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Jlexuus 1.
TpaguumoHHbIe 3212494 JTMHEHHON AJIre0pbI
a a ... @ X
A=(ay)l,= Aoz " | — MaTpHma, X= :2 — BEKTOD
_anl anz ann_ Xn
3agauu: MeToabl (Teoprs onpeaeauTenei):
BBIYHCIICHUE OIPEIECITUTENSA 10 OIPEEIICHUIO
— r
A=det A A= > (D", -..-a,
(.
pEILIEHUE CUCTEMBI YPaBHEHHM meton Kpamepa:
A.
Ax=Db Xi:KI’ A; =det {A;, b}
BBIYHCIIEHHE 0OpaTHON MaTpPHIIbL: olIpeeNneHne cTonba x marpuipt X
: A
AX =XA=E AxD =g, x, =—L
A

CIICKTpaJIbHAs 3aaya: COOCTBEHHBIE 3HAYEHUS — KOPHU TIOJIMHOMA

P (L) =det (A—L-E)

COOCTBEHHBIE BEKTOPHI — PELIECHUS CUCTEM
AX=A-X (A—%-E)x=0

I TMHEMHO HE3aBUCUMBIX PELLICHUH, T1IE

r=dim{Ker(A-A-E)}

HenpuroaHocTs 3TUX METOA0B:

KOJIMYECTBO  YMHOXKEHUU  TPH | ONTUOKU OKPYTJICHUS:
BBIYHCJICHUN ONHOTO | 5 =g +¢-|a|, €< 10°°
, €=

OIPEICITUTEIS:
ectu N =6, |a,. [|>10, A=1,

(n—-1)-n! 13,1

€CIM IIPOU3BOAUTENLHOCT, DBM | & =8y *...-8,; ,T0 &; —&; = O()

10° on/cex, To A—A=n!-0@1) =0()
n BpEMA T.€. ONPENEINTENb BBIYHMCIISIETCS C OOJBILOM

BBIqH4CHeHH’I OMIMOKOM M,  CIEeIOBaTEJIbHO,  PCIICHHUS

10 [110™ cek. MMOCTABJICHHBIX 3aJ1a4 BBIYUCIISIIOTCS C TAKOH XK€
20 > 17 MuH. OIITHOKOIA.

30 > 400 TbBIC. T€T
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BexkTOpHBIE U MATPUYHBIE HOPMBI

BekropHbie Matpuunblie
vV XeR" (C”) vV AeR™ (Cnxn) corjlacoBaHHas ¢
BEKTOPHOM, €CIH
< .
Ix]||>0, x=#0 akcuomsl 1. — 3. A<l A- 1]
||X|| :O, X:O — aaAauTHuBHAsA
4 IABI<[IAN-IBI | | S
loe- x| = o] X|| BEKTOPHOM, €CIIH
—MYJIbTUIIJIMKATUBHAA | | | |
| All=sup
Ix+yll<lIx][+[yl B4l
[Tpumepsr: [Tpumepbl TOAYMHEHHBIX MATPUYHBIX HOPM:
X|l.,,=Mmax | X. AX n
” ||oo | i | ||A|| :Sup” ||oo :malea__ |
— KyOu4ecKasi Wil paBHOMEpHas @ ” X ”OO P 4 1)
15X = X [t [ X | Axl,
I
— OKTadpuIecKas | All, =sup=—= I Z| a;
1% 0= % P et X, Al _
All, =sup™—2 *
—c(hepuyeckas WU €BKINI0BA | ||2 = ” I ( )
2

BbIBo1 hopMY.T 1Sl HEKOTOPBHIX MATPHYHBIX HOPM, MOTYHHEHHBIX BEKTOPHBIM HOPMaM.
y n
1) BekropHoit Hopme || X || .= Max | X; | noqunuena matpuunas vopma || A || = maxz. ETE
1<i<n 1<i<n <=1

JlecTBUTENBHO:

Bo-1iepBhIX; || A ||, < max2|a”|

<’
max|z
| AX| 28
1A =supl e _gyp1siz
x20 IIXIl  xx0 max | X; |
<i<
max(z mlaijl max|x ) n
I<i<n
<sup —maxZ|a,J|
X 20 max | X; | I<i<n{
1<i<n
n n 3
BO-BTOPBIX; || Al = max2|a” |_Z:|aI |, TaK kak s BexTopa x(io) — (X(lo) . B j |)J_
I<i<n’
1 J—l io

R
mveen [| AX10) ||, > | (Ax(0)), |—|Z ol] '°’||—Z|a.o,| n, mockomsiy [| XU [ =1,
'oJ =1
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(ip) n
x20 Xl X", 3

4TO 3aBEpPUIACT JJOKA3aTEeIBCTBO (POPMYIIBI.

2) BekropHoii Hopme || X ||1= Zin—1| X; | momunsena marpuunas Hopma || A ||l{= max Z? Jaijl.
- I<j<n =

JlelCTBUTENBHO:

n
Bo-nepBhIX; |[All; <max » |a;;|:
P | ”1 ]sjsn%l ij |

Axll, il il

1AL =sup %M1 g

pZL(ZLIaij x50

<su
o Xl o 3T x| 0 3T x|
n n

ijl(zi:1|aij|)'|xj| n _

=sup - <max > |a; ;
X0 Zi:1| X; | <i=nisg
n n i j
Bo-BTOpBIX; ||A|l1 Z]@jixnzlaij |= Z|aij0 |, Tax kak min BexTOpa x(o) — (XEJO) - 8j0,j)?=1
==l i=1

_ n .
MeeEM ||AX(J°) 1= Zlaijo | n, mockombKy ||X(JO) I, =1,
i=1

A AR ),
(Al =supl sy 1Al _sya Ay,
x=0 ”Xlll ”X 0 ”1 i=1
YTO 3aBEPIIAET JOKA3ATENBCTBO (OPMYJIBL.
3) Bexroproit Hopme || X || = 4 fz:q:ﬂ X; |2 nomummena marpuunas Hopma || A || ,=4/p(AA).
[Ipexie Bcero, HAOMHUM OIPEIETEHHs CKAISPHOTO MPOU3BEACHHUS U CIIEKTPAIILHOTO PAJIyCa.

a) Oro6paxenue (X,y): C"(R")xC"(R") — R, Ha3sbiBaeTcs cKanspHbIM IPOH3BEIEHHEM B
BekropHoM npoctpanctee C" (mm R™), ecim

1. (x,x)=0 VxeC"(R"), (x,x)=0< x=0;

2. (x,y)=(y,X) VxyeC"(R";

3. (- X,¥)=a-(X,y) VaeC(R),x,yeC"(R"),

4. (x+Y,2)=(x,2)+(y,2) x,y,zeC"(R")

CKaJspHOE TIPOM3BE/IEHNE ONpeenseT BekTopHyr Hopmy || X||=+/(X,X) u nmeer mecto
nepasenctso Komm: | (X, Y) | < || X[l Y]l

n —
Knaccuueckoe (eBKIMIOBO) CKalgpHOE IPOU3BEJCHHE (x,y):zi_lxi ‘Y omnpenenseT

eBKIMZOBY HOpMY BekTopa || X [|o =/(X, X E‘,Zinﬂ' X |2 :

0) O6o3naunm yepe3 SP(A) MHOKECTBO COOCTBEHHBIX 3HayeHui Marpuibl A . Torma uncio

p(A)= max [A]
AeSp(A)

HAa3bIBACTCA CIICKTPAJIbHBIM PaINYCOM MATPHUIILI A.
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*
Marpuria A, conpsokeHHass Matpuile A OTHOCHUTENBHO CKajsspHOro npoussenenus (X,Y),
omnpezensercs ToxaecTsoM Jlarpanxa:

(AX,y)=(x,A"y) V x,yeC"(R").
Hamomumm, uro matpuma A” = ( (A*)ij Eﬁji)irj j=1 compskena matpuue A OTHOCHTENbHO
€BKJIMJI0BA CKAJIIPHOTO POM3BEICHUS.
Jlanee, marpura A"A  camocompskeHa (JPMHTOBA), BCE €& COOCTBEHHBIC 3HAUCHHS A

BEIIECTBEHHbI M HEOTPHILIATEIbHBI, @ U3 €€ COOCTBEHHBIX BEKTOPOB xW 20: A*Ax® = KiX(')

MOKHO 06pa3oBath oproHopMuposanubiii 6asuc 8 C"(R"): (X(i) , X(j)) =8 Li=1 .., n.
Tenepb nokaxem pabeHcTso || A |[,= 4/ p(A*A) .

Bo-niepsbix; || A ||, < +/p(A"A), Tak kak

2 *
jANE =supl Xl _gp (A A0

=0 |X]3  x0 (%X)

2 2
= sup Mrlog |° 4t |0 | <maxi; =p(A*A);
_ <max; = :

X0, oy |? +.+ o |2 sisn

X=a1X(1)+...+(an(n)

BO-BTOPBIX; || A|[5> «}p(A*A) , Tak Kak (myctb A, = p(A"A)) s BekTopa X" nmeem

* *Ax(M x(M)
(A'AX,x) _ (A AXT, X )Exnzp(A*A),

IA]|3 =sup >
2 x20 (ny) (X(n)’x(n))

YTO 3aBCpIIACT JOKA3aTCIbLCTBO (bOpMy.]'ILI.

Teopema. JIroOble aBe HOpMmbl ||X|[, w || X]|.. B IIpumepsl: V X eR" (C")
KOHEYHOMEPHOM NpoCTpancTBe | || X ||, <||x|L< n|| x|,

DKBHUBAJICHTHEI.
I, <l x[L< Vn-Ix]L,

Fa, B: VX oI <X <B XL | x L < IIx]L< N x]L

I KoncTaHnThl 5KBUBAJIEHTHOCTH 3aBUCAT OT pasMepHocTH npoctpancrea !l

[pu pemieHrH CUCTEMBI JIMHEHHBIX YpaBHEHUI AX =D MOTyT OBITh HETOUHO 3a/IaHBI

6o mpaBasi yactb b =b+8b mmGo Matpuna A=A +8A, rie KOMIOHEHTBI BEKTOPa
0b wu »snemenThl MaTpuibl OA Manbl 0 CPAaBHEHUIO C COOTBETCTBYIOIIMMHU
DIIEMEHTAMH HCXOIHBIX BEKTOpa W MaTpuibl. Torma BMECTO pEIICHHS X MBI
MOJIYYHM €To MpuoOmKeHne X =X+ OX, IpuieM KOMITOHEHThI BEKTOPa—OINOKHA OX
MOTYT OBITH OOJIBIIUMHU.

OueHnM HOpPMY OIIMOKHM 4Yepe3 HOPMbI BO3MYIICHUI NpaBO 4YacTW W MaTPHUIIBI
CHCTEMBI, CUUTAs], YTO MaTPUYHAsI HOpMA ITOAYNHEHA BEKTOPHOU HOPME.
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Yuci10 00ycCJI0BJIEHHOCTH

Onpeneaenne. cONdA =||A||-||A™]|
1. condA>1 Ttk 2. cond (AB) <condA-condB T.k.

IXI=IAAZX I <TAITAT X | ITABI - CAB)* I<IAL-IIBI-IIB™ -l A7

Teopema. Ax=Db, detA=0 13x 1l _ | 3b ]|
= LUt LiF L1}
A(X+06x)=b+3b | x| | b]|

0K—BO. =[|A b <A
1 Iaxli =l A bl <IAMISol Sl IS0l
A= [[ A= bl [ 1ol

Teopema. Ax=b, detA=0, (A+8A)x+dx)=b+db, [AL]-]8Al<1
1oxl cond A (||5b|| ||5A||)

X1~ 1 cong . TOAT b1 [[A]]
IA]

Jloxk—Bo.
A7

1. 3 (A+8A) " u [|(A+8A) || < —
1-[| AT ISA

Tk (A+8A)=AE+A™-5A)

u
HE+ATSAzZ| 2| z||-| A7 -8Az| = @-|A™]I-I8A]))-llz]| > 0, o
U I(E+A™-8A) x|

1]
2t 1

I(E+AT-8A)z|| 1-]|A7|-[|3A]]
3ameuanme. E+X+X2+X3+. 5> (E-X)T u [|[(E-X)* || <@ || X]|)?, ecm
| X|| <1. TIpu X =—A"'SA monyuaem emte oaHo gokazarenbctso 3 (E+A™-8A)™)

FJE+AT-8A) u [[(E+AT-3A) || =

= sup

2. T.x. 8X=(A+8A)[b+8b—(A+8A)X] = (A+8A)[sb—5A-X], T0

ob
1% 1 <11 (A +5A) ™ [|-(1 3b ]|+ ]| 5A - ||x||):»”|| ””<||(A+6A) || (|:| |:' I5A])
v X2l B I TA]L o
OX ~ ob
':l ””<||(A LAY (ALl ””b”” 1A <
Al ob ALITA b 0A
S1—||/ﬂ-1||-:||6A||'(” I ”nbu“ Sall ”-1 - I|||6A|| (”||b||“+”||A||”)'
A IRAl

Al
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KoHcnekT nexuui.

Jlekuus 2. [Ipsimbie MeTOABbI pellieHUs JTUHEHHBIX YPABHECHU N

Metoa uckiarovyenus I'aycca — cxeMa eTHHCTBEHHOI'O JIeJICHU A

Ax =D, detA, =det

all

akl

ay, A=LU
#0, k=1..,n = Ly=b
Ayk Ux=y

Cxema eouncmeenno2o 0eieHus Ha npumepe cucniemvbl mpembvpeco HOPﬂOK(l.'

[Ipssmont xox:

Matpuunast GopMyIUpOBKa:

a X, + a,X, + aX, = b, | AX=b,
ayX; + @,X, + 8,5X; = D, 1/a, 0 O
Ay X, + 85X, + 855X, = b, detA, =a,#0, L,=|-a,/a, 1 O
—-a,/a, 0 1
Xg + UpX, + UXs = Y, | ADx=b®, AP =LA, b®=Lb
a5)X, + X, = by 1 0 0
a5X, + AgXy = by’ detAP =0, L,=|0 1/a% 0
0 -al)/al) 1
Xp + UpXy + UgXy = Y, | APx=b? AP =L A®D p® =LY
X, + UyXs = Y, 10 O
ag X, = b detA® 20, L,=|0 1 0
0 0 1/af
X; + UpX, + UX; =Y, Ux = AP®x =p® =v, A® =L3A(2), b® =L3b(2)
Xy + UpXs =Y, 1 u, ugp
Xs=Y, |U={0 1 wuy,l| A=(L'L-L)-U=L-U
0O 0 1
OOpatHbIit X07: Martpuunasi popMyIHpOBKa:
Xz =Yz, X, =Y, =UpXz, X3=Y;—U,X,—UpX; | x=U"y

Dopmynbl cxembl eOUHCMBEHHO20 OelleHuUsl (00KA3amy):

K—pIii 11ar mpsiMoro xoja: 1 ... 0 0 0 ... O]

AKDy — Dy Ay K 8 - (1) y (?k . 8 I 8
0 _1 AKD phoo_| pkD Le=|Y - & '

AY =L A", b =L,Db K 0 0 (klili)/a(k 0o 0

A™ =U — pepxuss Tpeyr. matpuna O 0 (k 1) /a(k - O 1

11
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Teopema 00 LU pa3soxxkennn
Ecmm V Kk detA, #0,10 3L FU: A=LU, e L — amwxuss, U — Bepxuss

TPEYTroJIbHBIE MATPUIIBI.

Jloka3aresibCTBO.

Ecru A=LU, 10 A, =L, U,, detA, =detL, -detU, =1l ,-...-1,, -u,-...-u,, #0,
Ak Bk,n—k I—k Ok,n—k Uk Uk,n—k

T.K. ' = ' . '
C -k, Kk A -k L -k, k I_n—k On—k,k U k

n n n n—
[Mpeamonoxum, uro pazinoxenue A, =L, U, naiineno (A, =a, =L,U, =1, -u, #0).
Beruncnmnm A, =L, U, 4

(T.e. mocyeHUe CTPOKY MaTpuisl L, u cronben marpuust U, ):

a1,k+1 0 l"Il,k+1
A, ] L, : U, :
T ak,k+1 B O uk,k+1
_ak+1,1 ce ak+1,k ak+1,k+1_ _Ik+1,1 ce Ik+1,k Ik+1,k+l_ _0 cee 0 u k+1,k+l_
ul, k+1 a1,k+1
o L, : |[=] i | |:Ik+1,1 Ikm& U, = [akm ak+1,k:' — CHCTEMBI C
uk,k+1 ak,k+1

TPEYTOJIbHBIMUA HEOCOOEHHBIMU MaTpuliamu (pemenust 3!1), u

ul, k+1
it ion * Unonker = Biat s — |:Ik+1,1 Ik+1,k:| R

uk,k+1

OYEBHUJIHO, YTO PEUICHHE ATOT0 YPaBHEHUS CYIIECTBYET, HO HE €IUHCTBEHHO.
(tak kak O0=detA, , =detL,,, -detU, ,, to detL, ,=0, detU, 6 #0.)

U, nakonen, A=A, =L U =LU.

O0BeM BLIYHCICHHIA.
Tak kak g pemieHus] CHCTEMbl YPaBHEHUW C TPEYroJbHOW MaTpHIleld mopsaka K
noctatouHo BeIOMHUTE K(K+1)/2 yMHOXEHWH M JelIeHnH, TO mojaras Ha KaKIoM

ware Uy, ,, =1, 0oIy4num, 9TO YMCIIO TAKUX ONEPALMM AJIs BEIYUCICHUS MOCIIETHUX

cTpoku U ctonbua matpun L,,, u U,,, paBao K(K+2), a nys Beranciaenust MaTpui

-1 o o
L u U nocratoyHo Zr k(K +2) = n®/3 yMHOXeHUI UM JeNeHNIA.

3ameuanue.
Eciu noctpoeno LU—pa3noxenne matpuiibl A, TO €€ ONpeaeanuTenb BbIUUCIICTCS
3a 2(N—1) ymHOXeHHH (TIEPEMHOXKAIOTCS TUArOHAIbHBIC (BEIYIIHE) SJIEMEHTHI).

12



Marokua A.M. “BerauciutenbHbie METOABI TMHEHHOM anreOphl.” JIekmus 2.

Teopema (06 LDU — paznoxenun).
Ecmm detA, #0 V Kk,

To paznoxkenue A =LDU, roe

l. =u, =1 V k, equHCTBEHHO.

Jlox—Bo.
ITycte A= LYDYU® = LPDPU®P | torpa
[L(Z)]—l L = D(Z)U(Z)[D(l)u(l)]—l — dlag —E

(tx. [LPT'LY — mHmkHas Tpeyr. mM—ua c
CIMHUIIAMH Ha THArOHAaJIH )
— LD =@

= [D?]'DY =UP[U]" =diag =E
U -y® & DY =p?

Pa3zaoxxenune Xo0J1ecCKOro

Teopema. Ecoim A=A">0 (1.e. (AX,X)>0 V x=0),
o A=L-D-L", I, =1, dk>0 VK.

J{oxk—Bo.

k
T.x. 0<(AX,X) = (A, X", x“) VX_£2]¢O,T0 detA, =0 Vk

— A=LDU=A"=UDL" =LDL".
Tx. 3y“=[UT"e, 20 & A>0,10
(AY*,y*)=(LDLY*,y*)=(DLY",L'y") =d, >0 VK.

CrmencTBueEM TEOpEMBI O Pa3lIOKEHUM  XOJUIECKOTO  SABISETCA  KPUTEPUHI
MOJIOKUTEIBHON ONPEIEIEHHOCTH CaMOCONPSHKEHHONW (OTHOCUTEIBHO €BKIUAOBA
CKAJIIPHOTO TIPOU3BEICHMUS) MATPHUIlBI A !
CamoconpsizkeHHast (OTHOCUTEJIBHO €BK/IMI0BA CKAJISIPHOIO NPOU3BEICHUA)
MaTpuua A IO0JIOKUTEJIbHO OlpelesieHa TOrAa M TOJbKO TOrAa, KOraa Bce
e€¢ riIaBHbIe MUHOPBI I10JIOKUTEIbHBI.
JlokaxuTe, 4YTO M JHO00M CamMOCOMPSKEHHOW (OTHOCHTENIBHO €BKJIMIOBA
CKaJIIPHOT'O MPOMU3BEICHMS) MATPULIBI A BBINOJHAIOTCS HEPABEHCTBA!
Anin (A) - (X, X) < (A%, X) < A (A) - (X,X) ¥ X.
O4eBHUIHO, YTO CIIEICTBUEM JIEBOIO HEPABEHCTBA SIBJSCTCS YTBEPKICHUE:
CamoconpsizkeHHast (OTHOCUTEJIBHO €BKJIMI0BA CKAJISIPHOIO NIPOU3BEICHUA)
MaTpuna A IMoJI0KHTEJILHO OIpeiejieHa TOrIa U TOJIBLKO TOIr/a, KOTra Bee
e¢ cOOCTBeHHbIC 3HAYCHUS MOJI0KUTEIbHBI.
CyMMHpYys 3T YTBEPKICHHUS, OJydaeM «Kpurepuilt CuiibBecTpar»:
Bce co0cTBeHHBIC 3HAYEHHUS CAMOCONPSAKEHHON (OTHOCHTEIbLHO €BKJINA0BA
CKAJISIPHOTO MPOM3BeAeHNUs) MATPHIBI A TOJIOKUTELHBI TOIA U TOJILKO
TOI'1a, KOIla Bce €€ rJIaBHbIe MUHOPBI MOJI0KUTEJIbHBI.

Meton KBa/IPATHOI'0O KOPHHA

Teopema. Eciu A=A">0,10 A=BB", rie B — nixnss tpeyronsnas M—11a, u

cond, B=cond, B* =,/cond, A.

Jlok—Bo. U3 TeopeMbl 0 pa3IOKEHUH XO0JIECCKOTO HMEEM

13




Marokua A.M. “BerauciutenbHbie METOABI TMHEHHOM anreOphl.” JIekmus 2.
A=LDL =L(D"?D"?)L" =(LD"?)(LD"?)" = B=LD"?2
T.x. Sp(B'B)=Sp(BB") =Sp(A), 10 || Bl, = B [I,= {/p(A) = ([l A]l, -
Ananormano [|B ||, =[|(B") [,=yp(A™) = IIA ]I, .

= condzB:condzB*:‘fcondzA.

Pemennie cucreMbl ypaBHeHuii AX=Db ¢ mnomompio paznoxenns A=BB
Ha3bIBACTCA MCTOJOM KBAaJIPATHOI'O KOPH:I. Tak kak
b, 0 O b, 621 531 a,;; a, ag b121 =2y, by, =a,, b31b11 =ay
b, b, 0 -] O by, E32 =8y Ay Ay = bgz =ay — b21621’ by0,, =25 - b21531
by by, by 0 0 by dz A3 g b§3 =dg; — b31631 - b32632

TO 3JIEMEHTbI MaTPHUILIbI B BBIYUCIISIIOTCS MO CIEAYIOIIMM (GOopMyIam:

*

n

k-1 k-1 = .
{bkk :\/akk _Zj:1| bkj |2’ bk+i,k = (ak+i,k _ijl bk+i,jbk,j)/bkk’ i=1..,n-k -

14




Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

Jlekus 3.

MeToa HCKIIIOYEHHUSA ¢ BLIOOPOM IJIABHOTO 3JIEMEHTA MO CTOJI0IY

HanomuauM 1-bIif mar cXeMbl €AMHCTBEHHOTI'O JCJICHUS I pereHuss AX =D

(a, a, ... a,] (%) (b 1 a¥ a® | (%) (b®
dy 8y dan | | X, b, 0 aj) ag Xz by’
. . . P I = . . N el e
8y Ay, e a5, (X, ) b, 0 a¥ aal) | (x,) (b®
rae af) =a,;/a,, b’ =b/ay, af =a,;-a,-a,;/a, (i,j=2,..,n).
DTH Olepalv BBITIOIHUMBI, €CJIH (TJIaBHBIN dJIeMeHT mmara) a,, # 0.
Ommbku oKpyTyeHus OyayT MEHbIIE, €cnu |ay, | >|a,;| nwm |a, | >]a;, |-
Marpuua nepecTaHoBOK
1 j=k
P=(pi)ie: Py :{0 " rae (K, K,, ..., K,) —nepecranoBka (1, 2, ..., n).
! 1

Joxkazats, uro PP =P*P =E, 1.e. P — oproronaabpHas MaTpHIia.
Hoxa3zats, uto cond,(P) =1.

DJieMeHTApPHAsI MATPHIIA MEPECTAHOBOK
P, — MaTpuna nepectanoBok K u | sanementoB B n—ke (1, 2, ..., n).

