4. Ecmu A= A" >0, 10 || Z°|l, < p(S,)- | 27 |I,.
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3amaua 13.5. Ecm A=A’ > 0, To

IS la =p(E—7-A)=max{|1-7- Apnin(A) |} |1-7- Anax(A) |}
3agaua 13.6. Ecmu A= A" >0, 10 || 2% [|l5 < 2(S,)- | %7 || o

Teopema. MeToa npocTon UTEpauu

utst perennsi cucteMsl AX=b, A= A" >0,

2

cxomutes V 7 € (0, ).

Amax (A)

1 2
3agaua 13.7. Berunciutb Apin (A) < Apax (A) mast A = {2 5}.

Beranciute o(S,) mnsa l) 7 =75 =0,
2) 7 =11 =1/ Aax (A),
3) 7 =75 =2/ Apax (A).




OnTuMajbHbIA MapaMeTp 7

onm METOIA IPOCTON UTEPALIVH:

2 S ):lmax_ﬂmin

*
ecsit A=A >0,T10 7, =

el
ﬂ'min + ﬁmax onm ﬂ'max + ﬁ“min

1 2
3agaya 13.8. Beraucoutb Ay (A) < Ay (A) s A = {2 5}.

Berancmuts 7, 1 (S, ).

onm

5 1
3agauva 13.9. Beraucnutb Ay (A) < Aoy (A) s A = L 5}.

Beraucnurs 7, 1 'O(Sfonm)'
Borunenurs p(S,,) ans 7 =1/10.

Berancnuts p(S,)) nst 7, = 3/10.

111
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OleHKa CXOAMMOCTH MeToAa Hauckopeiimero cnycka (MHC)

Teopema. Ecim A= A" >0, To I oImoOKH Zk = )?k —X
METO/1a HAUCKOPEHIIIErO CITyCKa:
=K =k
_ - _ r,r
X =% - (AX* -b), 7 = (qk #k) . k=0,1,...
(AF%, 1)
cipaeumea onerka || 2K [ A < p(S, ) 1Z%]l 4
onm
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/51 3 - 1
3amaua 13.10. 3agana cucrema AX = = =h, X= .
1 5 x2 -9 —2

3agan X° =0. 1. Beiuucauts Tonm M P(S; ) (3amaua 13.9).

2. Bomuucauts Xo, =X° —71 (A —h).

S |
= Xonm = Xo | Zopm |l 4-

onm
(F.F°)
(AFY,70)
5. BEIYHCINTE XJMHC XO—TO (A —b).

6. Berauciautn Z}\/IHC XJMHC X, || ZMHC ”A

3. Beruuciaure 7

4. Beruucaurp I = AxC — b, Ty =

7. IIpoBepuTh HEpaBEHCTBO || Z 7+ e g < p(S ) | Z 79 e Ly

5. Tiposeprs nepasencrso | 2 4 <125 1




OueHka ¢cxoaQMMOCTH MeT0a MUHMMAJIbHBIX HeBsA30K (MMH)

Teopema. Ecim A= A" >0,

TO U1 OLITHOKHN 7K =gk _x METOJIa MUHUMAJIbHBIX HEBA3OK:
-k =k
_ _ Kk o Ar-.r
R Z g6 g (ARK ~B), 7y = — qk) . k=0,1...,
(Ar-,Ar")

cnipasesumea onenka || T [l, < p(S, ) [[ 7€,
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L9 1 X 3 -
Zaxaua 13.11. 3agana cucrema AX = = =D.
1 5|\ X% -9

3agan X°=0. 1. Beraucmuts Tonm M P(S; ) (3amada 13.9).

ol S0 sO0 R
2. Beraucnurs X, =X —7,,.. - (AX" D).
=1 Sl ~ el
3. Berauciuts 1, = AX,, =D, [T, .. ||o-

4. Berauenuts FO = AX° — b, Ty =

ol val. val.
5. Berauciuts Xy =X — 175 (AX™ —D).

6. Beruuciure ?}WMH — A)_(]MMH — 6, ” _jl\-lMH ||2

1 q
7. ITposeputs HepaBeHCTBO || My |l < 2(S, ) Famr llo-

onm
1

8. Iposeputb HepaBeHCTBO || Frnm [l <1 o |-