Hoxkazats, uto P, =Py, =P].
Jlokazate, 4yTOo yMHOXeHHWe Ha Marpuiy P, marpumsr A cieBa (P, ,A) — 310
nepectanoBka K wu | crpok, cnpaBa (AP, ,) —mepecranoBka K u | cronbros

MaTpuisl A.
BbI00p r11aBHOIO 3J1€eMEHTA 10 CTOJIONY.

1-ii war:  wmaxomum i@ [a;, ]2 _rr}ax|ai1| (#0, ectm detA=0);
i=

..... n

MeHsieM Mectamu | 1 i, crpokn: AY? =P, i A b2 =P, D

o6uyssieM B 1-om cronbue snementei: AY =L, AY? | p® =L b"?,

1 0 0
1/2) A 1/2) 1/2) 1/2) 7] 1/2
_a(21/ -1 0 ay | g Ain bi'?
1/2 1) (@) ()]
ay] 0 | al a b
L, = JAO = 22 oo b® =] 7
/ @ (] 1
851112) 0 1 L 0 dpn) any | bfw)
T (W2
aj

detA=0 = detAY =0.
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Marokua A.M. “BerauciutenbHbie METOABI TMHEHHOM anreOphl.” JIekmus 3.

[Tocie k maros umeem A“x =b™®  rne det A™ =0, et det A =0

U, Uy nk y® |
o | [ AL |
0 : S :
all, ... al bk
(k +1)—if mar:
HAXOMUM i, |afk‘<31k+1|2 max |a;,|;

i=k+1,...,n
MmeHsieM MecTamu K+1 u 1, , CTpOKH:

_ (k1/2) _ (K) (k/2) _ (k).
PkJrl,i,<+1 - 0 P(n—k) ! A - I:)k+1,ik+1'6\ ! b - I:)k+1,ik+1b !
1vik+17k
obnyisieM B (K +1)—oM cTos0IIe 2JEMEHTHI:
1 0O ... 0
(k+1/2)
a'k+2,k+1
—— 1 ... 0
o (172)
L - |:Ek O } L(nfk) _ k+1, k+1
k+l ™ (n—k) |? T : : 1
0 L] : Do
(k+1/2)
_ an,k+1 0 l
(k+1/2)
L ak+1, k+1 h
(k1) _ (k+1/2) (k1) _ (k+1/2) .
A"V =L ,A . b =L,.,b :
B ] B k
U, Uik y( )
(k1/2) | .(k+l/2) (k+1/2) Kal/2
ket t Biz o B by
K b (k) (k+1) K k)
A( b - 0 O E ak+2,k+2 a'k+2,n ) b( » = b(k+-;)
(k+1) (k+1) k+1
0 X an,k+2 an,n bE} )

detA® 20 = detA*™? =0.

OueBuaHo, uro, ecnmu detA#0, To BBIMOJHUB N—1 Imar, MOJyduM CHCTEMY C
BepxHeii TpeyrompHoit MaTpuueit: AN Px =Ux=b"" =y,
Teopema. Ecim detA#0,10 PA=LU, e P=P ,; -..-R,, L'=0C ,-.-0,

L P L, P, P

L, = Pn—l,in_l Tt i, iy L,

Jloka3aTb 3Ty TeOpeMy B KaueCTBE YIpPaKHEHUs, POBEpUB, yTo MaTpuubl L, n L,
MMEIOT OIMHAKOBYIO CTPYKTYpY.
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Marnokun A.M. “BeraucinutenbHbie METOABI TUHEHHOM anreOpbl.” KOHCTIEKT JeKIHiA.

MeToa BpaleHUil pelieHus CUCTeMbl YPaBHEHUH

3JIeMeHTapHaﬂ MaTpHua BpameHus

E.. 0 0
Gt 0 [-5, —k—s crpoka
Qu=| 0 | 0 Bt 0 | 0| oy GuesgSy=t (k<.
S, 0 Cr.\ —|—s crpoka
0 0 E.,

Jlokazats, uto Q, , — yuuTapHas Marpuua, T.e. Q,,(Q, ) =(Q, ) Q,,=E.
Hoxazats, uto detQ, , =1.
JlokaszaTh, yTO Hpu yMHOXKEHMM Ha Mmatpumy Q,, marpumbl A cnesa (Q, ,A)

U3MEHSIOTCS TOJIbKO K u | cTpoku MaTpuisr A .

K —pIii Iar MeToaa BpameHuii

HpGIIHOJIO)KI/IM, yro mociae K—1 mara cucrema AX=Db ¢ IIOMOIIbO YMHOKCHHA
(k-Dy — kD)
M

CJIeBa Ha OPTOTrOHAJILHYIO MAaTPHUILY MPUBEACHA K BUIY A rae

B ] (k-1

R k-1 R k—1,n—k+1 y‘ ) W
(k-1) (k-1) (k-1)

a ... a
AkD k.k k.n hkD _ by (A(O) A b= b)
0 e ! : ! '

(k-1) (k-1) k-1

an’k .. anyn bf} ) J

Torma k-—siii mar coctrour u3 ymuoxeHus cucteMsl A Px=b*P cnepa ma
3JIEMEHTapHbIE MaTpULbl BpamieHuid Q, .., ..., Q, . :
E |

0

_ (k-1,i) _ (k-1,i-1) (k-1i) _ (k-1,i-1)

Qk,k+i 1o ‘ (n—k+1) |» A _Qk,k+iA , b —Qk,k+ib , THC
1,2+i

(K-1i-1) (K-Li-1)
ay k Ay k (k—Li1) (2 (k-Li1) |2
Cyksi = v Skkei T , €CIIH Ty | :\ﬂ a1t lagie I° =0,
K, ki Me ks

Qi =E,ecma 1 ; =0.
k k-1 k k-1
B pesyabrare nonyaum A = QA Y b =Q,b*™? e Q, =Q, 1 Qu ks Qu ki -

BeimmonuuB N—1 mar, moiaydyuM CHCTEMY C BEPXHEW TPEyroJbHOW MAaTpHUIICH:
A" Yx =Rx =b"? =y (3amerum, uto, ecm det A =0, To u detR #0).

Ecnu onpenenuth yHUTapHYIO MaTPUILY Q* =Q, ...-Q,, TO cpaBeqMBa
Teopema. VA FA=0Q-R.

Joxa3zats, uto cond, A=cond,Q-cond,R =cond,R.
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Marnokun A.M. “BeraucinutenbHbie METOABI TUHEHHOM anreOpbl.” KOHCTIEKT JeKIHiA.

CeeneHnue cucTeMbl YPABHEHHI K CUCTEMe € ABYXAMATOHAJIbHOM
MaTpHuleil ¢ TOMOIIbI0 MATPUIl BPallleHU S

1-pr1if mar
CHavana, yMHOXas IOCIEJOBAaTeNnbHO cieBa cucreMmy AX=D Ha
3JIeMEHTapHble Martpuibl BpameHuit Qq o, .., Qp,, HckIOUNM meEpBoe

HEU3BCCTHOC U3 BCEX ypaBHeHHﬁ, Ha4YHHasg CO BTOPOIo:
_ A2, WO _
Ql,n'...'QLz'AX:A X—b :Ql,n'---'Ql,Z'b’

(3TO MepBBIH IIAr METO/A BpaleHuit 1us cucteMbl AX = D).
3aTeM MaTpUIly MOJTYYEHHOW CHUCTEMbl YMHOXKHUM IOCIEI0BATEIbLHO CIpaBa HA
3JIEMEHTApHbIE MAaTPHIBI BPAEHHH |53, ..., T , ONPEACIsSs YroJl BPAIICHUS

u3 YCIIOBHUS paBeHCTBa HYJIIO AJIEMEHTOB nepBou CTPOKH

(A(2’3) _ A(UZ)T2,3)1,3, L (A(Z,n) — A(z’n_l)Tz,n)l,n:

2 a0 .0

0 |a, alh ... al

(.(AY2) T23) o Tona) Ton= AL — 22 923 2.,2
0 |ay ap} ... aph ]

U, HakoHen, nepenuineM CUCTEMY A(llZ)X = b(l) B BUJIC
AW (T3 Ty g To3)x =bD

<@

OTHOCHUTEJIbHO HEM3BECTHOI'O BEKTOpA xb u x= Tr3.To ngTo XD re.

HEOOXOANMO COXPAHUTh KOCHHYCHI ¥ CHHYCHI YTJIOB BpAIlleHHUsI MATPHIL | 5 i

K -pIif mIar
[Tpenmonoxum, uto mocie K—1 mara cucreMa AX=D ¢ HOMOIIBIO MaTpHIL
BpalllcHUs NIPUBEACHA K BUY Al xED — D rre

[ 4 (k-1) (k-1) ]
a1,1 a1,2
(k-1) (k-1)
A 1w |k O ... 0
(k-1) _ (k-1) (k-1) (k-1)
A = 0 Ay k A -0 Ay

(k-1) (k-1) (k-1)

0 ak+1,k ak+1,k+1 te ak+1,n

(k-1) (k-1) (k-1)
L 0 an,k a'n,k+1 an,n |

Torma K—blIil mar CocTour:

18



Marokun A.M. “BeraucnutenbHbie METOIbI TUHEHHOM anreOphl.”

U3 I0CIENOBATENBHOTO YMHOXKCHHSA
DJIEMEHTapHbIE MaTpUIbl BpalleHHud Q, ., ...

CHCTCMBI

SJICMCHTHI k -ro CTOJ'I6I_Ia HMXE JUaroHaJlbHOI'O:

Qk,n""'

BpalliCHUA

Qk, k+1

n3

yCJI10BUA

PaBCHCTBA
k+1,k+2) _ k-1/2
(A( ) = A( )Tk+1,k+2)k,k+2’ cees

(---(A(k_UZ) 'Tk+1,k+2)'---°

-A(k_l)X(k_l) — A(k—1/2)X(k—1)

HYJIIO

=6% =Qy

3aTeM MaTpULly IIOJYy4YEHHOW CHCTEMBbI YMHOXXHUM IIOCJIEAOBATEIBHO CIIpaBa Ha
SJIEMEHTApHBIC MATPUIBl BPAMEHUH [ 1 0, -

QJICMCHTOB

k k - .
(A( ) - A( i 1)Tk+1,n)k,n-

. Qk,k+l )

k
Tk+1,n—1)'Tk+1,n = A( ) =

_ pD

K -oi1

KoHcnekT jgexiui.

A KDy (k=)
, Qun € TEM, YTOOBI OOHYIUTH

» Tkiln, ONPENENss yroi

(k-1 k—1 ]
afl™? afy?y
k-1 k-1
ATkt | Ak | 0 0
k—1/2 K
: o D, o ;
0 0 ; @ E<+)1 k+1 a§<+)1,k+2 §<+)1 n
K k K
L 0 0 (n )k+1 I(’] )k+2 agl?] )
1, nakoHer, nepermmem cucremy A% 1IZ)X(" B =p*? B Buge
k * * k-1 k
Al )'(Tk+1,nTk+1,n—1---Tk+1,k+2)x( ) = p)

(k)

k
OTHOCHUTCJIBHO HCHU3BCCTHOI'O BCKTOPAa X( ) u

(k)

CJICBa Ha

p(kD

CTPOKHU

= Trsrke2- Tketn-aTksrn - X
T.€. Hy’KHO COXPaHHTh KOCHHYChI M CHHYCBI YIJIOB BPALEHUs MATPUIL T g j.

Cucrema ¢ IByXAMaroHaJbHONH MaTpPULICH
BrInmonHuB N maros, Mbl NOJIYYUM CHCTEMY C JIBYXJAUArOHAJIbHOU MannueH

Ay _ p(n)

AN _

(n)

a(n)
a2

a(M)
n -1,n-1

a(M

nln

an

PemuB ee, BOCCTAaHOBUM PEIICHUE UCXOIHON CUCTEMBI 110 (popMyiam

=Traks2 Tkatnt T ketn - X
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Marnokun A.M. “BeraucinutenbHbie METOABI TUHEHHOM anreOpbl.” KOHCTIEKT JeKIHiA.

Jleknus 4.

MeToa oTpaKeHUil pelIeH!us1 CUCTeMbl YPABHEHU I

MaTtpuua orpaxxkeHust

A\
(a,w)w., a Ha=a-2(a,w)-w=(E-2-w-w")a
ecnu 3amansl BekTopel & 1 Ha, To
-1 W= a—Ha
||a—Ha||2
Joka3zats, uto H=H =H™, detH =-1.
—(a,w)wT Ha

K —pIii Imar MeToaa oTpakeHui
[Mpenmonoskum, uto mociae K—1 mara cucreMa AX=D ¢ MOMOIIBI0 YMHOKEHHUS

ClIeBa Ha OPTOTOHAJILHYIO MAaTPHIy IIPHBEICHA K BUITY A%y =D rre

k-1
Rk—l I:Qk—l,n—k+1 ( )T
(k-1) (k-1) (k-1)
ak k DI ak b
A=l A A L (A® =A, b =b).
(k-1) (k-1) k=
an,k an,n bf] DJ

Torma K—siii mar cocromt n3 ymuoxenus cuctemsl A*Px=b*™ cnea na
OPTOTOHANBHYIO MaTpHIly Bpamenus H, :

E,, | 0

Hk — AK —H A(k D p® =H p*D
(n—k+1) (n—Kk+1) g ’ k y
0 ‘ En—k+1 _2W1 '[W1 ]
rae ec I, = \/| a4 kD |2 =
w9 — o
1
wm ay,) =...=al’ =0,
eciu I, #0 & a(k D=0
k-1 k-1
(n—k+1) _ alf ™V —r el (kD)
1 ”a(k D _y -e(k—l) ” k,k
2 (pecs al P = , e _ nepasiit opT),
(k1)
an k
ecm I, 20 & af #0
k-1 k-1
(nk+1) _ a; " —B,r, el a?
1 (k1) (k1)
” a;  — Pyl ”2 (3nech By = | (k 1) l)

BeimojEuB N—1 1miar, HOJXydydM CUCTEMY C BEPXHEHW TPEYroJbHONM MaTpUIIei:
A"V =Rx=b"" =y (3amermm, uro, ecim detA=0, To u detR=0).
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Marokun A.M. “BeraucnutenbHble METOIbI JTMHEHHOM anreOprl.”. Jlexums 4

Pemienue cucremMsbl ¢ BHIPOKACHHOW MaTpuuei

HR —pa3sio:xkenue ¢ nepectTaHoBKaMu CTOJOIOB MATPULBI A

1— ®1it mmar.

K —pIi1 miar.

OTtBeT:

Ompenenum HOMEp cTonOma j, Marpuusl A =[a,, ..., a,] U3 yciaoBus
la; |l, =max||a;||, u maTpuuy nepecranosok P, ; .

Just marpuusr AY? = AP, - onpenemim matpuny otpaxenns H,:

Rl Rl,nfl
o _ 112y _ _ 1 n _
AV =HAD —HAP, = | M| r, =R,
@ @
an,Z an,n
. @ P
Hoxazarse: |1y, [ >||a;]|=|a;]| Vi, ]
ITocne K —1 mrara nmeem
Ry Ry inks a(kkjj)
(k-1) (k-1) (k-1)
Ay« Ay ay
A | L T ol T
0 : : l | k-1,k-1 | E k[T]]Sia,.J?in | al,j
(k-1) (k-1) k-1
i a'n,k a‘n,n ) ag,j) 2
(k-1) k-1
ak,jk af(’j )
OmnpenessieM HOMep CTOJIONA |, U3 YCIOBUS | = max :
<j<n
(k-1) (k-1)
Anic |, i,

u st A2 = AXDP - ompenensiem matpuiy orpaskenust H, :
kj, OOp puny oTp K

R, Rk,nfk
(k) (k)
a a
k) _ (k-1/2) _ (k-1) _ k+1, k+1 k+1,n
A" =HA =HA Pk’jk =l o . .
(k) (k)
an,k+1 a'n,n
(k)
ak’J
NON
Jloxazats: | |>max| ™| >max|a®|.
* k<jen ||+ k<ijen
(k)
an) |,

Ecimu t=dim(ker A), To mociie N —t 1arop uMeeM

(H

n

Rn—t Rn—tt
L H)AP,, -..-P; )=HAP=R = 0 0‘ :

rae H u P — opToronanabHble MaTPULIBIL.
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Marokun A.M. “BeraucnutenbHble METOIbI JTMHEHHOM anreOprl.”. Jlexums 4

CoBMeCTHOCTDH CHCTEMBbI € BHIPOKICHHOH MaTpHuLei
Cucrema AX=Db HaspiBaeTcs COBMECTHOM, €CIIM OHAa HMEET pEIICHHE.
CiienoBaTeIbHO, CUCTEMA COBMeCTHA <> b e ImA.

{X*+y V yekerA}- obiee pemieHre CHCTEMBI, TJIe X *— JII000€ ee peleHue.

Teopema. Eciu cuctema AX=Db coBmectna (belmA),
to V B: detB=0 coBmectna cucrema (BA)X=(Bb) u muoxectBa
PCIICHUI STHUX CHCTEM COBIAJIAIOT.

Cucrema AX =b HecoBmecTHa, eciii b ¢ IMA.
B atom citydae ee 00001IeHHBIM pelieHueM (OTHOCUTENFHO BEKTOPHON HOPMEI || -||)
Ha3bIBAIOT BEKTOp X: ||[AX—b||=min| Ay —Db].

y

JlokazaTh: oOlllee pelIieHue COBMECTHOW CHCTEMbI COBIAJAET C MHOXECTBOM €€
00O0OILIEHHBIX PEIICHUIA.

JlokazaTh: MHOXECTBO 0000meHHbIX pemeHuin {X: || AX—Db]|, =min|| Ay —-b]|,}

COBIIAAET C 0OIMM perrenrneM cucteMbl A’AX =A"Db.

IIpumenenne HR —pa3ioxkeHus ¢ nepectTaHOBKaMH CTOJIOLOB ISl pellICHUs
COBMECTHOM CHCTEMbI
BBhIMoTHIM SKBUBAJICHTHOE TIPEOOpPA30BaHIE COBMECTHOM cUCTEMbl AX =D
Ry=g: R=HAP, y=P'x, g=Hb.
N3—3a ommOOK OKpyTIeHUs 3Ta CUcTEMA OyJEeT UMETh BU/L:
Roo R ][y (9™

0 g |ly® 5O

® JOJDKHBI MMCTh MAJIbIC MO0 MOAYJIO O3JICMCHTEI.

re Marpuna €, M BEKTOp O
3aMeHsieM WX Ha HYJIEBbIE MAaTPHUIlY U BEKTOP (AMaroHajbHbIC AJIEMEHThl MaTpUllbl R
M0 MOJYJII0O Ma)XOPUPYIOT BCE JIEBEE W HUXKE JICKAIUE DJIEMEHTHI, KaK TOJIbKO
OYepEHON AUAroHAJbHBIM 3JIEMEHT CTajl ‘“‘HAMHOTO MEHbIIE MPEABbIAYIIEro, TO U

OCTAaJIbHBIC 3JICMCHTHI IIOYTH HYJ'ICBI)IG)I

—t _
Rn—t Rn—t,t y(n ) — g(n g
0 0 y® 0 ’
O4YCBUIHO, YTO 06H_Iee peI_HeHI/Ie 3T0ﬁ CUCTCMBI Ol‘IpelIeJBIeTCH (bOpMYJIOfI
(n-t) -1 (n(n-1) (t)
y(:') _ R(rt])t (g - Rnft,ty ) v y(t) c Rt’
y y

a pelIeHue UCXOTHON CUCTEMBI X = Py.
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Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

MeToa NPOroHKHU pelieHUus CUCTEM € TPEXIUArOHAJIbHOU MaTpULel

Jl5ig pelieHus: CUCTEMbI JIMHEWHBIX alnreOpandeckux ypaBHEHUH

C, a, by Xy f,
Cn—l an—l bn—l Xn—l 1:n—l
_O 0 o ap |\ X f,

re JWaroHajbHple OJNOKM d; JIMOO 4Ymcna (METOX MIPOTOHKH), JIMOO KBaJpaTHBIC

MaTpHLbl Nopsaka N (MEeTox MaTPUYHOM MPOTOHKH), M BCE ~TIIABHBIC MUHODPBHI HE
PaBHBI HYJIIO:

a; by 0
C; ap by
A = R , detA; #0, i=1..,n,
Ciy 81 Dig
0 0 ¢ & |

IPUMEHUM CJIEYIONIYI0 cXxemy MeToza ['aycca — MeTos (MaTpuYHOM ) TPOTOHKHU.
Hpsamoiu xox:

1-if mar:  BeumMCIsIeM MaTpuiy P =a; D u Bektop Zy =ajf;, T.e. momyuaem
CUCTEMY
Ex Br 0 X1 Z
C; 3 by X2 f
Ch1 8ng bn—1 Xn-1 fn—1
0 0 Ch ap [\ X, fq
rae E; — enuanunas matpuia nopsiaka Ny ;
2-if ar:  CHaYaja U3 BTOPOTO YPaBHEHHS BBIYMTAEM MEPBOE, YMHOXKCHHOE Ha Co
By By 0 X 4]
0 a;-Cp; Dby X2 fa—Cozy
Ch1 8na bn—l Xn-1 fn—l
0 0 C, ap |\ X, f,
sateM  BhumciseM  matpumy  PBo = (8, —CoP) b, m  BexTop

Z, = (85 — CoBy) H(f, —Coz;), T.c. mOMyUaeM crctemy
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Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

Ey By 0 X1 Z1
0 E; B, X Z,

C3 ag b X3 fs

Cn—l an—1 I:)n—l Xn—l 1:n—l
0 Cp a, Xn f,

rne E, — enqnanunas marpuna nopsiaka Ny ;

K -if tmar: mpeasiIype mard npeoopa3oBaid KCXOAHYIO0 CHCTEMY K CHCTEME

Ei By 0 X1 21
0 Ey B X2 Z;
0 Exa Pxa X1 | _| Zka
Ck ax by Xk fi
Ch1 @pt bn—l Xn-1 fn—l
0 Ch 8 J\ Xp fy
cHavana u3 K -ro ypasHenus BerautaeM (K —1)-oe, ymHOMKeHHOE Ha Cy !
Ey By 0
X1 Zy
0 E B :
— Xk-1 Zk—1
0 Exa Brka _|
0 b Xk =] Tk =CkZk-1 |»
A —CPrt by :
Xn-1 1:n—l
Ch1 dpa b n-1
Xn fy
0 Cn apn

3aTeM  BBIYMCIsAEM Marpumy P :(ak_CkBk—l)_lbk U BEKTOD

Zy = (@, — CPr_1) “(Fx —CZy_1), T.c. mONMyHUaEM cHCTEMy
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Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

Ei By 0 X1 Z1
0 E, By Xy Z,
0 Ex By X | | Zk

0 ak+l bk+1 Xk+l 1:k+1

Cn—l an—l bn—l Xn—l 1:n—l

_0 o an |\ X, f,

rae Ey — eauHnunas marpuna nopsaxa Ny ;

N -if mar: mpeapLAylme mard mpeoopa3oBain UCXOAHYIO CHCTEMY K CUCTEME

E; By 0 X1 2
0 E, B X2 Z)

0 En—l Bn—l Xn-1 Zn-1
0 Cp an |\ X, f,

cHavana u3 N -ro ypaBHeHus BerautaeM (N —1) -oe, yMmHOKEHHOE Ha Cp

E; By 0 X1 Z

0 En—l Bn—l Xn1 Zn

_O 0 an — Can—l_ X fn —CnhZpa

sateM  BeMCISCM Bektop  Zp, = (8 —CoPng) (i —CnZoq). Te.
TOJIy4aeM CHCTEMY

Ex B 0 X1 Z1

0 E; B, X2 Zy
0 En—l Bn—l Xn—l Zn—l

_O 0 E, 1\ X Z,

rae E, — exuHnynas matpuna nopsaka N, .
Takum 00pa3om, Ha IPSIMOM XOJI€ METO/Ia TPOTOHKHU BBIYUCIISIOTCS MaTPHUIIbI

Bl :ailbli
Bk = (ak —CkBk—l)_lbk, k=2,..,n-1

Y BEKTOPBI
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Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.
=9 lfl’

2 = (@ —CiBra) " (F —CuZia), kK=2,..,1.

OOpaTHbIi X0 METO/IA IPOIOHKHU 3JIEMEHTAPEH:
pelIeHNEe CUCTEMBI, ITIOJyYEHHOU B PE3yJIbTATE IPSIMOTO XOAa!

Ex B 0 X1 Z1
0 E; B, X2 Zy

0 En—l Bn—l Xn—l Zn—l
0 0 E, |\ Xq Z,

BBIYHUCIISIEM 1O (popMynam:

Xn =2y,

Xpna = _Bn—lxn +Zn 1,
Xj = —BiXja + Zj,

Xl = —B]_XZ + Zl'
MeTon TpPOTOHKM TPUMEHUM JJII CHUCTEMBI, MaTpHIla KOTOPOH HMMEET CTpPOroe
JaroHaJIbHOE Mpeo0IailaHne 0 BCEM CTPOKaM.
Teopema. Ecmu Vi |a |>|c |+]|b;| (c,=b,=0), 10 detA =0 VKk
(t.e. LU—pasnoxxenue CynecTByeT U METO] MPOTOHKH MPUMEHUM ).
Hox—Bo. (ot npotuBHoro) [Tyctes 3 k: detA, =0,

torma 3xY 20: A XM =0u Fi: | x| =ma>k<|x§k) |>0.
1<j<

9

i+1

Pazsenum pasenctso €X' +a X +bx") =0 na x* u ouennm a,:

| X | Xi

L e 5 b |- —=2-
Sl

a|<|c |-
al<le 1L,

<|c.|+|b, | — npoTuBOpeune yciaosuto.

CripaBeIsIMBOCTh 3TOM TEOPEMBI CIIEIyeT U3 00Jee OOUIero yTBepKACHUS.

Jlemma I'epuiropuna (0 JIoOKaJU3aUuU COOCTBEHHBIX 3HAYEHMH).

MHOECTBO BCEX COOCTBEHHBIX 3HAUCHHI MPOU3BOJILHOW KBAJpPaTHOW MaTpuilbl A

MPUHAJICKUT 00beTUHEHUIO KpYroB I epiropuna:
n

n
Sp(A)CUSl, Si ={7L€C: |7u—a” |S Ri = Z |aij |}
I=1 =1, j#i
Joka3areabcTBo. [Iycth A — mpon3BoibHOE COOCTBEHHOE YMCIO Marpuibl A, a

x®) 20 - COOTBETCTBYIOIIHUI €My COOCTBEHHBII BEKTOD, T.€. AxK) = Ak X
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Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.
Haiinem kpyr ['eprropuna, copepxanmii Touky Ay Ha KOMIUIEKCHOH INIOCKOCTH.

: . k k
OHpC,ZIeJII/IM HOMEp | MaKCHUMaJIbHOU IO MOAYJIHO KOMIIOHCHTBI Xi( ) BCKTOpa X( ) )41

- x®

; k
| -O¢ YpaBHCHUEC CUCTEMbI AX( ) =X\ IICPCIINICM B BUIC

k k Kk k Kk
(M—aii)'xi( ) =a;-x )+---+ai,i—1'xi(—£+ai,i+1'xi(+%+---+ain'X% ),

PasyienuB 3T0 paBEHCTBO Xi(k) # 0 u, yuuTsiBas, 4ro |X§k) / Xi(k) |<1V ], nocue
PUMEHEHHUS HEPABEHCTBA TPEYTOJIbHUKA TOTYyYUM
Kk Kk k k
=i 1< Lagg |- D0 ) et fag g 1A {9+
k k k Kk
Flag i 11X I [t a1 1xE9 1 | <
<lajg [+..+ajiq | +]aj i1 [++an [ =R,
T.e. A NPHHAUICKHUT | -oMy Kpyry ['epriropusa.
Wtak, ans KakAOro COOCTBEHHOIO 4YHCIAa MarTpuilbl A CYIIECTBYeT Kpyr
['epmropuna, KOTOPOMY OHO TTPHHAIJICIKHUT.

Jlemma noxkasana.

Jlnst matpuisl A €O CTPOrMM IMArOHATIBHBIM MPE00IIaaHeM 10 BCEM CTPOKaM:
n

|aii |>Ri = Z |aij|’ 1=12,..,n,
=1, j#i
BCC KpYyIu FemeOpI/IHa HC COACPIKAT HAYAJIO KOOpAUHAT KOMILJIEKCHOM IIOCKOCTH

ImA

» Rel

u, caenoBatenbHo, A =0 He sBIseTcs €€ COOCTBEHHBIM 3HAYCHHEM, T.€. MaTpuiia A
— HeoCcOOEHHAs MaTpHIIA U €€ ONpeae/IuTeNb He paseH 0.
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Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

Jlekuus S. UTepauoHHbIe METOABI pellICHUS JJUHEHHbIX YPABHECHU I

Mb1  Oymem paccmaTpuBaTh TOJBKO  BEIIECTBEHHBIE CHCTEMBI  JIMHEWHBIX
areOpanvecknxX ypaBHCHM, TaK KaK CHCTeMa ypaBHeHHMH AX =D Hax moiem
KOMILJIEKCHBIX YMCeJI CBOJIUTCS (JI0Ka3aTh) K CUCTEME

ReA —-ImA|(Rex) (Reb
ImA  ReA|(Imx) (Imb
C BEIIECTBEHHBIMH KO3 puiineHTamu.

IIlpuMep ¥ OCHOBHBIE ONpe/IeIeHUus
IIpumep:
MycTh IS MATpUIBl cucteMbl AX=D moctpoena obparras A =(LU)™". H3—3a
OIIMOOK OKPYTJICHHS MBI TIOTYYHM He OOPATHYI0 MATPHI, a K Heif Gmmskyio: A,
Torma X=A"X#X, a mst pasHocTH X—X uMeeM ypasaeHne A(X—X)=AX-b,
npubnmkenHoe pernerre kotoporo (X —X)=A7(AX—b) = X=%X-A(AX-b)
WIHA UTEPALMOHHOE YTOUHEHUE
Xt =x—A*(AX* -b), k=01, ....
OpHomaroBelii (IBYXCJI0iiHBII) HTEPAIIMOHHBII MeTOI pemenuss AX =D
x“t=x*~H, (Ax* -b)

x°—zaman, k=0,12,...: H | —3ananssie MaTpuusL
x* — K -Toe nmpuGmImKeHue (K PeIeHHIO CHCTEMBI),
z“ =x"-x 7" =7 —~H AZ" =(E-H,A)Z"
— ommOKa K -Toi urepanuun — npouecc ISt OHGKH,
S, =E—H,A —maTrpuna mara ass ommoky;
" =Ax“—b=Az" ' =r—HAr*=(E-AH)r"
— HeBsi3Ka K -Tol urepanun — TPOIIECC TSl HEBSI3KH,
T, =E—-AH, —marpuna mara jyist HeBSI3KH;

MeToa Ha3bIBaeTCH CXOASIIIMMCS, €CIH II(im |Z]|=0 v x°eR".
—0

(Tak kak B R" Bce HOPMBI DKBUBAJIEHTHBI, TO ONpPENEIEHUE CXOAUMOCTH OT HOPMEI
HE 3aBHCHT.)
CranuoHapHBIii OTHOIIATOBBII HTEPAMOHHBIN MeTOo pemenuss AX =D
X =x* —H(Ax" -b)
X°—samam, k=0,1 2,...: H-—3anannas MaTpHIIa.
Brpenp Mb1 Oyem mpeamnosiarath, yto det A =0 u detH =0.
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YcaoBus CXOAUMOCTHA CTAHMOHAPHOI'O UTEPAINUOHHOIO ME€TO/1A

XK = xk — H(AXk —-h), X —zaman, k=0,1 2,...: H-—s3anannas MaTpUIIA.
JocrarouHbie yCJI0BUS:
Teopema. Ecmu ||S||=||E-HA| <1,10|z"]| >0, 1e. X —>x Vx°eR".
Hok-Bo. [ X“=x|I=[IZ=lISZI<[ISI-1Z*I=1IS]-[IS2"? || <

<[IsI*-IZ<*I=lsi*-Iz° || —o.

Teopema. Ecmu ||T||=||E-AH| <1, 10 ||Z“|| >0, Te. x* >x ¥x°eR",
Hok-Bo.  [[AX“—b[|=[Ir" | =T | <[ITI-NIF =TI Tr? <
<ITIZ -2 T Qe )| —o0.
=[x =x|[=l1Z*[I=| AT | <[]AT -]l > 0.

Heo0xoaumoe U 10CTATOYHOE YCI0BHE CXOAMMOCTHA CTANHOHAPHOI'0
HUTEPANMOHHOTO ME€TOAA

xKt = xK —H(AxK - b)

xY —3aman, K=0,1, 2,...; H-—3anannas marpuma, detH = 0,
IUISL PELIEHUs] CUCTEMBI JIMHENHEBIX anredpandeckux ypasuenuii AX =Db, detA =0,
c(hopMyJIMPOBAHO B CIIEIYIOIIEH TeOpeMe.
Teopema.
CrauroHapHbIN UTEPALIMOHHBIA METO]T

xKt = xK —H(AxK - b)

xY —3aman, K=0,1, 2,...; H-—3anannas marpuma, detH = 0,
IS pELIEHHs] CUCTEMBI JIMHEWHBIX anreOpandeckux ypasuennii AX =Db, detA =0,

CXOJIUTCS TOTa U ToJbKO Toraa, korma p(S) <1, rme S=E—-HA — marpuna mara

JUTSL OITMOKU Zk = Xk — X CTalMOHAPHOI'0 UTEPALTMOHHOTO METOAA: Zk =Sz k_l.

J1ox—Bo.
Heob0xoaumocts.
[TycTh cTarmoHapHbIi UTEPAIMOHHBIN MPOIIECC CXOIUTCH, T.€. V 2% %0
k—w
ZK=s1=s" — o.

0
BriOepeM HaudanmbHOE NMPUOIMKEHHE X  CTAllMOHAPHOIO MTEPAIMOHHOTO IIporiecca

o 0 0
TaKUM, 4TOOBI BEKTOpP HayalubHOM ommOku Z =X —X#0 Obul cOGCTBEHHBIM

BEKTOPOM MATpPHIBl IlIara S, COOTBETCTBYIONIMM HEKOTOpoMy (Jfo0oMy) ee
cobcTBeHHOMY 3HadeHHIo A € SP(S), T.e. Sz°=A-2°, z° #0.

Torna
k—o0

7K =gkl _gk0 k0 5 ¢
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Tosbko mpu | A | <1.

CJ'ICI[OB&TCJII)HO, BCE€ COOCTBEHHBIC 3HAYCHUS MaTpHuObl IIara S CTalMOHAPHOTO
HUTCPAIMOHHOTO ITpoHueccca 1o MoayJjIr0 MCHbIIC CAMHUIBI, T.C.

p(S) <1

- H€06XOI[I/IMOC YCIIOBHUC CXOAUMOCTHU CTAHWMOHAPHOI'O UTCPAINMOHHOI'O MCTO/IA.

JloCcTaTOYHOCTD.
3amernM, uyto must moboro €>0 cymecrtByer marpuma Q., mpeoGpasyromas
MaTpHUIy S K )KOPAaHOBOU (opMe:

Q:'SQ; =J; =diag{lz, -+ I,

rae
_Ki 0
e A
Jie = _— , A, €SP(s).
0 e A
Torna

K—o0

120 <1Q: o - 1Q o U3 )1 2%, = O,
ecn || J, ||, = max {|A|+e}=p(S)+e<1.
1eSp(S)
Tak xak p(S) <1, 1o ||J; ||, <1 mmst moGoro 0 <e<1—p(S).

AcuMnToTn4ecKas CKOPOCTH CXOAUMOCTH

Kk o 0
Jns  oTHOIIEHHMST HOPMBI OMMOKM Z°& K HOPME HayaJlbHOM OLIMOKH Z

CTAlMOHAPHOIO MTEPAIHOHHOTO METOa xKL = xK - H(AXk —b) cnpasemusa
OIlEHKa

K
VA
u <| Sk ||, tne S=E —HA — marpuna mara 1ist ommoKH.

0
1z ]

Orcroza MOKHO CJIelIaTh BBIBOJA, 4YTO 3a Kaxkaylo u3 K wurepanmii omuOka B
k o
“cpensem” yobBaer B 1/d,, dy = »\k/|| S™ ||, pa3. Torna uist yMeHbILIEHHUS HAYATBHOM

omnbku B 1/ € pas (| zX I/ ] 20 || < (dk)k = €) JIOCTaTOYHO BHIITOJIHUTD
—Ine —Ine

k(e) = = UTEpAIIii.

—Indk —In k,”Sk ”

Oty GpopMyITy MOKHO MIPOUHTEPIIPETUPOBATH CIEIYIOIINM 00pa3oM:

—In¥IS* - k(e) = —Ine
—_

pacTosiHue

CKOPOCTh BpeM:
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k .
Beanunna Ry =-In a\k/||S || waseiBaercsi cpeameii CKOpPOCTHIO CXOAUMOCTH

UTEPAIIUMOHHOTIO0 ME€TOoAa 3a k nTepaunﬁ. O‘-IGBI/II[HO, qTo CpCAHsAA CKOPOCTb
CXO0JUMOCTH R k 3aBUCHT OT BI)I60pa ManH‘IHOﬁ HOPMBI.

Teopema. Ecmu ||S||=||E—HA|| <1, T0o 111 yMeHbIIIEHNs HAYaIbHOM OIIUOKH
B 1/ & pa3 nocrarouno Bemonauts K(g) = {—_nlﬂg d +1 ureparuii.
JloKk—Bo. ITpu k > k(g) nmeem
Iz I=Ns2’N<ysi*-12°1 <

<||S|1KE )1 20 || = k@ISl 20 =

I 0 0
=e 'z |=e- 12"l
Hoka3zats: R, >—In||S||.

Beanmunna R, = lim R, =—In{lim «k/ ||Sk |} maseiBaercs acumnroTrHyeckoi
k—o k—o0

CKOPOCTHI0 CXOAUMOCTH CTAIIMOHAPHOI'O UTEPAIITMOHHOI'0O ME€TOAA.

Teopema. Eciu p(S) =p(E-HA) <1, 10 R_=—Inp(S).

Joka3aTeabcTBO. J[0CTATOYHO JI0KA3aTh, YTO 3 kIim v Sk | =p(S).
—>0

L lim §1IS* 2 p(S).
k—o0
JeiictBurenbho, Tak kak ||S||>p(S) mis mobGoit marpuunoit Hopmsr ||S ||,

MOJYMHEHHOW  BekTopHOM Hopme ||z, To || SK | > p(Sk) = [p(S)]k.
CnenoBartebHO,

KIS 1= p(s) = lim Y[ISK[=p(S).

k—o0
2. Tim ]ISkl <p(S).
k—x

JIeiCTBUTENBHO, IIPU JI0KA3aTENLCTBE TEOPEMBI O HEOOXOAUMOM U JOCTATOUHOM
YCIOBMU CXOAMMOCTH CTAllMOHAPHOTO HTEPALMOHHOIO METOAA Ui JIH06Oro
nocrarouno mMaioro € € (0,€3) MBI yCTaHOBHJIN HEPABEHCTBO

1S2° 1o <11Qs Nl -1 Q5 1o - [0(S) + €111 2° || .-

c

€
CJ'Ie,ZlCTBI/IeM 9TOro HEPaBCHCTBA ABJIACTCA OLICHKA

1S, <c,-[p(S) +e]¢ = «k/||sk| <Kfc, -[p(S) +e].

U3 MMOCJICAHCTO HCPABCHCTBA CICAYCT, YTO
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TR k .
lim KIS, <lim e, - [p(S) +e] =p(S) +& ¥ £ < (0.0).

1

[Tepexons B 3TOM HepaBeHCTBe K mpeneny npu € — 0 W yduThiBasi, 4TO JeBas

YacTh HEPABEHCTBA OT € HE 3aBUCHT, nosydum |im «kf | Sk |, <p(S).
k—o0
3. 1im ¥|1S% |1 <p(S).
k—o0

JIeHCTBHUTENBHO, TaK KAaK BCE HOPMBI B KOHEYHOMEPHOM IIPOCTPAHCTBE
SKBHMBAJICHTHBL, TO 3 3 || Sk I <B-|| Sk |, u

Tim YISk <1im KB sk < lim XB - Tim X/|1S¥||.. <p(S).
lHoox/II [ k%‘/ﬁ 1% | k%\/ﬁ k%‘/” | <p(S)
%/_/

=1
4. U3 nonywennsix mepasercts lim ¥[|S¥||=p(S) u lim ¥|S* | <p(S)
k—o0 k—o0
cneayer, ro lim K|S || = Tim ¥|1S¥ || = p(S) = lim ¥/j1s¥ .
k—o0 k—o0 k—o0
3aMeanne. ACI/IMHTOTI/ILIGCKa}I CKOpOCTL CXOONMOCTHU CTaHI/IOHapHOFO

UTEPALMOHHOIO METOJA B OTIMYHUE OT CPEAHUX CKOPOCTEM CXOAUMOCTH HE 3aBHUCUT
OoT BbIOOpa MaTpu4yHON HOpMbI. OOBIYHO TOJAralOT, 4YTO METOA C OOJbIIeH
ACUMIITOTUYECKOM CKOPOCTBIO “‘Mydnie” MeETOJa C MEHBIIEH aCUMITOTUYECKOU
CKOpPOCTBIO cxoaumocTH. Ho Takoe MHEHMe HE Bceraa ompaBAaHO, IOCKOJBKY
ONPEAENUTh KOJIUYECTBO HUTEPALMI, HEOOXOAUMOE [Jisi YMEHBIIEHUS HadaJbHON
omnOku B 1/ € pas B KOHKpeTHON HOpME, 3Has TobKO R = p(S) HeBo3MOXKHO.
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Jlexuus 6.
OmuH u3 cnocoOOB TMOCTPOCHHSI HMTEPAIMOHHOTO METOJA PEIICHUS CHUCTEMBbI
JMHEWHBIX anreOpanveckux ypaBHeHHd AX=D cocrour wu3 mpencraBneHwus
matpuilsl B Buge A =B —C, nepenucu cuctemsl B Buge Bx =CXx+Db u onpenenennn
O4YepesHOTr0 MpHOMImKeHHs X
cucrembl BX“" =Cx* +b.
Jlokazats: BX" =Cx*+b = x“"=x*-B™*(Ax" -h).

110 HU3BCCTHOMY HpI/I6J'II/DK€HI/IIO Xk N3 PCHICHUA

Metoa xoou

Ecmu D =diagA =diag{a,;, a,,, ..., &,,}, TO UTEpPAIIMOHHBII MPOLIeCcC
Xk+1 — Xk _ D—l(AXk _ b)
Ha3bIBaeTCS MeTOJ0M SIkoOu [uIst permeHus: cucteMsl AX =D .

CXOI[I/IMOCTL B CJI1ydae JTHaroHaJbHOro npeoﬁ.ﬂaz{am/m 10 CTPOKaM

n
Teopema. Ecnu |a;|> z |a;;| Vi, 10 MeTon SIko0m cxomuTes.
=1,

Joxk—Bo. ) [ a a. .. a. . a.
i—Tas cTpoka Marpumsl S=E-D7A: | =, ., 22 0, 2 2
a;; a;; a;; a;;
a‘il ai i-1 ai i+1 ain
U3 VCIOBUS TEOPEMBI —=> |—|+ ...+ |——|+|—= |+ ... +|—|<1 =
y p
a;; a;; a;; a;;

IIS||..<1, T.c. BBIIOJIHACTCS TOCTATOYHOE YCIOBHE CXOIUMOCTH.

CxoaumocTh B ciIyvdae TMaroHaJbHOIro npeoﬁ.ﬂauannﬂ o CToJI0ImamM

n
Teopema. Ecm |a;;|> Z |a;;| V], 0 MeTox SIko0m cxomutes.

i1, 1]
J1ox—Bo. ) a,. a. .. a. .. a .
j—biit cronGer matpuust T=E—-AD™: | 2 2 o & 0
aj; aj; aj; aj;
a,. a | la.. a.
U3 ycnoBus TeopeMbl = |—|+..+ |4y 41 el =
a . a. | |a. a.

ji ji ji ji
p(S)=p(E-D'A)=p(DTD ) =p(T)<|| T|l,<1, T.e. BhIMOTHSAETCS

H€O6XOJII/IMOC YCIIOBHUEC CXOAUMOCTH.
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Heo0xoaumoe u 10cTaTOYHOE YCJI0BHE CXOAMMOCTH MeToAa SIko0u B ciay4ae
CUMMETPUYHON MATPHUIbI C MOJOKUTEJIbHOU IJIABHOU TUATOHAJILIO
Teopema.

sk
Ecmu marpumia A cuctemsr AX=Db camocompsokena: A= A", a ee auaroHaib
D=D" =diag A=diag{a,,, a,,, ..., a,,,} nonoxwuresapHo onpeaeneHa: D >0,
TO MeTo SIkoOu:

XO — 3aJaH,
Xk+l — Xk _ Dfl(AXk _ b),
k=01 ..,

CXOOUTCS K pemreHuro X cucreMel AX=D Torma u Tompko ToOrma, Korma
HOJIOXKHUTEIRHO ompeaenensl Matpuiisl A u 2D —A.
Jloka3zaTeabcTBO. [Ipeke Bcero, OTMETHM, YTO
® JUI1 CaMOCOIPSDKEHHOM, MOJIOKHUTEIBLHO OIMpeaeaeHHON MaTpuilbl D MokHO
IIOCTPOHTH €€ KBaJAPaTHBIN KOPEHb:

DY2 = (DY?)* >0: DY?DY? =D,
e coOcrtBennsle 3HaueHus A(S)=1- K(D_lA) marpurpl  S=E — DA
COBNAQJAIOT C COOCTBeHHbIMM 3HaueHusMd A(S)=1- k(D_ﬂZAD_ﬂZ)

MaTPHUIIBI DY?2sp V2 =E— D_llZAD_llz, KOTOpasi ~ CaMOCOTpsDKEHa
(A = A") n, crieoBaTenbHO, ee COOCTBEHHBIC 3HAYCHHUS BELICCTBCHHBL:
—p(S) <1-M(DY2AD %) <n(S),
e TaK KaK HEOOXOIUMBIM M JOCTATOYHBIM YCIIOBHEM CXOIUMOCTH MeToaa SIkoou

-1 o
spisercs  yenoBue  Pp(S)=p(E-D TA)<1, 10 HaM HYXHO HalTH
He00X0MMbI€e H JOCTATOYHBIE YCIOBHS BHINIOJTHEHUSI HEPABEHCTB!

2<-MDY2ADY?) <0 = 0< (D V?ADV?) < 2.
HeoGxoaumocThb: MeTo SIkoou cxomures, T.e. P(S) <1 u, ciaenosarensHo,
0<MDY2AaD V%)< 2,

T...  CaMOCONPSDKCHHBIC  MaTPHIIBI DY2ADY? u 2E-DY2ADY?
HOJIOXKHUTEIBHO OIPE/ICIICHBI:

(D Y2AD Y2y, y) > & (DY2ADY2) . (y,y) >0 Vy=0eR",
([2E-DY2ADY21y,y) > [2- Ay (D7Y2ADY2)]-(y,y) >0 Vy=0eR".
Torma A >0, Tak kak
vVz+0 (Az,z)=(A D‘llzy, D‘”Zy) = (D‘”zAD‘”Zy, y) > 0.
— Y—

VA V4
Torma 2D — A >0, tak xax

Vz20 ([2D-Alz,2z)=([2E-DY?ADY21D"?’z,D"?2) > 0.
y y
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JlocTaTOYHOCTh: camocomnpsbkeHHbie Matpuiibl A u 2D — A THOJ0XKUTETBHO
OMpEJICNICHBI, CIICI0BATEIBHO:

Amin (A) >0, Anin(2D—-A)>0.
Torna
IIOJIOKUTEIBHO OIpeiesicHa MaTpHila D_]jzAD_]jz, TaK KaK
vz20 (DY2ADY?z,2)=(ADY?z,07Y?2) >0,
Y
y y
U, CIIeZI0BATEIBHO, V k(D_ﬂZAD_UZ) >0;
HOJIOXKHUTEIBHO OmpeaeiieHa marpuna 2E — D_lleD_llz, TaK Kak
Vz20 ([2E-DY?ADY?1z,2)=([2D-A]D Y?z,D¥?2) >0,
Y
y y
u, cieposarenso, V A(2E — D_ﬂzAD_llz) =2- k(D_ﬂZAD_ﬂZ) >0.
Takum o6pasom, 0 < X(D_MAD_W) < 2 W, clef0BaTelbHO, 1H000e COOCTBEHHOE
3HAYEHHE MATPHIILI [Iara JJs ommbKy Meroaa SIkoou Mensiie 1:

IMS)|=|1- D Y2ADY?) | <1,
T.€. BBINOJIHAETCS yCiIoBUe cxoaumocTu Metoza: p(S) < 1.
Npumep marpuust A=D-L-L">0 & D>0, wo marpuma 2D—A me
TIOJIOXKUTEIBHO OMpeiesieHa, T.e. MeTo SIKoOu He OyIeT CXOAUTHCS:

1 05 05
A=(05 1 05| 2(A)=2 Ay (A)=23(A)=05 = A>0,
05 05 1
1 -05 -05
2D-A=|-05 1 -05| 2(2D-A)=0 = 2D-AX0.
05 -05 1

Meton 3einens (I'aycca—3eiinens, Hekpacosa)

Eciu marpuity cucremsl AX = b npencrasuts B Buge cymmet A=—-L+D—R, rae

D = diag A = diag{a,q, a,y, ..., ap },

0 0 a;, . .oag,
ay O 0 0
L=—| " . R=- S
0 0 0 an—l,n
EF L Apna 0_ | 0 |

TO UTEPALIMOHHBIN ITPOLIECC

Xk+l — Xk _ (D _ L)—l(AXk _ b)
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Ha3bIBAETCS METOIOM 3eiies Juist pemenust cucteMbl AX =D .

Tokasats: S=E—(D-L)A=E-(A+R)*A=(A+R)'R.

Teopema (0 HEOOXOIUMOM M JIOCTATOYHOM YCIIOBHHM CXOJMMOCTH MeToAa 3euaess
B Cllydac CHMMETPUYHOM MATPHUIBI C TOJOXKHUTEILHON TJIaBHOM
JIMaroHabo)

Ecmu A=A" & D>0,

10 P(S)=p(E—-(D - L)_lA) < 1 (t.e. meTox 3eiinens cXoauTcs)
TOI/Ia ¥ TOJIBKO Torza, korna A >0,

Jloka3aresibCTBO.
Heo0xoaumocTh:

[Tycte Meton 3eiinens cxoaures, T.e. P(S) =p(E— (D - L)_lA) < 1.
[peamonoxum, uto A % 0 (moka3atk, 4to => Ay, (A) < 0).
Torma 3 ¢: (Ap,) <0 (rampumep, @: AP = Ayin (A) - 0).
3anagum 20 = (0 ¥ OLICHUM (AZk+1,Zk+1):

(A2, ) = (A(E-[A+R]'A)Z", (E-[A+R]A)Z) =

e e
= (AZK —A[A +R]IAZK, ZX —[A + R tAZK) =
yk;o yvk

= (AZ*,2%) - (AZ", y*) - (AY*, 25) + (Ay¥, y¥) =
= (AZ%,2%) — ([A +RIY*, y*) - (v*,[A + RIy*) + (AY*,y¥) =
= (AZ,2%) — ([A +RIy*, y*) — ([A + LIy*, y¥) + (Ay¥, y¥) =
= (AZX,Z%) = (DY*, y*) < (AZ*, 25) < ... < (AZ°, %) = const < 0.
>0

k+l || < const <0, meron He cxomurcs, uro nporuBopeunt P(S) <1,

= lim|z
clieoBarTeNbHo, npeanoioxenune, uro A % 0, neseprou A >0,

Heo0xoamMocTh yTBEp K ICHHS TEOPEMBI TIOKa3aHa.
Ommemum Ha 6yoywee, ymo

(AZ*H 25 < (AZK, 2%, ecom 2% = 0.
J10CcTAaTOYHOCTD.
HyHo 10ka3ath, uto u3 yenosust A =A" >0 = p(S) =p([A + R]_lR) <1.

%
Bo-niepBbIx, 3ameTum, uto u3 yciosust A=A >0 =

L Agin(A) >0, (AQ, @) 2 Ain (A) - (0, 0) V @;
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2. dmin = 1rpii<nn ai’i > 7‘min (A) , T.K.

dmin = (Démin , émin) = (Aémin , émin) > 7\'min (A) > O, t.e. D>0.
Teneps, myctb A € SP(S) — coGcTBEHHOE 3HAYECHHUE, @ () — COOCTBEHHBIN BEKTOD:
S¢=[A+RI"Ro=1() 0 = Ro=4(S)-[A+R]-0, llo]l=1
YMHOKUM MOCIIeTHEE PABEHCTBO CKAISIPHO Ha COOCTBEHHBIN BEKTOP:
(Rp, 9) =A(S)-[ (Ao, ¢) +(Ro, ¢)]
— N N #

r+i-u azxminv(A)>O r+vi-u

TOorga

r2+H2 B r2+u2

|(S)|*= <1

@+n2+p?  a@+2r) +r2+p2
ecn 2+ 2r = (A, ¢)+2-Re[(Rop, ¢)] >0.

JlenCcTBUTENBHO,
a+2r=(Agp, ¢)+2-Re[(Ro, ¢)]=
= (Ao, 9) +2-Re[(Ro, ¢)] =
N
(Dg, 0)-(R*¢, 9)-(Ro, ¢)
= (Do, ¢) 2 din =2 Apin(A)>0
CraenoBaTteibHO,
2 2 2 2
r~ + "~ +
1A(S) |2= a < a <1, 1.k Ay (A) > 0.

a(a+2r)+ 2+ },LZ 7‘*r2nin (A) + 2+ pz
Teopema j0Ka3aHa, HO B JOTIOJHEHHE MOXKHO BBIBECTH OLIEHKY P(S):

p(S) < max [A(S)].
A(S)<Sp(S)

Tk 0<r® +p° = | (R, @) F<|IRI5 Il oll3 = IRz =p(R*-R), 10
X X B p(R'R)

IM(S)|°<— < max  — =— 1
Amin(A) +X  0<x<p(R'R) Amin(A)+X  Anin(A)+p(R'R)

p(R'R)
PO \/ 2 Ap(RR)

.C.
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Jleknusa 7.

DOYHKIMOHAJ OIIUOKH

Btopoii u3 cnocoOOB MOCTPOEHUS HTEPAIMOHHOTO METOJA PEHICHUS CHUCTEMBI
NMHEWHBIX anreOpandeckux ypasHenuii AX = b (det A = 0) cocTout us mocTpoeHus

HOCIIEN0BATENBHOCTH TIPHOIMKEHHI {Xk}fzo TaKoM, YTO ||Zk+1||<||Zk |, Te.

CTPOroro yObIBaHUS Ha KaKIOM Inare QyHKIHOHAJIA OLIMOKH f(Xk —X)=|| zX Il

TIe Zk =Xk—X.

Teopema. Ecmu ||Zk+1|| < ||Zk | ¥ zX+0 =u orobpaxenne S: R" > R"

(omeparop miara Juist OIHOKH: zH = S(Zk)) HenpepbiBaO mipu Z # 0, TO

12— 0, 1e. xK > x.

I[OKaZ}aTeJILCTBO.

Tak kak nocienoBarenbHOCTb uncen { || zX | o orpannuena cuuzy 0 u

MOHOTOHHO yOBIBa€eT, TO OHa uMeeT npeaea: lim || zX |=a>0.
k—o0

Ecmu oo =0, To Teopema qokazana.
[Mpenamonoxum, uro o > 0.

Tak KaKk MOCIENOBATEIbHOCTE BeKTOpoB { Z¥ o 7exuT B mape
{z: || z| L] z° |} xomeunomeproro mpoctpanctea R", To u3 Hee
MOKHO M3BIIEUBb CXOJAIIYIOCS IIOAOCIIEN0BATENILHOCTh {ka }:

z“m 5z, |z|l=a>0.

Tak kax ka #0 mw z#0, ToO K 3TUM BeEKTOpaM MPUMEHHMO
otobpaxerme S: 3 zXm*l =5(z"n) 3 S(2): |1S(2) || <||z]|=a>0.
Torna, BBIITOIHUB IIPEAEIBHBIN IIEPEXO B COOTHOLIEHUAX

12 | = Is@E )|l < 12|
¢ J J
a = [Is@l < |zl

u, yuutsias, 4to || S(2) || < || z|| = o, moayuum nporuBopeune: o < .

: k
CnienoBarensho, npenmnonoxerne lim || 2™ || = o > 0 weBepro u, cramo
k—o0

ObiTh, liIM || zX || = 0. Teopema noxasana.
k—o0
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MeToa moJIHOM pesiakcaluu
BCHOMHI/IM, 4YTO B CTAOIMOHAPHOM HUTCPAIMOHHOM MCTOIC 361?1,[1@15[ IJIA PCHICHUA

k+1 k+1
cucteMbl AX =D kommoHeHTHI X; NpUOMMKEHU X OIPEIECIAINUCH

nocieposarenbHo (=1, 2, ..., N) Kak pelieHus ypaBHeHuit
A1 Xe A X Xy g X i X =Dy,
e X = (@) A X A X A g X i X ] - B
Ecmu uepes XK1 o6o3mauuts BexTop
Xk+i/n _ (XI1(+1, - Xik_-il’ X=(+1, Xik+1’ - XE)T’

k+1 o
TO O4YepeaHoe HpI/I6J'II/DKeHI/Ie X CTallMOHAPHOTO UTCPATMOHHOI'O METO1a 3ennens
JUIsL peIICHUS] CUCTEMBI AX = b BeruncIsSeTCS MO (bopMyJIaM
k+i/n k+(i-1)/n
n_ kD _ o

X i S

Ok
_ka(i=1)/n 1 kil kil K K
Oy j =X —(@jj) H{laig Xy Ay g X1 8 a1 Xjag T ee8in  Xin ] — D}

=12, ..,n,
rne € — i-biif opr.

Ierifn _ ke (i-D)/n _

Ho B popmyne X Oy j -ei mapameTp Ol ;j MOXKHO BBIOMpAaTh W3

K+i/n k+i/n ”

-X)=|z
[Ipeamnonoxum, uTo MaTpuua cucteMbl AX =D cHUMMeTpUYHA U IOJOKUTEILHO

yCIIOBUS MUHUMU3anuu pyaknnonana ommoku (X

ompenenena; A= A" >0. Onpenennm (SHEPreTHIECKNE) CKANSIPHOE IPOU3BEICHHE
v Hopmy B R":

(% Y)a =(AXY), [IX]Ia=(XX)a

k+i/n ”

¥ TapamMeTp Ol j Oynem BHIOMpATh U3 yCIOBHSA MUHAMYMA || Z A-

Teopema. Eciu marpuna cucteMsl AX =D cuMMeTpuuHa ¥ IOJOKHUTEILHO
ompenerena: A=A" >0, a mapamerps Ok j HMTEPAIMOHHOIO METOAA
(MeTo MOJIHOM peaKcalim)
x"eR" - 3ajaH,

Xk+|/n _ Xk+(|—l)/n — O i e

ki %

s | k+(i-1)/n

i |24 || o= inf | 2 ~a-€lla =12 .0,
o

k=01 ...,
TO
1) oy = () Y,
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2) 12l p <124 [l o e 24 0,
3) METO/I IOJIHOM peaKcalMi MOKHO 3aIUCcaTh B BUIE
xeR" - 3a7aH,

k+1 k -1 k+1 k+1 k k
Xi =X = (@) [aX T e+ Xi T A X+ 8 Xy — By,

=12, ..n,
k=01 ..,
um (A=D-L-R)
x?eR" - 3a1aH,
X = xK D -Lx* 4 (D-R)x* - b] =
=xX - (D-L)[AX" -],
k=0,1 ..,
(T.e. METO/I MTOJTHOM peTaKCalliy COBMAMACT ¢ METOIOM 3eiinens!),
4) orobpaxenne S=E—(D- L)_lA: R" - R" (omeparop mrara ms

k+1 k
=S(Z")) HenpepuIBHO U U3 TEOPEMEI O CTPOIOM YOBIBAHHU

(yHKIHOHANIA OIIMOKY CIIETyeT CXOAUMOCTh METOa MOJTHOM pelaKCaluy.
Jloka3aTeabCTBO.

OIIHNOKU: Z

kiln | k+(i-1)/n

1) Permmm 3anady oy @ || Z a=Inf|z —a-& A
(04

Tak kak

“ Zk+(i—1)/n o ei ”i\ _ (A[Zk+(i—1)/n —o- ei]’ [zk+(i_l)/n - el]) =

— ” Zk+(i—1)/n ”'25\ —20L-(A2k+(i_l)/n,ei)+(12 (Ael’el) =
s \ )

[rk+(|—l)/n]

i =aii>0

i 2 ([N 2 — (o-ay [ D2

ajj

=z

TO, OYEBHJIHO, YTO TIPH O Q; _[rk+(|—1)/n]i =0 Oyzmer makcumambHOE

yMEHbIIICHUE OMUOKH (TIOJIHAS peJIaKcallus):

rl_<+(i—1)/n)2

k+i/n |2 k+(i-1)/n 12 i
I Ia =

Iz A=z

aj

1p ke (i-1)/
re. oy = (a;;) [re YN

k+1

2) Temepsb mokaxem, uto || 2"~ || o < || zK | A, ecrm z 2 0.

JleCTBUTENBHO, TAK KaK
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ky2 k+1l/ny2 k+(n-1)/ny2
”Zk+1”2 _”Zk ”2 _(rl) _ r2 ) _ _(rn )
A~ A
al,l a2,2 an,n
k+(i-1)/n

U XOTsI Obl OJHA W3 KOMITOHEHT I #0 (B mpOTHBHOM CiIydae

i
Xk+|/n _ Xk+(|—1)/n _ Xk, rk+|/n _ I’k, Te. rk 0= Zk _ 0)’ T0
(byHKIIMOHAT OITUOKH CTPOTO YOBIBAET.

3) Beinumiem ¢dopMmysbl peanu3anuy METoAa MOJHOM penakcanuu. Tak
Kak

xKHIm _ (x

— Xk+(i—1)/n _ ak’i . ei, ka,i — (aii)—l[rk+(i—1)/n] i

k+1 k+1 k+1 k kT
M xS T X e X)) =

TO

X=<+1 _ Xik+|/n _ X:<+(|—1)/n _ (aii)—l[rk+(|—1)/n]i _

k+(i-1)/n -1 k-+1 k+1 k k
:Xi (i-1) —(aii) [ai,1X1 +...+ai1i_1Xi_1 +ai,iXi +...+ai,an —bi],

nin
XK = xK - D-Lx** + DxK = RxK - b] =
= D YDxK + LXK — (A + L)x" + b]} =
= D YLx*! +(D-L)xK — AXK + b}
f—
xKt = xK _(D- L) [AXK - b].
4) OueBUHO, YTO MbI TTOJTYYHWJIM CTAIlMOHAPHBIN UTEPAITMOHHBIN METOJ C

Mmarpuieil mara aus oumbkun S=E—(D-— L)_lA, KOTOpast SBJIAETCS

n n

HETpephIBHBIM 0TOOpakeHneM n3 R B R, u u3 Teopembl 0 cTporom
yObIBaHMM (DYHKIIMOHAJIA OUTUOKU CIIETYEeT CXOJIMMOCTh METOJIa TOJHOM
peITaKCaIny.

MeToa HEMOJTHOM peJdaKkcanun

M3MeHMM METOJ IIONHOM penakcauuu pemeHus cucteMbl AX =D ¢ wmarpuneit

* )
A = A" >0, BBens BellleCTBEHHBIN MapamMeTp O :
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x?cR" - 3a/aH,

Xk+|/n _ Xk+(|—l)/n ’

i = (@) F O 12 a=inf 20 a4, 1=1 2,0,

—o- o€

k=01 ...,
T.e. Ha KaXJIOM JpOOHOM IIIare 3HEpPreTuueckas HopMa OIIMOKKA YMEHBIIAeTCs
MEHBIIIE, YEM B METO/IC MOJIHOM penakcarmu (o = 1):

G G P

k+(i-1)/n\2
| i+(| )n)

k+i/n ” 2

k+(i-1)/ 2
A=z 2 -

|| z
ajj

(r:<+(i—1)/n )2

— ” Zk+(i—1)/n “,20\ _ [1_(0)_1)2] —
N

O4eBHIHO, YTO HOPMA OLIUOKH CTPOTO YMEHBIIHUTCS, €CIIN r!<+('—1)/ " 20u

0<1—(0-1)72,Te 0e(0,2).
PacueTHBIE (1)OpMYJII>I BBIYUCJIICHHUA KOMIIOHCHT O4YCPCAHOI'O HpI/I6HI/I>K€HI/IH Xk+1 10

3aJaHHOMY HpI/I6JII/I>KeHI/IIO Xk HUMEIOT BH]I.
k+1 k+1 k k
A X1 A A X 4 a X L+ a Xy — D
X=(+1=Xik—aki=xik—0) 1M ,1I-17-1 LN i,n'n i
' ajj
=12, ..n,

a MaTpuiHasd 3aIliuCb MCTOAa HGHOJ’IHOﬁ peirakCainun UMCCT BU/:
xK* = xK _ oD H—Lx*1 + (D-R)x" - b)

= (D-oL)x*" = Dx¥ - oDx¥ + o(Rx +b) =
= Dx¥ — wLxX + oLx* — oDx¥ + o(RxX +b) =
= (D-oL)x* — o(Ax¥ - b)

— xK*1 = xK _ (D - L) (AXK - b),

C MaTpWiei mrara s OIHOKH S= E—(,o(D—coL)_lA, KOTOpast SBJISIETCS

HenpepbIBHBIM oTo6paxkennem u3 R" 8 R".

N3 teopeMbl 0 cTporoM yObIBaHUHM (YHKIIMOHAjJa OUIMOKH CIEIYeT CXOIUMOCTb

METOJIa HEMTOJTHOW peslaKCalluu.

Teopema. Eciiu marpuiia cucteMsl AX =D cuMMeTpHYHa U IOJOKHTEIBHO
ompenenera: A=A">0, 1o mrs moboro e (0, 2) Merox HemomHOl
pelaKCcaIuu:
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x°eR" - 3ajaH,
X = xK — (D - wL) H(AXK - b),
k = O’ 11 e
CXOAMTCSA, a PHEPreTUYECKasi HopMa ero OmMOKH yObIBaeT:
12 A <1125 )| A, ecmn 2 0.

OIICHKa CXO0IMMOCTH METOJ0B peJIaKCauu
IIpenBapuTelbHbIE 3aMeYaHUS
Htak, ommbka 24 = xK —x MeTO/a peaKCalnu

xY eR" 3aJ1aH,
XK = xX — (D - L) (AXK - b)
k=0,1, ..
CTPOro MOHOTOHHO yObiBaeT B HopMe || Z || o= +/(AZ,Z) .
Tx. A=—L+D-R=(-L+05-D)+(05-D-R)=R;+R; n R; >0 B R",

To “mepeoOycnoBnmBarenis’ D —wL Meroma penakcamuu - 1enecooOpasHO
IIPEICTABUTH B BUJE CYMMBI ITOJIOKUTEIBHO OIPEIEIbHBIX MaTPHULL:

D-oL=(1-050)D+®(0.5-D-L)=(1-0.50)D+0R; =
® ® ®
=(1-0.50)(D+ ———Ry)=—(D+1t-R;)=—B>0
(-050)(D+ = o) = 2D+ TRy =
rﬂerzﬁe(O,w)npnwe(O,Z).

Torma MeToJ1 peakcali MOXKET ObITh MEepenrcal B BUJIE

xY eR" 3aJ1aH,
xKt = xk_1.BH(AXK -b), B=D+1-R; >0 V 1>0,
k=0,1 ..

¥ OH CXOAuTCs mpu Jrodom T > 0.

OueBHUAHO, YTO
Z¥1 = [E-1-BAJZ¢ =S¢
3ameuanne. MbI 3HaeM, 4TO 1718 1r000ro Bexkropa Z # 0
1Sz{[a<llzlla = [ISlla= ”S”Uplll Sz||a=Szgyp la<1.
Z A=
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3,Z[CCL MBI BOCIIOJIB30BaJINCH TCOpCMOﬁ 0 JOCTHKCHHUH MaKCHUMAJIBHOI'O

3HaYeHUs HempephlBHOM (yHKIMKM Ha cdepe KOHEUYHOMEPHOTO
IIPOCTPAHCTBA.

DTO 3aMeyaHue SBJISACTCS €I OJHUM J0Ka3aTeIbCTBOM CXOJAUMOCTH
MeTofia perakcaiyy, ciaemoBarenso ||S||a<1, a mapamerp T Hy)HO

BBIOMpATh W3 yciaoBus MuUHHManbHOCTH ||S|a=|E—7- BIA |o wom

BEPXHEW OLCHKH JJISl 3TOW HOPMBI.

Ouenum || S ”,ZAZ max (ASz,52)

~——— e S= E-tBlA.
zz0 (Az,2)

(B~1Az, Az) L2 (AB'Az, B'Az)
(Az,2) (Az,2)
Tk t(Ay,y) =7([Ry +Rily,y) =2(tRyy,y) =2([B-Dly,y), 10
2 (A[BAz],[B2Az]) = 2t (B[B1Az],[B1Az]) - 2¢(D[B*Az],[B*Az])
=21(BAz,Az) - 2t¢(DB Az, B1Az)
(DB'Az,B1A2)

= |ISll5= rpgox{l—%

-1 -1
= |IS|2=max|1-2:BB AZB AZ) |4 50 i _
z#0 (Az,2) 220 (Az,2)
720 (A1/22,A1/22) !

rne v = Amin (AY2(B71)*DBIAY2).

Mycrs AY2(B1)*DB?AY?y=y.y = Av=y.-BD B, v=A"2y
Tx. BD™B* =(D+1R;)D}(D+1tR})=D+tA+1°R,D'R],

TO
B (Av,V) S
(Dv,v) +t(Av,V) + t?(R,DR]v,v)
1 - 1
(Dv, V) > (RDRIV,V)  p(AID)+1+1t°p(ATIR,DR])

max + T+ 1° max
v=0 (Av,V) v=0 (Av,V)

S 1 e | BATD)2p(ATD),
CBATD)+ T+ B(ATRDTR;) T |B(AIR,DIRY) > p(ATIR,DIR}).

Y

>

Teopema.
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1/8>p(A™ID)
A>p(AR,DIRY)

Ecnu u3BecTHBI OLCHKH {

TO
1 1-T8+1%8A

IS||A=1-2ty<1-27 =
A 1/8+1+1°A  1+18+1°0A

<1 V1>0.

J10Kk—B0O OYE€BHUIHO.
3ameuanne. O6b19HO mocrostHEbe O >0 u A > 0 ompenensioT U3 HEPaBEHCTB

§-(DV,V) < (Av,v), (R{DR{V,V)<A-(Av,v) VvV
(D<A, 8<hyin(DA), RIDR; <A-A, A2 (ARDRY)).

3apava. Haiitu MunumMym QpyHKUIMN

1—18+1°8A )
T) = >||S
= roreon 1ol
Otger. ming(r)zg(r*)zl_ 8/(4A), S
>0 1+ /8/(4A) \OA

3agaua. Haiiti onTUMasbHbIA HapaMeTp O, , eci T« = 1/+/0A

OTBCT.(D*I#.
1+ 24/6A
IHpumep
2 -1 o] [1 O 0] [1 -1 0
-1 2 -1 -1 1 0 0o 1 -1
A=l oo =] e s .- |=R,+R!
-1 2 -1 -1 1 0 0 1 -1
0 1 2] |o -1 1] [0 0 1
CoOCTBEeHHbIE 3HAUCHHS MATPULBI A M3BECTHBI: A = 4-sin® K-m k=1 ..., n,
2(n+1)
o (A) = 4-sin? — " ™5 (A) = d.sin? ca-_ T
min () =480 S ) Sz A T oy Y

Onennm nocrosiaubie O-D <A, RlD_lRI <A-A:

8= Apin (DTA) =0.5- Ain (A) =

th

A>2-RD'Rj n A=05.

45
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© =2):
1-0.50
Xk+l — Xk —(D— L)—l(AXk _ b)

1-20+40A
12 A< IS A 1126 ||As\/ 1241

Jlns MeToaa noHo# penakcanuu (0w =1, 1=

1+ 20+ 48A
L N2 ax @=28)- [ 2% [ o= @- il )11 2%l
1+45 AT o (n+1)2 A

2
JInst MeTo1a HEeMOTHOM pelakcalliy ¢ “ONTUMAaNIbHBIM TTapaMEeTPoOM s = ———,
1+ 24/8A
Tw = 0« /(1—0.50+) =1/ /8A :

1— T 8+ 12 8A 1— /S /(4A
12U A< IS a 112 | a5 08 112K o< SONPAN
1+ 1«0+ T, OA S /(4A)
1-8/2 K T K
~(1=~812) || 2" || a= (- |z
W 2| o Q=B12) | 24| o~ ( 2(M)) BN
Js metona SIkobu
¥ =xk DAk —b) | 12 a<IISla 1125 | A=

=max |1-0.5-A(A) || ¥ [| o=
2

7T
~(1-05- (n+1)2)-||zk la=
TaK KaK
1S|2=su (A(E-D'A)z,(E-D'A)2) _supll E- AY2D AV AV27) 2
8 (Az,2) (AV2; AVZy)
=p2(E-AY?DIAY?) = p2(E-D1A) = p2(E-0.5-A)
Torna
BEPXHSIS 1 2n+1)/ 2 o1
Te = ——= R T, O«=
peaKcarui JoA 1+m/(n+1)

T T

* 1—— Sl[a<.1—-——=1- ,
9(w) > n+1 15lla= n+1 2(n+1)
2(n+1)

T

k(e) = nt
€

46




Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

TIOJTHAS 22 TE2
penakcamus  |9(2) #1— " +1)2 » 1S 1la</9(2) zl—w’
2
k(e) = (n +21) i
T e
METO/I 752
Ixoou ”S”A: maX|1—O,5k(A)|z1——2
2(n+1)
2
k(e) = M.ml
T
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Jleknusa 8.

I'paaueHTt, MeTO HAMCKOPEHILEro CnycKa

Kak BbIOMpaTb BEKTOp Y TMpU TNOCTPOEHUH  HUTEPALMOHHOIO  METOJA

Xk+1 = Xk + O+ Y M3 yCIOBHs MUHUMM3AIUHU OIITNOKU:

k+1 ”2

K =min || 2% + o -y ||??
o

I'paauent ¢pynxunn f(z): R" >R
df(z+a-y)

f(z+a-y)=1(2)+ -a+O(oc2)=
a=0
:f(z)+{a;§:) y1+...+6;T(rzl)yn}-oc+O(oc2) =

=f(2) + (VF,y) o+ O(a?) ~ f(2) + (Vf,y) - .
Taxk xak (VF,y)=cos(VE,y)-||VI|-||y|| npunumaer munumansHoe win
MaKCHMAJILHOE 3Ha4YeHHMs1, Korja BekTopa VI, Y mapamienbHbl, TO OYEBHIHO, YTO
e y=Vf — nanpasnenne makcumansHoro Bospacranus f(z2),
e y=-VI —nanpasnenne makcumansroro yossanus f(z).
Z7

a

vi(2)

f(z) =eonst |

(=
=

[Ipumep crrycka o aHTUTPAIUECHTY.

Tpamnent dpyncmun f(z) =/ z||5 :R" >R
Ecmn f(z) = || 2]|52=(Cz2), C=C*>0,10
f(z+a-y) =f(2)+(Vf,y) - a+0(a?) =
=f(z)+(Cz,y) - 2a+a?-(Cy,Y)

CremoBaresbHO, HTepalnonHslii nporecc umeer Bua (Y =—0.5-Cz)

} = Vf(2) =2Cz
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Xk _xk _g .c2k Ko gk g cak,

ay ;|| 2| E=min[|| ¥ ||g —2a- (CZ*,CZ¥) + a2 - (CCZ¥,CZ)],
o

Tak xak

k Sk k ky2
(Cz",z"%) kely2 _ yoky2 (Cz°,Cz%)

K k = ” Z ” Cc — ” Z ” ol Kk Kk
(CCz",Cz"%) (CCz",Cz")
u oroopaxenne S(Z)=z—ou(z)-Cz menpepsiBao npu z #0, 10 1O Teopeme 0
CTPOroM yObIBaHMH (PYHKI[MOHAJA UTEPALIMOHHBIN IPOIIECC CXOMAUTCS.

k k12
o(z™) =0y = < |1Zz" |lc

Boioop matpunnl C

O4YeBHIHO, YTO YCIIOBUEM PEaTM3yeMOCTH METOA SBJSIETCS BHIYUCIMMOCTH BEKTOpa
CzX =CxX —Cx. Ecru C=HA=C*>0 (H - 3amannas marpwuia), TO BEKTOP
czX = H(AXk —b) = Hr* Berancmm.

MeTtoa HaucKOperero cnycKa
Ecnmn matpuna cucrembl AX =D cMMMETpUYHA M MOJOXKHUTEIBHO ONpEAEIEHa, TO,

BeiOMpas C = A, mosydaeM MeTO]] HAUCKOPEHIIIEro CITycKa

x0 — 3aj1aH,

k .k
x¥ = xX g (AXK — D), rww,
(Ars,r")

k=0,1, ..

k
SHepreTHdeckas Hopma || Z° || o ommbKn KOTOPOro CTporo yobIBaeT.

MeToa MUHUMAJILHBIX HEBSI30K

B uTepaloHHOM MpOLECCE XK = 3k - T (AXk —Db) mapamerp T, Oymem

BBIﬁI/IpaTB 13 yCJIIOBUA MUHUMHU3AINH HCBA3KU:
(L ey = min (rK 1Ak, K —cArk).

T
Teopema. Eciu  marpuma BemiecTBeHHOM cucteMbl AX =D mnomoxurensno

Oo1pcaAciICHa, TO MCTOJA MUHHUMAJIbHBIX HCBA30K

x9 — 3aJ1aH,

K .k
kil K K (Ar®,r")

XK Zyk o (AXK —b), 1, = )
“ “ (Ark,Ark)
k=0,1, ..

CXOUTCS, a HopMa || K |, = «f(rk, rk) €ro HEBA30K CTPOro yOBIBAET.
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. k k k k
Hok-Bo. Bo-mepseix; min (r° —tAr-, r- —tAr") =

=min [(r, r) =t (r, Ar) — - (ArK, 1) + 22 - (ArK, AT

T

=min [(rk, rk) —21- (rk,Al’k) +17° -(Ark,Ark)]

T

JIOCTUTaeTCs IpU Ty = (Ark, rk)/(Ark,Ark) u

k ky 2
kily2 _ k2 (AT K |2
Itz =gz - LA gz
(Ar®,Ar")
ecn 20 & (Ark,rk);tO, TO. HEBA3KA CTPOro yOBIBAE€T IIpH

A>0.
) K Aok
Bo-BTOpBIX; U3 CTPOroro yObIBaHUS HOPMbI HEeBsi3ku I = AZ" cremyer

k+1 )2 k+1  k+1 k .k K12
z =(r r <(r,r)=sjz )
1212, = <o i) = 112418

*
T.c. A" A-HOpMa OIIMOKK CTPOrO yOBIBAET.
Kpome Toro, 04eBHIHO, YTO Oreparop S:

2 =52 = 2 -1, (2¢) - AZK
HETIPEPhIBEH BCIONY 3a (MCKIIOYEHHEM, ObITh MOXeET, 0) U 1Mo TeopeMe O
CTporom Y6BIBaHI/II/I (bYHKI_[I/IOHaHa HTepaHHOHHBIﬁ IMponecC CXOIUTC.

MeTtona npocToii uTepaunu

B Meromax HaumCKOpeHIIEro CIlyCKa U MUHUMAJIBHBIX HEBS30K IS OIpPEIEIICHUS
napaMmerpa Ty Ha Ka)KIOM ILIare Hy>KHO BBIYHMCIIATH [Ba CKaISAPHBIX IPOU3BEIEHHUS (C
YMHOXEHHUEM HEBS3KM Ha MaTpully CcUCTeMbl). Fcnoib30BaHHE MMOCTOSHHOTO
napamerpa Ty = T CyHIECTBEHHO YMEHBIIAET 0OBbEM BBIYMCICHUI HA KaKIAOM IIare.

IIpeaBapuresibHble 3aMe4YaHUA
BbIsiIcCHUM, ITPU KAKKX YCIIOBHUSX CTAMOHAPHBIN UTEPALTMOHHBIN METO/

x9 — 3ajaH,
Xk+l :Xk —T'(Axk —b),
k=01, ..

CXOIUTCS K PEIIeHuIo cuctembl AX =D .
Mbl  3HaeM, 4YTO HEOOXOJMMBIM M  JOCTATOYHBIM  YCIOBHEM CXOIUMOCTH
CTaIMOHAPHOTO UTEPAIIMOHHOTO MeToa siBisteTcs yenosue p(S) =p(E—1-A) <1,

Ecimu A(A) — cobersennoe 3aauenre marpunsl A, 1o A(S) =1—1-A(A) u
ILS)|?=[1-t-ReA(A) + 7% - [IMA(A)] =
=1-2t-ReA(A) + 12+ |1L(A) |2

OueBuHO, uto, e T- REeA(A) <0, to | A(S) | =1 u meTox He cxomutcs.
Crieq10BaTeNbHO, HEOOXOJMMBIM YCIOBHEM CXOIMMOCTH METO/IA ABIISETCS YCIOBHE
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1-ReA(A)>0 V LeSpA
wim 3Hakoonpeneiennocts ReA(A) V A e SpA.
IIycts ReA(A) >0 V A eSpA. Toraa

max |[A(S)|= max |1-t-AMA)]? < 1,ecm
1(S)eSpS L(A)eSp A

) 2-Re)l(A)
O<t< min — .0
MA)eSPA | L(A) |
MeToa nNpoCcToi UTepauun

Teopema. Eciu  marpuna cuctemsl AX =D cummerpuuna u moJ0KUTEIBHO
omnpeesieHa, To MeTo ] mpoctoi urepauuu (Pudapacona)

x? — 3a/aH,
xK = xX — 1. (AXK — ),

k=0,1 ..
2

cxomutes ipu V T € (0, ——).

P(A)
Jlok-Bo. Tax xak A=A">0, to AMA)=ReA(A)>0 u (xak ciueayer u3
TPEeABAPUTEIBHBIX 3aMEYaHUIT) METO CXOMUTCS, €CITH

. 2-ReA(A) . 2 2
O<t< min ——— > =_ min = .
MA)SPA | A(A) ] MA)eSpA|L(A) | p(A)

OnrumaJjbHBIH BHIOOP MapaMeTpa T Meroaa Puuapacona

Iycts rpanmme! crektpa Marpuisl A = A™ > 0 u3BecTHb:
0< Mmin (A)<MA) < 7\‘max (A) =p(A)

Omnpenenum T

p(S; )=minp(S;)|=min  max |1-t-A(A)|<min max |l-t-A|=

T A(A)eSpA T Amin SASAmax
= min MX{|1= 7 A (A) ], 11 -2 (A) [} =

onT

- |1_TOHT '}\‘min(A)l = |1_TOHT '}\‘rnax (A) |

2 . p(s, _ AMmax ~ Mmin <1

kmin + 7‘*max o }“max + 7“min

Teopema. Eciu martpuma cucteMbl AX =D cumMerpuyna u  10JI0KHMTENBHO
ompeserneHa, TO Il OMMOKKA MeToaa mpoctoi utepanuu (Puyapacona) ¢

ONTUMAJILHBIM apaMeTpoM Tomr = 2/ max (A) + Apin (A)]

= Tonr =

CIIpaBCJIMBbl OICHKHU
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1201, <p ., ) 112°112,

Xmax (A) - 7‘*min (A) <1
Kmax (A) + 7Lmin (A)
Jlok-Bo. Tax kak A=A", 10 S_ =S, u, cienosarensHo, || S, ||, =p(S,).

k k
12N A <P S., ) N1Z° A, Tre p(S;, )=

Jlamee,
15, = max BSESD) _ gy SIATASIATL) s 15 _ s
T ITA Z;tO (AZ’Z) z+0 ([AllZZ],[A1/22]) T2 Tt/
a U3 HEPABEHCTB || z¥ I <IS:l AN || u BRIMEN3NOX)KEHHOTO CiIEMYIOT

OLOCHKH TCOPCMEIL.

Ouenku cxooumoctu MHC u MMH

* k o
Teopema. Eciin A=A > O, TO JUIA OINMOKK Z~ METoaa HaNCKOPEUIIIETO CITyCKa:

xK oK (A —b), = _ k=0,1
k ’ k (Ark’rk)’ IR BREEN

CIIpaBCJIMBbI OICHKHU

k k
Iy — A A A — A
| 24 ||As{ max m'”} 120 )| Al 2515 < ma{ max m'“} 12° 1,

xmax"'?“min xmin }*max+7“min
JHoxk-Bo. Tak kak
k+1 . k k k
|28 )l =inf | 2K =2 AZ o < IS, 2la <

k k
<IS. la-1Z€1a=pS. 2%

k
1012 A < [Pone ] 12° 1. 20
A max (A) - Amiin (A)
kmax (A) + 7‘min (A)
Tak kaK A (Z,2) < (AZ,Z) < Ay (2, 2) 1, cienosarensHo,

\/kmin”ZHZS”Z”AS'\p“ ||Z||2,
TO ”Z I, < \ Mmax ! Mmin [ponT ”Z

* k
Teopema. Eciu A=A" >0, 1o 11 ommOKy Z© METOa MUHUMAILHBIX HEBSI30K:

Ponr = p(STonT ) =

k .k
Xk+1:Xk_Tk(AXk_b)l Tk:%’ k:O’ 11 Ty
(Ar®,Ar?)

CIIPABEJ MBI OLICHKH:
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k k
TP Pm“‘”mi“} 100, (124, < Zmex Pm“‘”m‘“} 121
7“max +7‘“min 7"min 7"max +7“min

Jok-Bo. Tak kak
k+1 : k k k k
Il =inf [ =t Al < Ir° =t A1, <
T

k k
< 1S o -l l=p(s, DIz,

k K0
TO |||’ ”2S [pOHT] “r ||2,r,ue

— — Mmax (A) - Amin (A)
Ponr = p(STonT ) - Xmax (A) + 7¥min (A) .

k k
Tax kak || 1 ||, = | AZ" ||, =
| Amin 12 (2,2) < (A2, AZ) < | Ay |2 (2,2),

TO M3 HEPABEHCTB Apmip, || zX o< rK Il 2= Apmax |l zX ||, cremyer onenka

K A K 0
” z ”2 < Kmax pOl'IT ” z ”2
min
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Jlekuus 9. Meroa Puuapacona ¢ 4eObImeBCKMMHY MapaMeTpamMu

IlpeaBapurte/ibHbIE 3aMeYaHUS

B npeapiayiem pasnaene s pemrenus cucteMbl AX =b ¢ maTpuneit A = A" >0 MsI
paccMOTpeIr CTaIlMOHAPHBIN MeToT Pruuapacona (IIpocToi ureparun)

x° — 3aJ1aH,
Xk+1 :Xk —t-(AXk —b),
k=01, ..

Y OIIPEJEININ ONTUMAIIBHBINA MapaMeTp T =Ty = 2/(Ayiy + Apax) TAKOH, 4TO
p(STonT )= irlf P(S:) = Mmax = Amin) /(Amax + Amin)

rie S, =E—-1-A, 0<Ain <Apax — MEHUMAIbHOE M MaKCHMAJIBHOE COOCTBEHHBIE
3HAYEHHUS MaTpuLbl A .

Ecim BMecTo coOCTBEHHBIX 3HAUeHUH 0 < Apin < Ao H3BECTHBI X OLEHKH
0<a<Anin <Amax <B.,

TO ONTHMAJIBHBIM MApaMETPOM T =T, METOAA IPOCTOM HTEPALUHU HAa3BIBAIOT

napameTp, Ip1d KOTOPOM MUHHMU3HMPYETCs oleHka 1 p(S,) !

infp(S.)=Inf[ max |[1—-t-A[]<iInf[ max |[1-t-All=inf||S, (A =
1 p(S,) =inf[| max 1< -2 []<inf[ max [1—c-A]]=inf S..(4) g

=inflmax{[1-t-al[1-7-BH=B-a)/(B+a)=py,

Tomr = 2/(ct + ).
Perienue 3Toif MUHUMAKCHOM 3a/1aud WIUTIOCTPUPYETCS Ha CleayroeM rpaduke:

St tr (M)

onr

1

B — AL(A)
: P1

Tenepp cnenmaeMm JBe wuTepanuu Metojga Puuapacona (2-IUKIMYECKUH METOJ
Puuapacona), HO ¢ pa3HbIMU ITapaMETPaAMHU:

X2k+l — X2k _ T]_ . (AXZK _ b),

X2k+2 — X2k+1 _ T2 . (AX2k+l _ b)
Bynem BbIOMpaTh mapameTpbl T; U T, W3 YCIOBUS MMHMMH3ALHUUA OLEHKU AT
CIICKTPAIBHOTO pajyca MaTpULbl Sy o[ 1= (E—T,A)(E—1A):
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inf p(Sy,.) =inf[ max |(L—t,-A])- (-t -A])]<
=(11,T7 ’ T AeSp(A)
<inf[max (1—-1y-A[)- Q=15 - ADI=Inf(Sy  (A) llcra,p1=P2-
T o<ALP T
MoXHO J0Ka3aTh (JOKasKMTe!), 4YTO ONTHMAJbHbIE 3HAYEHHS I1apaMETPOB

* % k [V
T =(7,T,) ONPEAENSIOTCS U3 YCIOBUI, TOKA3aHHBIX Ha CIIEAYIONIEM IpaduKe:

¥
1
P2 | 1}92
Y > }“(A)
o] o I =P p

[IpakTU4eCKH OYEBHIHO, 4YTO P, <pPq, T.€. 2-LUMKIMYECKUH MeTox Puuasncona
CXOJIUTCS “‘ObIcTpee” METo/1a MMPOCTON UTEpAITUH.

* %M
TOFI[EI, OYCBUIHO, YTO OIITHUMAJIBHLIC I1apaMCTPhI T I{Ti =T }i =1 M -IIUKIINYIECCKOTO
MCTOda PI/I‘-IapI[COHaZ

ka+l — ka _ Tl . (Axmk _ b),

ka+m _ ka+m—1 — T - (Axmk+m—l —h),

k=01 ..
clieqyeT BBIOMpATh M3 YCIOBUS MHHHMH3ALUK OLEHKH AJISI CHEKTPAJIbHOTO paguyca
MATPHLBL Sy r—fr, ..z, ] = (E = TmA)-.(E—TA)
inf Spmo)=inf[ max |[Q—1-A[)-..-(Q—1 - A))]<
I Pl = max (2 (At )

<inf[ max [(@—1;-4) ... (L= Ty - R [1=00F 1S c () llcge 1= Prn-
as<A<P T

T

a peleHue Tor 3a1a4uu (IPeanoNIOKUTENBHO) U300PAKEHO Ha ClIeyolleM rpaduke
S A
e ()

4

[ /Ruk/{Pm > (A
T o~ W
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rIe HM300paKeH ‘‘UeOBIINIeBCKHN albTepHAHC”: Ha uHTepBaie [o,B] monmuHOM
* * ~ A A

Sm’T* AM)=@0-1-A)-..-(I—71p -A) BTOUKAX O =y <..<[ly <..<[y,=p umeer

M +1 yepesyromuxcst 9KCTpeMyMoB S . (i) = (-D)k Pm-

Torma S_ .(A) uMeer M [ONAPHO pPA3IMMHBIX IOJNOKHTENBHBIX KOPHEH
A A * -1
O<o<fy g <py <fg <P, u 1 =(p)

[TpenmnosokuM, UYTO CYIIECTBYET IOJIHHOM Sm > (), Sm > (0)=1, wumerommii

“qeOBIIIeBCKUIA aTbTepHAHC” HAa UHTEepBae [a,P].
[TokaxxeM, 4TO 3TOT MOJMHOM HAMMEHEE YKJIOHSETCS OT HyJs Ha uHTepBajie [o, [3]

cpenu Bcex MoauMHOMoB S, (A), S, (0) =1.

T .E >0, S (A = inf S (A )
eopema. Ecin o TO || .t M) llepop 5 ) Sm(0)=1” m ) llcpo.p
fowso. Tyers 1S W legagy > inf 1500 legupy

Sm (1), Sy, (0)=1
tora 35, (A): IS, - (M llega,p) > 1 Sm () lcge pr-

3!

p
1 Sm lloge,py -+
0
- ” Sm ”C[(x,B] T
“Pm

T.x. mocrnemoBaTeIbHOCTD {Sm,r* ()L,  3HaKomepeMeHHa W
P =15, + (1> S ().

To mocien-Hoctb {R (1) = Sm’T* (Ok) —Sm () }KLo 3HaKOmEepeMeHHa,
T.e. momuHOM R (A)= Sm'r* (A)—-Sy(A) B KaxmoM UHTepBae

(0<fg_q, i) IMEeT HOIOKUTEIBHBIH KOPECHB.

T.x umMeeM M TakWX HHTEPBaJOB, TO momuHOM R, (A) [a,B] mmeer m
MOTMAPHO PAa3IMYHBIX MOJOKUTCIIBHBIX KOPHEH.

Ho R, (0) :Sm,r* (0) -S;,(0)=1-1=0 — (M +1) -if KopeHb:

y noimuHoma R, (L) cremenm M pasHbIX KOpHEil Oosblie, yem ero
crenens, T1.. R,(A)=0 — mpoTuBopeune  MHPEANOTIOKEHUIO

1S o M) llega,py > 11Sm ) llcpa,py-
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IHocTpoenue noJiMHOMA S, »), S .(0)=1, Haumenee
YKJIOHAKOIIErocs OT HYJIA HA MHTEpBaJie [a, ]

IMounoMm YedbImeBa
Ha unrepsane [0, 1] paccmotpum ¢pyukmmo T, (X) =cos(m - arccos(x)).

OueBuIHO, YTO
o [T llep-1,7=1,
o T,(X)=1, ecmm m-arccos(X)=2Kkn, T.e. X=X, =C0s(2kn/m),

e T.(R)=-1, com m-arccos(R) = (2K + 1), Te. X = py.q = cos(\ Iy
vV k=0, £1, ...,
o 1=K, <Kmg<.<X<Ko=1,  Ty(Xe)=(=D¥,
2k-D=
o T,(X)=0,ecan m-arccos(x) =kn—mn/2, 1.e. X=Xy =COS(———)

2m
—1S)’\(k <Xk <)A(k_1 Sl, k=1, 2, ey, M

Jemma. Oynkius T, (X) =cos(m - arccos(X)) — momuHoM (YeOrImeBa) cTeneHn M.
Hok-Bo. Ty(X) =1, T;(X) =X — MOTMHOMBL.
T.k. cos((k +1)p) + cos((k —1)p) =2cos(o) - cos(ky),
TO TIPH (P = arcCOSX MMeeM
T 1 (X)=2-Ty(X) - T (X) — Ty _1(X) — monmuOM cremenn K+1V K >1.
CaencrBue. T,,(X)=0 V xe[-11].
3ameuanmne. OueBunHO, uyTo monuHOM YeObimeBa T,,(X) uMMeeT Ha HHTepBaie
[-1, 1] ambrepnanc: B (M+1)-it Touke —1=X;, <X <...<X;<Xgp=1
NPUHAMAET Yepenyloluecs dKCTpeMajbHble 3Ha4eHUs |, (Xy)= (—1)k :
paBHBIC 110 MOYJIIO.
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IMosmuom S . )
[TocTponm MoJTMHOM Sm > ), Sm - (0) =1 ¢ gyeObIIIEBCKUM aJIbTEpHAHCOM Ha [at, 3],

o >0. T.x. momuaoM YeOpmmeBa T, (X) umeer Ha unTepBane [—1, 1] anprepHanc, To
MOCTYIUM CIEAYIOIHUM 00pa3oMm:

1. unarepsan [-1, 1] anuHel 2 oTMacIITadMpyeM 10 MHTEpBaia [—B_Ta, B_Ta

IIUHBL 3— o Tpaduk noiauHoMa T, (X) coXMeTcst Mo TOpU3OHTAIH B TPaduK
B—

nonmuHoMma T, (X(Y)), e y = % x ,

p-a B-a p-a
2

2. WHTepBal [—T, > ] cnBuHem Ha —

+ o B uHTEpBan [a, ] : cxkaThii

10 TOPU3OHTaNU rpaduk mosmHoMa 1.,(X) caBuHercss u Oyner rpaduxom
- - +a
B-a_p-o B

nommHOMa  T,(X(A)), r1me A(X)=y+oa+

2 2
x(A) = w, HO, 9TO OYEBUHO, allbTepHAHC y moauHoMa 1,(X(A)) Ha
-
uaTepBaiie A €[a,B] coxpanurcs;
num»\?“@»
1
}\,()"(4):(1
-1
1
3. OTHO e OJIMHO T.xXA): S .(AN)=—T,(X(1)), T.e.
THopmupyeM  miommHOM Ty (X(A)): S+ (M) T (x©) m(X(A), T

S, (0)=1, wu, cHOBa 3aMETHM, YTO Yy TMOJYYECHHOIO IIOJMHOMA €CTh

4eOBIIICBCKUI aJbTePHAHC HAa HHTepBaie A €[a,B].
Crefi0BaTeIbHO, MBI TIOCTPOMIIM HY)KHBIH HAM MOJHMHOM (HaUMEHEE YKJIOHSFOIHIACS
ot 0 Ha unTepBaie A €[0<a,B] u paBusiii 1 npu A =0):

1
S .(AN)=—T.,.(X(1), Aela,
m (M) T (x(©) m(X(1)), A e[o,B]
C KOpHSIMH (3aHYMEPOBAaHHBIMU B MOPSIIKE YObIBAHUS)
uk:x(xk)zﬁgo‘xkﬁ;“, % =cos(ZV% k12 m,
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3ameuanne. Ouesuo, 4t py, =S .« (A) llcja,py =1 Tm (X(0)) ™.
Hopma nosmmnoma S . (1)

Ocrasioch BBIYUCIUTD Py, = ”Sm,r* )l cpopy-

Teopema.
2y™ —
Ecmu o >0, TO pm:“Sm,r*O‘)”C[a,Bl = # <1, toney ﬁﬂ/\/g.
Jlok-Bo.
OueBuHO, pm:”Sm,T*O\')”C[oc,B]:le(X(O))l_:l’ x(O)=—BiZ -1.
Jlnst Beraucnenns T, (X(0)) Bocmonb3yemcest popmyinoit
T (=& “Xz‘l)m;(x‘ > -1)" mpu [ x| >1.
3amMeTuM, 4To
2
x(0 +\/x2 0 —1:_(\/6) +2\/B£_(Ja) \/_ \/_ ,
OO B Vo) (@) Beda !
1 1
x(O)—«/xZ(O)—lz S—
x(0) + yx2(0) -1 ¥
()" + (=" ml+ 2y"
Torna T, (X(0)) = > ) (g ZYV - pm=1+yyZm <1.

Jlok-Bo dopmyst Ty (X) = 0.5[(x + VxZ —1)K + (x — Vx2 —1)%Tmpmt [ x| >1.
HetictBurensHo, To(X)=1u T;(X)=X.
Ocranock MpoBepuTh, 4To Tj,1(X) =2- T (X) - T (X) — T _1(X) nmm

(x +m)k+l (X _m)kﬂ _
— X[+ VX2 —1)K + (X = X —1)KT =[x + VX2 1)KL+ (x = X2 —1)K .
ITyctp y:\fxT—l, TOraa
X+ Y)Y (x—y) T =x [+ Y) - y) Ty [+ )€ - (- y)€] =
=x-[(x+y)* +(x-y) 1+
+y I+ YT = (=) TRy O+ )T (- y) T =
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=x-[(x+y)* + (x—y)]+
1y X XY T (=) T (P =) ()T (x—y) T =
= 2% [(x+ ) + (x =) T {x+ )T+ (x—y) TR+
+(—x2 — XY + YX + x2) . (x+y)k‘l + (—x2 +xy—yx+x2) -(x —y)k‘1 =
=2X-[(X+ V) + (X = V)T —{(x + V) + (x = y)* 3}, uro u p. 10K
@opMyJibl M-IUKJINIECKOro MeToaa Pudyapacona ¢ 4eObleBCKUMU

napamMeTrpamMu

V3 BBIIIEH3IIOKEHHOI'O CIIEIYET, YTO JJIsA PeIIeHus CUcTeMbl AX =D, A=A">0,
Sp(A) c[o,f], >0, nBywieHHble GOpPMYIbl M -IUKIMYECKOTO  METOA

PI/I‘lap,Z[COHa C I{C61>IIII€3BCKI/IMI/I ImapamMecTpaMu UMCIOT BUJI
XK =xK — g1 (AXN D),
k=01, ...,

Ty eeor Tmys Tmad =T oo Tom =Ty s oo (Tm+j :rj),

T Er}‘ =2/[(B+OL)+(B—OL)-COSM], j=12, ..., m,
2m

a MaTpulia mepexoja I ero OMMOKH 3a TOJHBIA ITHKI (z(t“)'m =S -Zt'm)

S - (A)=(E—1,A)-...-(E—1]A) cUMMeTpHYHA, U, CJIEI0BATEIBLHO,

1S, A2 =11, + (A)lla =prm-

YuciaeHHast HEYCTONYUBOCTD ABYYJIEHHBIX ¢popmyJ MeToaa Puuapacona

N3—3a ommbOK OKpyriaeHus peanm3amus (HopMyI xKL=xk — T +1(Axk —-b)
HeycToHYnBa, T.K. HOpMa orepaTtopa mara ||E — 1, 1A, 1 ommOky MoxkeT ObITh
3HAUUTEIHHO OoJbie 1 (B METOJE MPOCTOM UTEpaIluu 5Ta HOpMa MEHbIe 1), B TO
Bpems Kak || (E —1,A) - ...- (E—1,A) || 2 <pm <1. [ToaTOMY, €cii HECKOIBKO ITePBBIX
UTEpaLuil BBINOJIHACTCS C MapaMeTpaMu Ty.q, AT KOTOPHIX HOPMBI OIEPaToOpOB
mara ||E-714A|l, >>1, TO Tmpomecc BbUMCICHUH  TpepBeTCS  HM3-3a
“nepenonHeHus” .

BpIX0/IOM M3 Takoro MOJIOKEHUS SBJISETCS CIECNMaIbHAs HyMeEpalus MapameTpoB
Ti41, IPA KOTOPOM NEPEMEIINBAIOTCS ONEPATOPhl Iara ¢ OONBIIMMHM U MajbIMH

HOpMamu. HO MBI Ha 3TOM OCTOHABIMBATHCA HE OyJE€M. a MOCTPOUM YCTONYHMBBIC
TpexueHHbIe (POpMYJIIbI peanu3anuu Metoaa Pudapacona.
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TpexwieHnblie popMyJibl peajau3anun meroaa Puuyapacona
Wrak, Haumenee ykionsromuiics ot 0 Ha uaTepBane A €[0<a,] u paBubii 1 mpu

A =0 IOJIMHOM MMEET BUL:

L) =GR T ), x)=228FD 1 o), x(@ =2,

a 11t nomHoMoB YeobimeBa T, (X) U KOHCTAaHT t,, UMeeM TpexXwIeHHbIE HOPMYJIbL:
{To(x)=1, Ti(x) =X, {to =1L 1 =-(B+a)/(B-a),
T () =2- Ty (X) - T (X) = T4 (%), (Tyaa =2- 8 T =ty
B nocnenuux ¢popMmynax caenaeM 3aMeHy Ty (X) =1y -Sk - \):
S, .()=1 -5 _.(1)= 2, Bra_ 2
O B-o PB-a P-a
tk—l—l -Sk—i-l,‘t* (7\‘) = 2tltk -Sl,‘t* (7\‘) -Sk,‘t* (7\‘) - tk—l .Sk—l,‘t* (7\‘)

A+,

Wnn, yauteiBast popmyiisl 1 t
2
B+a

SO T (A) =1, Sl,r* (A)=1- A=1-1,0 -2,

ther + b
= Kt~ k-l A=Tonr - M) 'Sk,r* (A) - L Sk—l,t* (A)=
k+1 k+l

t
SRS, (M) -S,  (W)]-Ton - 1+ 3ty S, o+ (A).
k+1 ' k+1
B stnx @opMynax A 3aMEHMM Ha MaTpHIly cucTeMbl AX =D

Syt (A)=E, S . (A)=E -1y -A,

Sk+1,r* ( )

OIIT

Sine (A)=S, (A)+t" L[S, ~(A) =S, | (AT - L+ Bty A S, o+ (A).
T 98] & (VS8

Torna, ecnu =xK_x= Sk - (A)- 7% — k-5 ommbka UTEPaIlMOHHOI'O METO/1a, T.€.
0 0 0 1 0 0 0
y :So,r*(A)'Z =7, Z :S ,,(A)-z =7 =Ty -AZ,

k+1  _k tk—l.[zk_zk—l] Ty (1+ ) A Z

1:k+1 1:k+1
TO IJis1 TPUOTUKEHUN xK cripaBeTUBLI (hopMyJIbl (MPoBepbTE!):
x° — saman, x'=x"- (AXO —-b),

OHT

t _
kol _ gk Tt ok ket

X< = x o (L 52 (AX° <),

k+1 k+1
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t

OOblYHO BBOIAT O00O3HAUCHHE tk—_l =0 O 1, O =t /t, u3  GopMysl
k+1
ty1 =24t —t,_; mOIIy4aroT peKyppeHTHOE COOTHOIIECHUE
1 - 1 1
:_E_—B a’ O‘)k+1: = 1 y k:]., 2,..--
Torna
_ 2
XK = xK 1 ooy, (XK —xK ) - B—(1+ o 01) - (A =b), k=12, ...,
+ o

— JABYXIIArOBbIM (TPEXCIOMHBIN) HTEPAMOHHBIN MTPOLIECC.
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Jlexuus 10.

MCTO}] COIPSI’KCHHBIX I'PAIMUCHTOB
HpeI[Bapl/ITe.]'lBHLIe 3aMcEcHYaHusA

k

[Muknuueckuit meton Puuapacona xK = xk Teal (AXk —b) ¢ ueObimeBCKUMU

* *
napaMeTpaMu Ty, = Ty (AJIMHA LUKJIA paBHA M) A7 perieHus cucteMbl AX =D ¢

) o o *
CUMMETPHYHON W TOJIOKHTEIBHO ompezencHuoi marpuneii: A=A" >0, crmekrp
KoTOpoit Jexur B uHrepBaie [a, B], o >0, xapakrepusyercs tem, uto 3a t-m

urepauuii (t 1MKIOB) 18 OMMOKH ztm =Sm - (A)- Z(t-Dm [Sm E (A)]t va

CHpaBCI[JII/IBO HepaBeHCTBO
t t-1)- t 0 0
12" A <pm 125D ™A <lom] 1122014 ¥ 22,

rae P =11, ) llepop= 21" [L+7"™) <L v = (B —Vo) /(B + Vor).

0
HOII‘-IGpKHGM, 4TO dTa OLCHKa CcHOpaBeMBa OJId BCEX Z , a JUI BBIYUCIICHHA

Tyim = Tk He06X0muMbI omeHKH 0 < ot < A (A) B Aoy (A) <B.

* %
Ho, ecmu mapamerpsl  T(t_1).m41s -+ T(t-1)-m+m 3aMCHHTb Ha IapaMeTphI

(1) (1) 5(t=1)-m ( 50

T(t=1)-m+1 = T(t=1)-m+m > 3ABUCAIIHE OT OIINOKHU = 7" ), IPU KOTOPBIX

JOCTHIA€TC MUHMMYM HOPMEI OIIUOKH ptm Sm () (A)- 5(t=1)-m.
at- A(t=1)- . a(t=1)-
12 A= 11S, o (A) - 25D [ a=minl| S o (A) 2D || o,

TO O4YCBUHO, UTO
. A (t=1)- A(t=1)- A(t=1)-
minl| S, (A)- 2V IAZIIS,, (A 20T 212007 |,

T.€. UIMEEM OLIEHKY CXOJMMOCTHM HOBOTO HMTEpPALMOHHOIO METOJa BapUAlMOHHOIO
Tuma (ero napameTpbl BEIOUPAIOTCS U3 YCIOBUS MUHUMH3AUMU (YHKIIHOHANA):

12"™ A <pm- 125D ™ A <[Pm]12° N1 A,
COBHaI[a}OHly}O C OHeHKOﬁ CXOOAUMOCTH m-LII/IKJII/I‘{eCKOFO METO1a PI/ILIap,Z[COHa C
4eOBIIIEBCKUMH MTapaMeTPaMHU.
s ompeneneHuss mapaMeTpOB Tky1 M-TUKIMYECKOTO METOMA Puuapacona

xK = xk Tkl (AXk —b) s pemenus cucremnr AX=Db  HeoOGX0aMMO

MpPEeIBApPUTEIILHOE BBIYUCICHUE (TOYHOE WJIM NPUOIMKEHHOE) TpaHUl] CIEKTpa
MaTpuipl A, 4ero He TpeOyeTcsl B MeTOAaX HauCKOPEHIIEro CIycka 1 MUHUMAaJIbHBIX
HEBS30K.
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MunumMusanus pyHKIMOHAIA
Htak, o BeKTOpy 2™ pam HYHO MOCTPOUTH BEKTOP Z2(O-m :Sm,r(t) (A)- z(t=D)-m
TaKoM, 4TO
” Zt.m ”A:min” Sm,r(A) . Z(t—l).m ”A
T

Pemmm sty 3amauy npu t =1 (T.k. mpu apyrux t pernieHue 3agauu OyAeT TaKHUM K€ C
TOYHOCTBIO /10 0003HAUYCHUH).
T.x.

2" =(E-1,A)...(E-1,A)Z° =2° —q;(0)AZ° —... —q,,, (1) A™20 =
=2’ — 0y (191~ — U (VY € Ly,
rie L, =L{AZ°, ..., A"z2%}=1{g;,....0,,}, a {9y, ..., 9y} — HekoTopas cucTeMa
BEKTOPOB (HaIpHMep, “OpTOroHainbHbIN” 6a3uc B L), T0
127 L =min || (E=tmA)...(E~1A)Z” | a=min[| 2’ 0491 ~...~ oG m | a-
[TapameTpsl 0y, ..., O, YIOBIETBOPSAIOT CUCTEME YPABHEHHM
1o(Az",2")  az"

—(AZ— 2™ =(Ag:, 20— e =0, i=1 .. m,
5 aai ( 5OLi ) (gl o401 0‘mgm)

WIH
- . 0
(AG1.0)  (AdLGy) - (AGLOm)| oy [ (AZ7.91)
(A92,01) (A92,92) - (AQ2,9m) || o2 | _ (Az°,g,)
_(Agm’gl) (Adm.92) - (Agm’gm)_ Am (Azo,gm)
Martpuna sToM cuctemMbl — Martpuna l'paMma B CKaJISIPHOM NPOU3BEICHHUU

(X,Y)a =(AX,y) 6Gasuca {g;}~; B L., ee omnpeneiuTeas He paBeH HYJIIO,
CJICIOBATENILHO PEIICHUE O CYIIECCTBYET U TUHCTBEHHO.

Eciu 6asuc {g; iy saBnsercs A—opTOroHaabHbIM, T.¢. (AJ;,J j)=0, 1#],10
Oy = (Azo,gk) = (ro,gk) 2" =2° — 0401 — 0297 —-.. = AT,
(AQk.9k)  (Adk.9k) XM =x% —ayg; —apGy — .= OG-

BaikHoe 3amMeuanne. B ciyuae A—opToronanbHoro 6asuca {gi}ik:l B L, k=1 m,

BEKTOD 2K =70— 00 —...— 0 Oy ABIAECTCS PELICHUEM 3a1a4U
k ; 0 ; 0
127 lla =min||(E =1 A)..(E-1uA)Z" [ a=min||Sy (A)Z" || o
T T

T.€., B OTJINYME OT MeTojna PuuapacoHa, MUHUMU3ALMS HOPMbI OLIMOKHU
OCYILIECTBIISIETCSA HA KAXXJJOM BHYTPEHHEM IlIare 1UKIIa, U, CJICA0BAaTEIIbHO,

k 0
120 a <py-llZ°la ¥ K=1,.m,
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IlocTpoenue A—OpTOroHaJbLHOrO 0a3uca
A —OpTOTOHAIM3YEM CUCTEMY BEKTOPOB {AZO, ey AmZO}.

0
r,
(.0)  1_,0 o0y,
(Ag1,91)

BrrancinM Bektop I = Azl =AZ0 - oyAg = Az° - oclAZZO €L,. Jlerko npoBepHuTs,

3amagum Q; = Az’ =10 ¢ L,, Torna a4 =

9TO (rl, g;) =0, Te. L L; oTHOCUTENHEHO OOBIYHOTO CKAJISIPHOTO POU3BEACHUS.
Jlayiee npUMeHsIeM METOJT MATHH TYKITHH.

[IpeanonoxkuM, 4YTO Mbl TOCTPOMIN A -OPTOrOHAJbHBIA  0asuc {gi}ik:1 B
Ly = L{AZO, " Akzo} TaKOM, 4TO
1. {gi}ij:1 — A-opTOroHanbHbIA 6asuc B L; = L{AZO, Ajzo}, j:ﬁ,

50 1))
2. 2V=7"-0y-0;-..— -0, ai:m’
3. rj:AZjeLj+1H er_Lj,T.e. (rj,gi):O Vizl,_j.
OmnpenenuMm gy 4 = rK —Y191 —..— Y9k € L1 U3 ycnoBui
(Adks1,00) = (AT, 6i) =71 - (Ady, G) — = 7ic - (Agy, 87) =0,
=1 ..,k

o Takkak (Agj,0;)=0, i#], 107 =(Ark:gi)/(Agi’gi)’
e Tax Kax r< 1L, u Agjel, Ly mpu i+1<k, 10 (Ark,gi):(rk,Agi)zo u
'YI :O, |:1, k_l.

Torma
L Qi1 = =10k, 7k = (A, 010 1(Ag.9)) , 1
{gi}ﬁll — A-opToroHanbsHbIi 6a3uc B L = L{AZO, e Ak+1zo},

0

kel 0 K (', gk )

2. 277 =2 =001~ O 1 Ok =2 —Okq1 - Okets Oki1 = A ’
( gk+1’gk+1)

3. MM =AZM =10 — oy Ag — .~y AGg L Lyyp, T Terko

TIPOBEPSIFOTCS PABEHCTBA (l‘k+1, 0;)=0,i=1 k+1;

rk+l ¢ L\ 1, ¥, OYEBHIHO, YTO

K= A e L0, {A%Z0, L AR 2O =1 L.
Takum 00pasomM TMOCTpoeH ouepeHOl OasuCHBIM BEKTOp (i,; H BCE

MPEANOJIOKEHNUS] METOJa MATHHIYKIMHM JJIi HETO BBIMOJHSIOTCS, W3 KOTOPBIX
CJIeyeT, UTO

_ (r°, gx1) :(r1+0€1A91’9k+1): (™, 9ks1) _ = (. 9xs) _
(Agk+1’gk+1) (Agk+1’gk+1) (Agk+1’gk+1) (Agk+1’gk+1)

Okl
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MeToa conpsizkeHHbIX TPaIHEHTOB

*
Urak, mns pemenns X cucrembl AX=b (A=A >0) 3amaHo HayambHOE
NpUOIMKEHUE XO U IIyCTb ZO :XO —X — BEKTOp HaJyaJllbHOM OIIMOKH,

0 0 0 . o
r- =Az" = AX" —b — BekTOp (M3BECTHBII) HAYAILHON HEBS3KH.
BrlinuieM, nmocTpoeHHble B MpeAblayleM pasnaeine, Gopmyisl A—OpTOroHaJIbLHOTO

6asuca {gi}'; B Lm:L{AZO,...,AmZO} U 100aBMM K HHUM BBIPKCHHE IS

0

OYEpPEAHOTO NPUOIKEHUS xK=x0 - 00 — ... — OOy = xK1 - o O

1 mrar;

g, =r° =Ax? - b,

oy = (r°,01) /(Agy, 0y),
xt=x%—ay -9y,
rt=r%—q,-Ag, = Ax —b;
2 rmar: ecrmu It # 0 , TO

0o = rt —Y191, V1= (Arlrgl)/(Agligl)
o = (r,9,) /(A,,9,),

(k +1) -it war: eciu K0, 10
Oker =M~V Yk = (A%, 9,) [(Agy, i)

Ogi1 = (rk ) gk+1) /(Agk+1' gk+1)1

k+1 k
X =X =041 Ok

k+1 k _ k+1
= =r" —ay,q -Adiy =AXT T —h.

(52 *
DTOT UTEepalnoOHHbI npouecc pemenns cucrembl AX=b (A =A" > 0) nasbiBaercs
METOJIOM COIPSKEHHBIX rpaaneHTos, ecmm K=0, 1, ....

Teopema.
Ecom A=A">0, TO MeToj CONPSKEHHBIX TIPAJUEHTOB MPOJOIKACTCS 0
NOJYYCHHS PelIeHus CucTeMbl AX =D 3a M < n wurepanuii (moka rK = O)u
k
k < 2y 0 _ \/kmax _\/xmin
12" lla < sl A v= :
1+y \/xmax +\/I7‘min

Jloka3aTh TeopemMy B KauecTBe yIPaKHEHUsI.
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Tpexcioiinbie (popMyJibI METOAA CONMPSHKEHHBIX IPATUEHTOB
HamomMuuM aByxcrnoitHbie (QOpMyNbI METOMa CONPSDKCHHBIX TPATUCHTOB IS

pemenus X cuctembl AXx=b (A =A">0), A-oproronansHocTs BekTopoB {J;},

OPTOTOHATLHOCTH HEBSI30K K e L, 1 mommpoctpancTBy L :

x=x"—oy -9y, =17,
o = (ro,gl) (Ag1,91); (Ag;,0;) =0, i =],
k:ZLk K (rk’gi):O,iﬁk,
X0 7 =X" =041 Ok+1r k1 =T —YkGk» K i -
Vi = (A, 9,) I(Agy. 1), (Fr)=0 1<k
oter = (M, Oki1) 1A, Oen)

Tak kak gy = —(Xk — Xk_l) [ o, TO 9TH HOPMYITBI MOYKHO IIEPETHCATh B BUJE:
xE=x0 =0y 1% oy = (0, %) /(AP r0);
k>0:

XK = XK oy g (M 4y (KK =Xy Ty ) =

k k k-1 k
=X _gak+1/ak'Yk2'(X —X )—Otk+1-|'.

Pr+1
[Tapamerpsl Oy,1 ¥ [y,; MOXHO ONpENEIATH M3 YCIOBHH OPTOrOHAIBHOCTH

k+1 k-1 k.
HEBIA3KU [ HEBs3KaM [ nrlr .

(rk+l’ rk—l) = (rk’ rk—l) _ Bk+]_ . (rk _ rk—l’ r.k—l) _ ak+]_ . (Ark, rk—l) — O,

k+1 [k k .k k k-1 .k k .k
(r+’r )E(r at ) _Bk+l'(r —r at ) _ak+l'(Ar T ) =0,
WM U3 YCIOBUSA (IOKaKUTe!) MUHUMU3AIUU A -HOPMBI OIITHOKH:
k+1 (2 : k k k-1 k k k k-1 k
127 [[a=min (A[lz" -B- (2" -2 ) —a- r"L[2° =B~ (2" =2" ) —a-r"]),

a,p
YTO CBOJUTCS (IOKaKMTe!) K PEIICHUIO APYTOi CUCTEMBI:

k k-1 k k-1 k k-1 .k k k k-1
Bk+l'(r —I , X0 —X )"'Ock+1'(r —r .t )=(I’ y X —X ),

K _ k-1 Kk Kk k
By (r" —r"7,r17%) + oy (A7) =(r",r).
TOFJIa TpCXCHOfIHBIe q)OpMy.HBI MCTO/Jia COIIPSKCHHBIX I'PAAUCHTOB UMCIOT B
xt=x2—ay 1%, oy = (0, r0) (A, %),

Xk+l :Xk _Bk+1'(xk _Xk_l)_akﬂ'rk! k>0,

rae mapaMeTpel O,y H [y,q SBISIOTCS pEIICHHEM OJHOH W3  BBILIE

k-1 k
c(hOpMYyJIMPOBAHHBIX CUCTEM, 3aBUCSIINE TOJIBKO OT X uXx .
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Jleknus 10 (mpomosxenne).

IlepeoOycioBauBaTeib
Ecmu cucremy ypaBHenmii AX=D mnpeoOpazoBaTh K CHCTEeME ypaBHEHHU

-1 -1 -1 .
B"Ax=B b, Tto oOycrnoBieHHOCT, MaTpuilbl B A HOBOH CHCTEMBI MOXET
OKa3aThCsl 3HAYUTEIBLHO MEHbIIIE 00YCIOBICHHOCTH MAaTPULIbI A HCXOIHON CHCTEMBI
¥ TOTJIa BIIMSTHUE OIMOOK OKPYTJICHHSI Ha PEIICHUE CUCTEMBI YMEHBIITUTCSI.

Marpumia B mHaswsiBaeTcst mepeoOyciaoBauBareaeM s MaTpuilbl A (1711 CHCTEMBI
ypaBHeHHT AX =D).

[TonoxutenspHO OIIPCACIICHHBIC MaTPHIIbI A u B Ha3pIBaIOTCS DKBUBAJIEHTHBIMH I10

CIICKTPY € NIOCTOSIHHBIMH Y1 > Yo >0 , CCJIN

Yo (BV,V) < (Av,V)<y;(Bv,v) VveR",

TeopeMa. Ecan MaTpPHIbI AuB CaMOCOIIPAKCHBI U ITOJIOKUTCIIBHO OIIPCACIICHEL,

-1
TO BCe COOCTBCHHbIC 3HaueHWs MaTpuibl B A  BelmecTBeHHSI,
TIOJIOXKHUTEIBHBI U IPHHA/UISKAT HHTEpBATY [Yo, V1]

Jlok-Bo. Tax kak B =B" >0, 1o cymecrByer Bl/2 = (Bllz)* >0.

Martpuiipl BlA u BY 2(B_lA) B2 nomo6umi, u, cremosatensio,
MMEIOT OJIMHAKOBBIE COOCTBEHHBIE 3HAYECHHUSI.

Marpwuia Bllz(B_lA) B2 - 2aBY? CaMOCOTIpsDKEHa |
TOJIOKUTEIIBHO OMpeJIesieHa, CIE0BATENbHO, €€ COOCTBEHHbIE 3HAYCHUS

X(B_lA) BEIICCTBCHHBI U IMOJIOXKHUTEIbHBI, @ COOCTBEHHBIC BEKTOPHI W
BCIIICCTBCHHBI: [B_ll 2pBY 2]W = k(B_lA)W.

OueBumHO, 9TO V = BY2w — cobereennsiii BEKTOP MAaTPHIIBI BA:
B1Av=A(B1A)v, n A(B*A) = (Av,v)/(BV,V).
Tax kak vo(BV,V) < (Av,v)<y;(Bv,v) VveR", 10y <ABA)<y,.
MeToa MpoCTOoii MTEpaIUu ¢ MepPeodyCcaI0BINBATEIEM
Teopema. Ecru A=A" >0 & B=B" >0, To MeTox npocToii ureparmu
x° — saman,
xKt=xk _z.BY(AxK -b), k=0,1, ...,
cxomurcs mpu  Jodbom  t€(0, 2/vy), a gus ero ommOKku ZK+H = S,:Zk :

S,=E-1 B~lA , CIIpaBEIJIMBbI OIIEHKHU
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k+1 k k
1 lla <1Sclla N2 lla <pe-llZ° A,
k+1 k k
12l <lIS:llg 12" lls <p--l1Z°llg, pe=max{|1-7-yol [1-7 v, [}<1,
TIPU ONTHMAJIBHOM MapameTpe T = Ty, = 2/(y; +7Y() uMeeM P, = NV
Y1170

-1
Jlok-Bo. MBI 3HaeMm, 4TO, €CIM BCE COOCTBEHHbIC 3HAaueHHs Matpuilel B ~A
BCIECTBEHHBI W TIOJIOKUTEIBHBI, TO YCIOBHEM CXOJMMOCTH METO/Aa MPOCTOM
uTepanuu sBisierca BbIOOp mapamerpa 1t u3 wuHTepama (0, 2/p(S;)), a

CHEKTPaTbHBIN paguyc p(S,) OIICHUBAETCS CBEpXY BEITUIHHON

p.=max{|1-t-yg|. |[1-T-v¢[}, TOE Y9 M 7y; OLEHKH CIEKTpa MaTpPHUIBI BA.
CrenoBaTenbHO,  METOJ ~ NPOCTONM  HWTEpAllMd  CXOJUTCA  HpU  JFOOOM
t1€(0, 2/p.) = (0, 2/p(S,)) u p, MUHUMATBHO, el T =Ty = 2/(Y] +70)-

Jlisi [0KasaTenbeTBA OLEHOK i ommOkum z<+ =STZk JOCTAaTOYHO YCTaHOBMTH

paBeHCTBO 3Hepreruueckux A- u B-HopMm Mmarpuisl nepexoma S, =E -1 BA ece
CIEKTPATBLHOMY PAIUYCY:
(A(E-1BA)z,(E-tB'A)z)
(Az,2) -
- ((E- rAllZB_lAllz)V, (E - rAl/ZB_lAllz)V) _
v=Al27.0 (V, V)

—||E—AY2BIAY2 |12 = p2(E - 1Al 2B 1AY2) = p2 (A2 A2) = p2(s),

2 .
IS, lla=inf
z#0

TaK Kak marpuua E— 1A2B-1al/2 CUMMETPHYHA.

AHajornyHo,
_p-l _p-l
IS. ||§:inf (B(E-1BA)z,(E-tBA)2) _
20 (Bz,2)
v=Bl/22:0 (v,v)

—|E—BY2AB Y2 ||2 = p2(E- B Y2ABY2) = p2(BY?S BY/2) = p2(S,),

TakK Kak marpuiia E — B Y2aB7Y? CUMMETpPHUYHA.

Teopema. Ecru A=A">0 & B>0.5tA (t>0), To METOJ IIPOCTOH UTEpaLHH
x0 — 3aj1aH,

xKt=xk_r.BY(AxK-b), k=0,1, ...,

CXOOUTCA.
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JloK—B0. DHepreTuyeckass HopMa OIIUOKH zZk+1 =STZk METO/a MPOCTON UTEPALMU

ctporo yosiBaer, eciau T-([B—0.5tA]w,w) V w #0:
12 A = (A% 24 = (AZK, ) - 21(ABIAZY , ) + P (ABAZK B TAZM) =
— R e e

wk wk wk

= (AZK,2) - 2¢([B- 0.5t AWK, wK) <[ 2¥ |14
H, T.K. OIICpaTop Sr HCIIPCPBIBCH, TO I/ITepaHI/IOHHHﬁ mponecc CXOauTCs.

MeToa HaucKOpeHIero CIycKa ¢ nepeodycjioBjiIuBaTe/iemM
Ha kaxnaom mare mMeroga mpocTOW HTEpalvu napaMeTp T MO)KHO BBIOMpATh U3

YCIIOBUS MUHUMU3ALIUN BHCpFCTI/IquKOI/I HOPMBI OIINOKHU Z S Z

Teopema. Eciu A=A">0 & B >0, To uTepalnyoHHbIif METOJ

-

x0 — 3aaH,
(B—l k rk)

Ixkrt =k Tl B~L(Ax* —b), Tiil =

k=0,1, ..,

CXOIUTCSL.

Ecnmn, kpome Bcero mpouero, B=B" u u3BecTHH rpaHHUIBI Yo M V1
CTIEKTPa MaTPHIIBI B_lA, TO

k+1 k _N17%
[ 1127 Mla < (ps

onrt yl + ’YO
Jok—B0. O4eBUTHO, YTO MUHUMYM 3HEPreTUYECKON HOPMBI OITMOKHU

| 2% |2 =inf[(AZ¥,z%) - 21-(ABTIAZ*, 2¥) + 2 (AB*AZK, BIAZK)] =
T

)k+l

0
la <P 1127 |ar Pe

onr onr

( 1 k k) — (B—l k rk)
npu T =
(AB—lrk,B—lr") LT ARk Bk
¥ HOpMa OIMMOKH CTPOTO yOBIBAET, TaK KaK (B_lrk, rk) = ([B_lrk], B[B_lrk]) >0.

Taxk kak oreparop STKHZk =zK_ T +1(Zk) .B1AZX HENPEPBIBEH BCIOAY (KpoMe OBbITh

= (Azk,zk) —

MoxeT 0, TO uTepallMOHHbBIN MPOIECC CXOIUTCS.

*
Onenka Hopmbl omOku ipu B=B" >0 ycranaBiamBaercs BHeMeHTapHO'

k+1 . k k k
12 o =inf 1S.2¥a<lIS, Z¥a<lS;, lla-IZ5Ia< Py -l128la,
T

onr

YTO U TPeOOBAIOCH JOKA3aTh.
3ameuanue. OueBuaHo, uro npu B=E wmbl mnomyunm ¢dopmynasl meroma
HaWCKOPEUILIETO CITYCKa.
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Metoa conpsizkeHHbIX I'PAIMEHTOB C MepeodycI0BIMBaTE/IEM
HanmoMHHMM, 9TO METOJ CONPSOKCHHBIX TPAJMCHTOB I PEIICHHs CHCTeMbl AX =D,

% )
A=A" >0, Obu1 IOCTPOEH W3 YCIOBHS MHHHMHU3AIMUA DHEPTETUYECKOH HOPMBI
omnOku 32 M maroB. [Ipogenaem aHaJOrHYHYIO MPOLIEYPY [l PEHICHUSI CUCTEMBbI

B2Ax=Bh ¢ A=A">0, B=B" >0, T.¢. pemunm 3a1ady HOCTPOCHHUS OLIUOKH
z™ Takoii, 4To

: -1 -1 0 ; 0
12" | A =minf|(E-1;mB7A)...(E-1B A)Z7 || a=min |27 —aygy —. =G m [l o,

rne L, = L{B_lAZO, s (B_lA)mZO}E L{9;, .... 9}, a cucremy BekTopoB {J;}Hr4

IPEJICTOUT MOCTPOUTH.

Kak u panee, mapameTpsI o, ..., O, YAOBIETBOPSAIOT CUCTEME YpaBHEHUH
10(Az™,z™) oz™ 0 .
= = (A—,2")=(Ag;, 2" 0401 —.—pG ) =0, i=1 ..., m,

2 é‘oci 8ai

WIH
- . 0
(AG1.01)  (AdLYy) - (AGLOm)| ey [ (AZ7.91)
(A92,01) (A92,92) - (AQ2,9m) || o2 | _ (Az°,9,)
_(Agm’gl) (A9m.92) - (Agm’gm)_ Am (Azo,gm)
Martpuna sToM cuctemMbl — Martpuna I'paMma B CKaISIPHOM NPOWU3BEICHHUU

(X,Y)a =(AX,y) OGasuca {g;}~; B L., ee omnpenenuTteas He paBeH HYJIIO,
CJICIOBATENILHO PEIICHUE O CYIIECCTBYET U IUHCTBEHHO.

Eciu 6asuc {g; iy sBnseTcs A—opTOroHaabHbIM, T.€. (AJ;,J j)=0, 1#],10

(A0 _ (0w) z — 0401 — 090 == oG

k — - ’
(Adk.9k)  (Adk.9k) XM = x% — 0,0y — 0pGp — .. — 0Oy

m:ZO

ITocTpoenue A—opTOroHaJLHOIO 0a3uca
A —0OpTOTOHAIN3YEM CHCTEMY BEKTOPOB {B_lAZO, .., (B7A)™M ZO}.
0
- — r,
3agagum ¢, =B A2’ =B ¢ L,, Torma oy = &, 2t =7° — 0405
(A91,91)
B 1_ a1 0 _ 0 150
BIYMCIIUM BeKTOp " =AZ = AZ" — a,AQ; =Az” —o4A(B AZY).
JIerko MpoOBEpPHUTH, YTO Bt =B1az0 - ocl(B_lA)ZZ0 el, u (rg,)=0, Te.
L L, oTHOCHTENBHO OOBIYHOIO CKAJSIPHOTO IPOM3BEICHHUS.
Jlanee npuMeHseM METOJl MAaTHHTyKIIUH.

[TpenmosioxkuM, dYTO MBI TOCTPOWIU A -OpPTOTOHAJIBHBIA  0a3uC {gi}rzl B
L, =L{(B*A)Z°, ..., BA)*2% Taxoii, uro
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1. {gi}ij:1 — A-opToroHanbHsii 6asuc B L = L{(B_lA)ZO, . (B_lA)jZO}, J <Kk,

. ro’ .
2. 7 :ZO—ocl-gl—...—ocj-gj, o =ﬁ,
3. d=Az: B el ynrd L, re (,9)=0Vi=1].
Omnpenennm gy q = B1rK — Y191 — - — Y9k € L1 U3 ycioBuii
(AGk:1.01) = (ABTT.0)) =71 - (AGL.0;) — .~ Vi - (AGK.9) =0,
i=1..,k
e Takkax (Agj0;) =0, i=]j, 10 v; =(AB™1°,0;)/(Ag;.0;),
e tak Kak < L L, u B?Ag, el L, mpu i+1<k,T0
(ABK gy =(r*,B?Ag;) =0 n y; =0, i=1 k-1,

-1
(3mech moTpeboBaIach CHMMETPHYHOCTh MATpHIlbl B ™).
Torma

1. Oke1 =B =10, v =B, Agy) /(Agy, 0k ) . 1
{gi}ik;il — A-opToroHanbHbIN Gasuc B Ly = L{(B1A)Z°, ..., (B~tA)k*1Z0y,

0
kel _ 0 k (. 9x.1)
2.7 =Z =010 =01 9ks1 =2 —Oki1 Gka1r Oke1 = A - !
(Ay+1,9k+1)
3 rk+l — azk+ _ (0 — 0y -Agy —... — Oy iq - AQy4q L Lyiq, T.K. mETKO

TIPOBEPSIOTCS PABEHCTBA (rk+1, 0;)=0,i=1 k+1;
Y, OYEBUJTHO, YTO
Bk =BlAZ e L BN, L{(B!A)?Z0, ..., BIA 2% =Ly,
Takum o00pa3oM MOCTpoeH ouepeqHOil Oa3suCHbIM BEeKTOp (.1 U BCE

MPETNONOKEHUST METOJa MATHUHAYKIMHU IS HETro BBIMOJHSIOTCA, U3 KOTOPBIX
CJIEAYET, YTO

_ (Cgn) (M ouAG ) | (M) _ (™, gx1) |
(Agk+1’gk+1) (Agk+1’gk+1) (Agk+1’gk+1) (Agk+1’gk+1)

Okt

q)OpMyJI])I METOaa COHpSDKeHHLIX l“paI[l/IeHTOB C Hepe()ﬁyc.]]OBﬂHBaTeﬂeM
g,=Br’=B"1(AX"° -D,)
X'=xX" -0 Gy, og=(",G)/(AGy,Ty)
Ok.1 =BT =70y, 7 =BT, A/ (Ady. Gy)

Sk+1 _ gk " K & G, .. G
X=X =1 Okt g1 = (7, Gkia) / (Adk i1, Gkin)
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Jleknus 11. IIpo6Jiema coOCTBEHHBIX 3HAYEHUI

s matpuner A ={a; J},n j=1 HYKHO HA#TH 4KMC/a A U HEHYJCBBIC BEKTOPBI X TaKue,

910 AX =AX: A — COOCTBEHHOE 3HaYCHHE, X — COOCTBEHHBIN BEKTOP.

H3BecTHO,

KoppekTHocTh 3a1a41 HA COOCTBEHHbIE 3HAYEHUSA

YTO BCE COOCTBEHHBIC 3HAYCHUS MaTpHUIbI A SBISIOTCS KOPpHAMHU

XApPaKTCPUCTHUICCKOTI'O ITIOJIMHOMA

P. (V) =det(A—AE)=(-D)"A" + pp_ A"+ + piA+ Py,

a K03 UIHEHTHI Py, ..., P,,_1 — HEIPEPBIBHBIE (DYHKIUH JIEMEHTOB MaTpUIlbl A .

Ilycte 6A — wMmatpuma ¢ “ManbiMp” 1O BenuuuHe »ieMeHtamu, Ps,(A) —

XapaKTePUCTHUYCCKUI monmuHOM Matpullbl A+ OA. CreAcTBUEM HENPEPHIBHOCTH
det (A + 0A) kak (QyHKIIUHU 3JIEMEHTOB MaTpuIlsl A + OA ABJSICTCS

JlemMma 1.

JlemMma 2.

Jlox—Bo.

Jlemma 3.

Joxk—Bo

lim P, . (\)=P.(A) VA1eC.
SA—0

B mr000M Kpyre Ha KOMIUIEKCHOW INIOCKOCTH C LIEHTPOM B TOYKE A, U

n
pagnyca | P, (A.)| mexur xots 661 otuH KOpeHs momuHOMa P, (A).

Pasznoxum P, (1) B pan Teitnopa B Touke A :
_ Pa (he) P ()

Pn(x)—PnObc)ﬂLT T

Z=A—A..

[lycts Z4, ..., Z, — kKopHU mommHOMa Q(Z), cpeau KOTOPBIX KOpEHb C

(A=Ag)+...+ A-2)"=Q(2), rme

MHUHUMAaJIBHON a0COIFOTHOM BEJIMYUHONW UMEET HoMep Min .
Tax kak [P (M) =1Q0)| =21 . 20 |21 Zmin I" =1 Amin —rel">  TO

n
Amin (KOpeHs mommHoma P (1)) nesxut B kpyre paguyca +f| P, (A.)].

Ecm A4, ..., A, — xopHH mommHoMa P,(L), To 3 Hymepamus KopHeH
A1y s hg,p TOMAHOMA Py (A): A5 > A VK npu 6A—0.

METOZOM MATUHAYKIIUH I10 CTETICHH MOJUHOMA.
n :1 m— A‘S,l - p&o —> po :>\41.
[TycTts nemma BepHa mpu N < K.

n
N=K:usnemmbr 2 = Fhg,: |Agq — 2| < /| Ps,n(M1)[—0.
Tk Ph(A) = =2)Rn_1(A), Psn(A)=(A —A51)Rsn2(M)
nu Ra,n—l(}‘) —> Rn_l(k), TO }\‘8,2 —)7\d2, . 7\'6,n —)7\.n .
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CreneHHOM MeTO BHIYUCICHU MAKCHUMAJIBLHOI0 COOCTBEHHOI 0
3HAYEHHS MATPUIBLI A=A" >0

Wziess MeTozia: U1 3ajianHoro Bekropa X° pacemotpum ero k—io urepamio AXx,
ecmn 0<A <Ay <...<Ay_1 <A, =p(A) — cOOCTBEHHBIE 3HAUEHU,

q(l), q(2)’ veny q(n) — COOTBCTCTBYIOIINMC UM COOCTBECHHEIC BCKTOPLI, TO

A An_ _
AX® = p [ayg™ + (ﬁ)kalq@ Fet (02 Yot 40" P2 pfo g™,

-0
” Ak+1X0 ” N 1
koo ~ 7 ky,0
AT IA™CI
TIE O4, Oy, ..., O, — KOI(GULMEHTHI (HEU3BECTHBIE!)

A0 & 6. g™,

paznoxkenns sekropa X° 1o Gasucy qP, g, ..., g,

HUrepaunoHHbIi npouece
k
X
x% 20, xK1= — k=01 ..,
X ]

Ha3bIBA€TCH CTCIICHHBIM METOAOM BBIYUMCJICHHUA MaAKCHUMAJIBHOI'O COOCTBEHHOI0

3HAYeHuss MaTpuIbl A=A">0:
||xk | = p(A), xK - x: AX=p-X,
€CJIM TPOEKIMs HAaYaJIbHOIO BEKTOpa x° Ha JMHEHHYI0 000J0YKYy COOCTBEHHBIX

BEKTOPOB, cooTBeTCTBYOMUX P(A), He paBHa 0.

Hok—Bo. [lycte 0<A; <...<A, < A, 4 =...=A,, =p — COOCTBEHHbIE 3HAUECHUS,
q(l), ...,q(r), q(Hl), - q(n) — COOCTBEHHBIE BEKTOPBI MATPUILI A, 1
x° =oyq®W + .+ 0,9 + 0 q" Y 40 g™ =

—oyq® +..+0,0" +y, y=0.

Torma A*X® = p¥[x + (g /p)0uq® + ...+ (A /)0, g1 m,

k-1 2., k-2 k0
T.. XK = A)i—l = A Xk_2 :..z%, OSﬁS...Sﬁ<1,
I X" (AT | A X | p p
oo Iy +0ulp) g™ +..+ (0 /p) e, g |
To [|X"[=p PR k1 g P
ly+®/p)" ~oud™ +..+ (A /p)" o, gt ||
gk —p Y0P A ot O Ip) 0 Ly
Iy + (g /p) Foug® + .+ (00 1) g | Iyl

3ameuanne. CXOAUMOCTh CTEMEHHOTO METOJAa HE 3aBUCUT OT BHIOOpa B HEM

BEKTOPHOM HOPMBI, T.K. Bce HOpMBI B R" JKBHBaneHTHEL
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CreneHHOM MEeTO BHIYUCICHU MUHUMAJIBLHOTO COOCTBEHHOI0
3HAYEHHS MATPUIBLI A=A" >0

3agava BBIYUCICHUS MUHHUMAJIbHOTO COOCTBEHHOTO 3HAYCHUSI MATpUllbl A =A">0
JIETKO CBOJMTCS K 3a/Ja4€ BBIYMCIICHUS MAaKCUMaJbHOTO COOCTBEHHOI'O 3HAYCHUS
matpunpl 3-E—-A>0, rne B=p(A), Tak kak p(B-E—A) =P — A, (A).

Ouenky mis p(A) nerko Haitu: B=|A|l,, >p(A). Toraa

UTEepPaALMOHHBIN NpoLece

Xk

k ]
X ]
Ha3bIBACTCA CTCIICHHBIM METOAOM BbIYHMCJICHHA MHHHMAJBHOI'O COOCTBEHHOI'0

k=01 ..,

x® 20, x*1=(|Al|,E-A)

sHavenuss matpusl A=A">0: (A, —|| xX 1) = Amin (A)

CCIIM TIPOEKIMS HAYAILHOTO BekTopa X° Ha JIMHEHHYIO 0GONOYKY COOGCTBEHHBIX
BEKTOPOB, COOTBETCTBYIOLIHUX A, (A), He paBHa 0.

CHpaBeI[JII/IBOCTB 9TOTI'O YIBCPIKACHUA  ABJICTCA CIICACTBUCM CXO0JUMOCTH
CTCIICHHOI'O MCTOda BBIYMCIICHHU A CIICKTPAJIBHOI'O paanyca MaTpPHIbI
B=[All, E-A.

HpI/IMEHeHI/Ie OPTOroHaA/JIM3allMM U CTCIICHHOI'0O ME€TOAAa AJIA
BBIYUC/ICHUSA OYC€PECAHOI0 COOCTBEHHOI0 3HAYEHHUS
[IpennonoxumM, 9T0 coOCTBEHHOE 3Ha4YeHHE A, =pP(A) M COOTBETCTBYIOUIUH €My
COOCTBEHHBI BEKTOp (KakohW—ToO!) q(n) Matpuibl A=A">0 MBI IPHOTIKEHHO

(HampuMep CTENEHHBIM METOJIOM) BBIUUCIIHIIN: 7:” = Ay q(”) ~ q(n) :

[TocTpouM CUMMETPUYHYIO TOJIOKHUTEIHHO OTMPEICICHHYI0 MATPHUILY An—l = ISnAISn,
TJIe MaTpulla I5n =E- q<”)[q(”>]T — OPTOTOHAIBHBIN MPOCKTOP Ha MOIAIPOCTPAHCTBO
(L{q(”)}){ OpPTOTOHAIILHOE BEKTOPY q(”) :

JlokaxuTe, 4yTO CHEKTp Marpuubl A,_; (T.e. Xn =Ap, C{(n) = q(n)) COCTOUT H3

COOCTBEHHBIX 3HAYeHMH Aq<..<A,_; Marpuuel A ® Hyad (BEKTOp gt
MIPUHAJJICKUT €€ APy ).

Ortcrona crnemyer, 4To, €CIH C](n) —>q(n) (a cTeneHHOW METOJl TaKyk CXOJAUMOCTh

rapantapyet), 0 p(An_1) = p(An_1) =An_1(A).

CnenoBarenbHO, MPUMEHSS CTENEHHOM METOJ Uil Martpuubl A, _;, Mbl IOIy4UM

npubmokenne K A,_1(A) n q(n_l) — O4YepPEIHBIM COOCTBEHHBIM 3HAUCHUIO U BEKTOPY

MaTpuisl A.
DTy mpoluexypy MOXHO MPOAODKATh JO TEX TOp, MOKAa MBI HE IOJYyYHMM BCE
COOCTBEHHBIE 3HAYCHUS.
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CTeneHHoii MeTo/l BLIYMCJIEHUs IPAHUI] CIEKTPa MaTpuubl BA B
ciyyae A=A">0u B=B">0

3HaHHWE OLCHOK CIIEKTpa MAaTpPUIbI BA B ciysae A=A">0 u B=B">0
HEOOXOIMMO I TIOCTPOCHHUS TMapaMeTpoB IUKIMYECKOro Merona Puyapicona
(mpocTol  WTepanMM) JUIA  PCIICHWS ~ CHUCTEMbl  ypaBHeHHMA AX=Db ¢
nepeoOyciioBnuBarenemM B.

Jlemma 4. Bce coOCTBEHHBIC 3HAYEHUS] MaATPHIIBI B~A s ctyqsae A=A">0 nu

B=B">0 mNON0OXKUTENbHBI, a COOTBETCTBYIOIME UM COOCTBEHHBIE
BEKTOpBI A -OpTOrOHAJIbHBI.

Jlok-Bo. 3a1a4a Ha COOCTBEHHBIC 3HAUYCHUS B~A.X =\-X SKBUBaNcHTHA 3aja4de
(A1/28—1A1/2)[A1/2X] _9. [A1/2X]

Ha COOCTBEHHBIC 3HAYEHUSI CAMOCOMPSHKEHHON TOJIOKUTEIBHO OMNpPEACICHHOM

Marpunbel  C — A2 IaYZ _c* O, wuMmeromel IMOJOKUTEIbHBIE COOCTBEHHBIE

sHaueHns {A;}; ¥ cHCTeMy COOCTBEHHBIX BEKTOPOB {y(i) =AY 2X(i)}?zl,

00pa3yoIyr0 OpTOHOPMHUPOBAHHBIN Oa3HC:

(W, yDy=(AY2xO A2y =5 i j=1, 2, ..

Ouepunno, uto {A;}; u {X(i) :A_llzy(i)}in:l SIBIITFOTCSI CUCTEMOW COOCTBEHHBIX
3HAUCHUH U BEKTOPOB MAaTpHLbl B YA 1 cOGCTBEHHDBIC BEKTOPBI A -OPTOrOHAIbHbI
(Ax(i)’x(j))E(A1/2X(i)’A1/2X(J')):5i =120,

Teopema 1. Ecru A=A" >0 u B=B" >0, To cTenennoii Meton
k

_ X
x0 %0 — 3aj1aH, x<t1-pB 1Ak—, k=01 ..
X7 [ A

CXOJUTCS K PELICHUIO 3aJja4d B~lA.x= p-X,

rae p=  Mmax X(B_lA)z lim ||Xk || A — MakcuManbHOE COOCTBEHHOE
LeSp(B~1A) K—>00
3HAYCHHE, a X = k"m xK — COOTBETCTBYIOIINN €My COOCTBEHHBIH BEKTOD,
—o
el (AXO,X) #0.
Hok-Bo. Ilycte O0<A<..<A, < A y=..=A,=p — COOCTBEHHBIC 3HAuCHUS,
{X(i)}in:l — A-OpTOHOPMAJILHOW CHCTeMa COOCTBCHHBIX BEKTOPOB W3 JIEMMBI 4

MAaTPULbI BA. [IpenacraBum HavambHOE MPUOIMIKEHUE CTENIEHHOTO METO/Ia B BUJIC

Pa3IoKCHUS:

X =oy x4 vo XD o, x4 x™

v

&0 y=0

1 TipearnonaoxkuM, 9to Y # 0. OueBuaHO, 4TO B_lA-y =p-Y,
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Xk:(B_lA)Xk_lz (B—lA)2 k-2 _ (B—lA)k 0
XA 1BAX 2 A 1(BA XA

P p

kK50

_ Mol Ar ol
1(BLA) X0 || = pK [ocl(;l)k ok +...+[ocr(;f)k P+llylla.

IR —> 0
k y k
Torma X~ —>p- ,a || X" ||a— p. Kpome Toro,
Iylla
2 k2 2 k=12
0PIl _ Pyl I HA /I IR+ IR
P P

k=12 k2
i €13 -1l 1A _
2 k-12 2 k2 2 k-1;12
(VI 1A + JIYIA +1e 120 Iy IR +1 1%
-1 02
<||8 ”A [Otl] + .. +[O(,] 7\.,. 2(k— 1) ”X ”A hZ(k—l)

S 2yla 2lvla p 2-||y||,ip

YTO U TPEOOBAJIOCH A0KA3aTh.

Teopema 2. Eciu A=A" >0, B=B" >0 u ussectna nocrosunas y, > p(B~ 1A) TO

CTETIEHHON METO
k
x® 0 — sanan, X< 1oy E-BA)—— k=0,1,...
e

CXOJMUTCS K PEUICHUIO 3a7ja4 BA - x= (Y1 = Amin) - X,

e Apin = Min X(B_lA)zyl— lim ||Xk ln — MHUHEUMaNbHOE
LeSp(B1A) k—>o0
cobcTBeHHOe 3HaueHme, a X = lim xK - COOTBETCTBYIOIIIUN €My
k—o0

COOCTBEHHBIN BEKTOP, €CIIH (AXO,X) #0.

Jlok-Bo. [ToBTOpSIs 10KA3aTENBCTBO TEOPEMBI 1, OIy4YHM, YTO CHOPMYIUPOBAHHBIM
METOJ] OIpeaesieT CHEKTPAIbHBIA pPagnyC W COOTBETCTBYIOIIMM COOCTBEHHBIM

BEKTOp MaTpunsl yy-E— B2A. Tak «xak Ay -E- BA) = Y1 — A(BIA) u
AMBA)>0, 10 B=p(y;-E~BA) =y, —Amin (BA), 1. Ain(B™A) =7, —B.
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Jleknusi 12. MeToa aejieHusi monoJiam (OMceKImuin)

o n
Jlst camoconpsikennoii marpunst A ={a, j}- j—1 IMECT MECTO 3aKOH HHePUUH:

1
eciu Matpuily A KOHIPYSHTHBIM NPEOOpa3’OBaHHEM IMPUBECTH K JMArOHAILHOMY

suny: D=T AT, rne det T #0, 1o or matpuust T (crioco6a npeoGpasoBanus) He
3aBUCHT
e &_(A) — KonmMueCcTBO OTPHIATENBHBIX 3JIEMEHTOB,

L GO (A) — KOJIMYCCTBO HYJICBBIX 3JICMCHTOB,

e G, (A) — KOIMYECTBO TOJIOKUTENBHBIX HIIEMEHTOB Ha auaronanu D.
Ham wussectHo (u3 Teopembl u amropurma LDU-—pasnoxenus), uro ecnm Bee

detA, #0,70 A=LDL, D=diag{d,, ..., d }, detA =d, -...-d,.
CrnemoBarenbHo, B OTOM CIyyae 3a KOHEYHOE YHCIO JEHUCTBUM MBI MOXKEM
onpenemuts G(A) ={c_(A), 5,(A), 5, (A)}, c,(A)=0.
Marpuna A =A" mnpeobpasoBanneM M0106Us OPTOroHanbHONH Martpuuei Q
(KOHIPYSHTHBIM TPE0OPa3oBaHUEM) U3 COOCTBEHHBIX BEKTOPOB HPHUBOIMTCS K
muaronamsaomy Buay A = diag{\,, ..., A, }=Q AQ. CrexosarensHo,

e G_(A) = konuuecTBy OTpHIIATENBHEIX,

e 0,(A) = konuuecTBy HyIEBbIX,

e G, (A) = xonuuecTBy MONOKHUTENBHBIX COOCTBEHHBIX 3HAYEHUI MaTpuIbl A,

u, ucnons3ys LDL —pasnoxenune, Mbl MOKEM 3TH YHCIIa ONPEIETHTS.
[TOABITOKUM STH PACCyXKIEHHS B BUIE CIEAYIOIIEH JIEMMBL.

*
Jemma 1. Ecmu marpuna A=A u detA, #0 V Kk,
TO KOJIMYECTBO €€ OTPUIIATENBHBIX COOCTBEHHBIX 3HAYECHHI

c_(A)=UII3{l, detA , detA,, ..., det A}

— YHUCJIO ICPCMCH 3HaAKa.
I[OK—BO JICMMBI OCTaBJIACTCA B BUJC YVIIPAKHCHUA.

Wnest meTona Gucexuuii Boraucienus A; € Sp(A)

Aelag, b l=[-1IAIL, AL, tx. p(A)<||All,, Te Bce cobcrrenmbie

sHadeHus A S A, <...< A, marpuist A = A" nexar B 3TOM HHTEpBaJE.
Onpenenmim B Kakoit nosioBuHe nutepsana [y, D, ] nexur A;. s otoro Beramcium
6_(A—C,E) - xonnuectBo cobeTBeHHbIX 3HAUeHMH Menbumx C, = (8, +0,)/2.
Ecm 6 (A—C,E)>], 10 A€ [a,.¢c,]1=[a,,b,], nnaue A€ [c,,b,]=[a,,b,].
Yepes K takux maros nonyunm: A; €[a,,b.], b, —a, =[|All, /2" >0, 1e.

MbI MOKEM MOJIYYUTh OLIEHKY HCKOMOTO COOCTBEHHOTO YKCJIa C JIF0OOU TOYHOCTHIO.

78



Marnokua A.M. “BerauciaurenbHbie MeTOABI TUHEHHOM anreOpbl.” Jlekmus 12.

IIpuBeneHune caMmoCcONPsIKEHHOH MATPUIIBI K TPEXIUATOHAIbHOMY
BU/y OPTOrOHAJbHBIM Npeodpa3zoBaHueM MOI00US C MOMOUIbIO
MAaTpPHUIl BpalleHust

Kak u pasbie, yepes QLi . OyneM 0003Ha4aTh 2IEMEHTAPHYIO MATPUILy BpallleHHM,
OTJIMYAIOUTYIOCS OT €IMHUYHON MaTpPHUIIbI

JIBYMSl JUArOHaJbHbIMU 3JJIEMECHTAMU: (Qi,i Jrk)i,i :Ei,i+k’ (Qi,i +k)i ik =C 151

itk >

neyms BHeuaronambHeME deMeHTaMu: (Q i )i = —Siwr (Qiin)iski =S
2 2

|Ciinc |7 +Sip I7=1.

Brimmonaum n

1-it mar.  MckimroueHue 371eMEHTOB 1-10 croadua MaTpunsl A, HauuHas ¢ 3—ero,
C MOMOIIBIO MOCJIEIOBATEIIBHOTO YMHOXEHUSI HA YHUTApHBIE MaTpPUIIbI

Qo v Qo AL =(Qy, - Q) A(Q,, st)* =QAQ;.

2-#mar.  VckiodeHue dJIEMEHTOB 2—T0 CTOI01A MaTpHUIIbI Al, HauyuHas ¢ 4—oro,

ii+k?

C ITIOMOILIBIO MOCJIETOBATEIIBHOTO YMHOKEHUSI HA YHUTApHBIE MaTPUIIbI

Q3,4’ i QS,n: Az - (QS,n '---‘Q3,4)A1(Q3,n '---'Q3,4)* = QZAlQZ'

k—ii mar.  PlckmoueHne >1eMeHTOB K-ro cTosiGma MaTpuIlbl A, |, HaumHas
(k+2)—oro, ¢ MOMOIIBIO TOCIECIOBATEIBHOTO YMHOKCHHS HAa MATpPHUIIBI

Qk+l,k+2’ ety Qk+1,n:
A= (Qk+1,n ""’Qk+1,k+2)Ak—1(Qk+1,n ""'Qk+1,k+2)* = QkAk—lQ:-

.......................

(n-2)-i VckimoueHue mociaeaHero sieMenTa (N-2)—ro crodma MaTpuIlbl An_3 C

mar. :
TIOMOLIBI0 YMHOXKeHHS Ha Matpury Q. .-

An—2 = (Qn—l,n)An—3 (Qn—l,n)* = Qn—ZAn—3Q;—2'
o, B

B1 a, P,
T=A = Qo QAQu, Q) =] o

Sp(A) =Sp(T).

T, 0 .
Ecm B, =0, 10 T = (; 5 = Sp(T) =Sp(T,)USp(T,_,).
n-k

T.€. IOMCK COOCTBEHHBIX 3HAYCHHUIN CaMOCONPSHKEHHON MATPHUIIBI CBOAUTCS K 3a7ade
Ha COOCTBEHHBIC 3HAUCHHUS SKOOMEBBIX TPEXIUAroHAIbLHBIX MaTPHII.
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Jlemma 2. CamoconpsikeHHas MaTpHLa nogo0Ha TPEXAMArOHAIbLHOM
BEIICCTBEHHOW MaTPUIIE.

Jlok—Bo. TOIBKO 4YTO Mbl IPUBEIM CAMOCONPSHKEHHYH Marpumy A K
TpeXAUaroHaJIbHOMY BUAY OPTOTOHAJIBHBIM MPEe0Opa30BaHUEM MOAOOUS:

T=(Quz - QIAQ, ;- Q)" = tridiag{B, ,, ., B}

Onpenennm matpuny D =diag{d,, ..., d.}: (npeanonaras V 3, #0)

d1 =1, dz :B1/|B1 s dn :B1/|B1|'---'Bn—1/”-)’n—1 |.
Torna D' =D*, B=DTD™ = tridiag{] Biy o, | B |3
Sxo0MeBBI MAaTPHUILIBI
BemiectBenHas MaTpuia
al bl
C2 a‘2 b2

B= , b,-¢c,>0, b,-¢c,>0,.., b_,-c, >0,

n

Ha3bpIBacTCS AKOGUEBOii (y Hac C, =D, ;).
Jemma 3. Tlycrs B = tridiag{Db, ,,a;,b, } — axo6uesa marpuua, rorna
1. detB, =1, detB, =a,,
detB,, =a,,-detB —b’-detB, ,,
i=1..,n-1
2. ecin detB, =0 (i<n), 1o detB, ,-detB
ecm detB, =0, 1o detB_ , #0.

I[OK—BO OCTAaBJIACTCA YNTATCIIIO B KAYCCTBC YIIPAKHCHUA.

<0,

i+1

Jlemma 4. CoOCTBEHHBIE 3HAYeHMs SKOOMEBOH Martpuisl B momapno pasnuumnbie
(mpocTsie).
Jok—Bo. T.x. pasMmepHOCTh siupa cumMerpuuHod Marpuust B, =B—-AE

coBnazaer ¢ kpatHocthio A € SP(B), a u3 nemmer 3 crnenyer, uro y
BBIPOXKICHHON sikoOmeBoi marpunpl B, wmumnop [detB,] , #0, o
rangB, =n—1, dimKerB, =1 u A npocroe coGcTBenHOE 3HAUEHME
marpunpsl B.
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Teopema. Tlycrs B =tridiag{b. ,,a;,b, } — sxo6uesa marpuna, rorna
c_(B)=UII3{l, detB,, detB,, ..., detB_},
ecu det B, =0 npunumcars 3nax det B, ;.
Mok-Bo. 1. Ecim detB, #0 V K, 1o 510 nemma 1.
2. Tycrs A k: detB, =0. ycrs sign (det B, ) =sign (detB, ).

OHpCI{GJII/IM 80 = min |7\,| >0 H paCCMOTPHUM SIKOOHMEBEI MaTPHIIBI
reSp(B;), A=0, i=1,...,n

B,.,=BzxeE, ¢€(0, g,).

Tx. M[B,. ]l)=A(B,)xe=0 Vi=l..,n,10

a) det[B, ] #0 Vi=1..,n, (rx. onpexenurens Marpumbl  paBeH
IIPOU3BEJEHUIO €€ COOCTBEHHBIX 3HAYEHUM),

6) sign(det[B_].) =sign(det[B__].) =sign(detB,) V detB, =0,

B) sign(det[B.],)-sign(det[B_,],) <0 V¥V detB, =0,

(T.x. u3 nemmbl 4 crenyer, uto A(B, ) =0 npocroe u orpunarensHbIx cOGCTBEHHBIX
sHauenwii y marpunpl [B_, ], Ha ogno Gomnbiue, yem y matpuust [B_ ], ),

rc (B,)=0c._(B), c (B_,)=0c_(B)+0o,(B).

W3 nemmMel 1, a) 1 T) ciieyer, 4To
6 (B,)=4II3{l, det[B ], det[B,],, ..., det[B.].} =o_(B),
c (B ) =4II3{l, det[B ], det[B_,],, ..., det[B_],} =oc_(B)+0c,(B),
UIl3{l, detB,, detB,, ..., detB } =?

Iloxcuuraem >TH yncna:
W3 6) cmenyer, uro ecim detB;=0 u detB

MPOUCXOJUT (MJIU HET) OJTHOBPEMEHHO B ATUX MOCIIECIOBATEIILHOCTSIX.
Cnywaii detB, =0, k=n.
U3 nemmbl 3 umeem detB, ,-detB,, <0, orciona u wusz 06) cuenyer
det[B, ], -det[B,,]..; <O u na yuacrkax
det[B., ]y det[B.], det[B..],.

detB, ., detB,, detB, ,

110 OHOM MepeMeHe 3HAKa.
Cnyuaii det B, =0, o,(B) =1. Orcrona, u3 B) u r) cnexyer, uro

det[B,], ,-det[B.], >0, det[B_], ,-det[B_], <O,
sign(detB_ ,)-sign(detB,) > 0.

Cnenosarenbho, (ecmu et B, =0 npunucars snax det B, ;) nocnenosarensroctu

i #0, To mepemena s3maka

muHOpoB Matpurl B, n B nmeror oannakossie 3uakn. Teopema nokasana.
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O Bpruncaenun 4113

Jus  soraucnenns  G_(B) =UII3{l, detB,, detB,, ..., detB.} skoGuesoii
matpuisl B = tridiag{bi_l, a;, bi } JIOCTATOYHO 3HATh 3HaK Kaxaoro (et Bk . Ecnn

d, =1 d, = detB,,

d,=a,-d-b’ d, =1, k=1

Ay =diy /e [ de=di /]t |,

d . —a_ -d—b’ d, L=k, . n-1
(06bran0 BeIOUpator T, = Max{] dk_1 |, |d, |}), to SignN{d.}=sign{detB,} Vi u
c_(B)=4II3{l, d,, ..., d,}. HopMUpOBKY MOKHO HPUMEHSTH HEOJHOKPATHO, YTO

MO3BONIMT U30exkaTh ObIcTpOro pocta (nepenonuenus) uucen {d.}.

O BbIUMCIIEHHMHM COOCTBEHHOI'0 BEKTOpAa
Jlemma 5. [locnenHsisi KOMIOHEHTa COOCTBEHHOTO BEKTOpa X SIKOOMEBOM MaTpHUIIbI
B =tridiag{b. ,,a;,b. } e pasua uymo.
Jok—Bo. Tlycrs BX =AX, X # 0. Ipexnonoxum, uto X, =0. Torna
X, =—@,—-A)-x, /b,
Xpi =@ =) X +D
i=2,..,n-1

= X =0 — nporusopeune, 3naunt X, #0.

1/b. .

n—i+1 n i+2

CoOcTBennblii  BekTop X skobueoit marpunsl B =tridiag{b, ;,a.,b.} wmmu

MoeM, onoxkuB X, =1, Beraucauts 1o Gopmymnam
=—(a,—-A)-X, /b, ,
= _[(an -1 K) : Xn—l + bn—l ) Xn]/ bn—2

X, =—(a; —A)- X, + b, - %]/,

HJIK pCUIUB CUCTCMY

a,-A b, X, 0
b, a,—-A b, X, 0
bn—3 dnp — A bn—2 X2 0

L bn—2 an—l - }\‘_ n-1 _bn—l

C HEOCOOEHHOM MaTPHUIICH.
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Jlekuusa 13. Merox Bpamenuii (Axoomn)
Jlst camoconpsbkeHHOM MaTpunbel A ={a; j}E j=1 CYLLECTBYeT yHUTapHas MaTpuua Q
(cTONOIIBI KOTOPOIl — COOCTBEHHBIE BEKTOPBI MATPHIIBI A ):
Q"AQ=A=diag{\y, ..., Ap}
= ®(Q"AQ)= min O(T*AT), e ®(A)= a;;[*.
T'T=E i
Hnes:
noctpoutb {A, =Qu A, Qi : QxQx =E, Ay =A}: ®(A_;)>DP(A)—0, Torna
Ha JMaroHaJlbHBIE IEMEHTHl A, OyIdyT HmpuOIMXKaTh COOCTBEHHbIE 3HAUCHUS, a
croa6us! (Qg...Qy,1) — COOCTBEHHBIE BEKTOPBI MATPUILIBI A .

Onpenenum S(A) = Z:j=1| ajj 2
Jlemma 1. [ 1r00BIX KBaJIpaTHOW MAaTPUIlbl A M YHUTAPHOU MaTpUIll T uMeeM
S(TA)=S(AT)=S(A).
Nok—Bo. Eciu A:[al an], TO
S(TA)=S([Ta; ... Ta,])=(Ta;, Tay) +...+(Ta,,Ta,) =
=(a,a¢) +...+ (a,,a,) =S(A).

B xauectBe matpur; Q, OyzneM BbIOMpAaTh 3J€MEHTAPHbBIE MAaTPULbI BPAILIEHUS.
Jdemma 2. Tyers A=A", A=Q[;AQ;; ={a,},

rae Qi j — DJIEMEHTapHas MaTpULa BpalleHus, TOTAa
A 2 2 5 12 5 |2
DAY =(A) +|ay;  + la; P —1a;; P - 185 .
JIoKk—BO.  3aMETHM, YTO U3MEHUIIHUCH TOIBKO CTPOKH U CTOJIOLIBI C HOMEpaMH 1, |.

Torna, ucnone3ys JemMmy 1, moxyyum
n

S(A)=D(A)+ Y layy [P+]a;[° +laj; =

]
k=1
k=i, k#]j

n
=0(A)+ Y ag P+1a; [P +1;;[P=S(A)
k=1
k=i, k#]j

OTKYJla CJIEAYET YTBEPKIACHUE JIEMMBL.
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Bbi0op Bpamenus
Jlnst mpocToThl OyAeM nojaratk, 4To MaTpuna A BellecTBeHHas. Bbpasum pa3HOCTb
O(A) - D(A) = |&;; |2 +[dj; |2 —|a;; |2 — |ajj |2 yepes PJIEMEHTHI MaTPHUIlbl A .
Jemma 3. Ilycte A=A", A=Q} iAQij ={ax i}, rne Q;j — snemenrapHas marpuua
BpauieHus (o — yroj BpallleHHsl ), TOraa

- 1 . 2
D(A) - D(A)=2]ay; [ —E[(a” —a;;)sin 20 + 23; €08 201 | =

2 oix 2
=2|a;; | - 2]&;; ],

I[OK—BO. Tpe6yeMbIe PaBCHCTBA BBIBOAATCA N3 COOTHOIIICHUA

CITR:TY {cow —sina} ajj  ajj {cow sina}

qij  ajj sina  cosa || a;; a;; |/ —Sina cosa

i 9]
Jemma 4. Ilycte A=A", A= QTJ-AQ”- ={a,},

rae Qjj — areMeHTapHasi MATPHLA BPAIECHUS TaKasi, YTO

lajjl=max|ay |, (aj; —aj;)sin2a + 2a;jcos20. =0,
k=l _
T0 O(A) <[1-2/(n(n-1)]- O(A).

Jok—Bo. TpebOyemoe HEPaBEHCTBO CJICIYET U3

paperctea ®(A) = ®(A) - 2| a;; |* n onerxn ®(A) <n(n—1)|a;; .
Crenyromast 1eMMa 00eCIeunBaeT CyIECTBOBAHHE ISl IEMMBI 4 MaTpuLbl Q; ;.

Jlemma 5. Pemenuem ypaBHenust a-Sin2o +2b-c0s2a=0 npu b=#0 sBisercs
YIoJI 0. TakoH, 4TO

cosaza’%(l—g), r= |’c1|2 +4|b|2, TK. cosZoc:2coszoc—1:—§,
r r
sina:Lzsignb- 1(1+E), T.K. sin2(x:2cosoc-sina=2—b.
r-coso \fz r "

W3 nocinenHux ABYX JEMM CIEIyeT CIPaBEJIMBOCTh TEOPEMbI CXOJIMMOCTH METO/IA.
Teopema 1. TlocnenosarensHocts Marpuil {A, Jx_o METOIa BpalIeHMii:
*
AO :A, Ak = QkAk—le , TIC Qk = Ql(k),j(k) — MaTpui@a BpallCHUs,
omnpenensemas 1o gopmysiam jemm 4 u 5,

¥4 %
JUISL pelIeHMs] MOJHOM MpoOsieMbl Ha cOOCTBEHHbIE 3HaueHus A=A",
CXOJUTCS K IMaroHajlbHOMY BULY, T.e. ®(A, ) — 0, mpuuem

(A <[1-2/(n(n—1)]* - D(A).
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13 teopembr 1| = Ve>0 Fk:

A=A =(Q. Q) AQ..Q)=Q"AQ, @(A)<e”.
IIycTs A =diagA =diag{iy, ..., A},

A=Q"AQ=diag{\{, ..., A, }.
CxoauMoCThL COOCTBEHHBIX 3HAYCHUN

Jdemma 6. P(A)=det(A—AE) — P(L)=det(A—AE) npu € —>0.
Joxk—Bo. T.k.

det(A —LE) =det(QAQ* —AE), OQAQ*=A-Q(A-A)Q",
SOA-A)D*)=S(A-A)=D(A)<e >0
10 QAQ" > A = det(A —AE) — det(A —AE).

Teopema 2 (o1ieHKa MPUOJIMKEHUS COOCTBEHHBIX 3HAUCHUM ).
a) V}LI El}bj(l) . |7\,| _}\‘j(l) |£°\jﬁ€,
Jlok—Bo.  T.x. QAQ" =A=QAQ" + Q(A-A)Q", o
AQ Q- (QIA=QQA-N=¢, g <€) <¢”.
= A fij— -Xj =gjj, roe {j}=R = Q"Q — oproronanbHas M-11a.
a) Vi 3j@): |5 |2:ml§1x|rik P>1/n, k. |6y [ +.4 5, [P=1
= [N = A | =leij/ kg | <n-z.
0) TOKa3bIBACTCS AHAJIOTUYHO.
CxoauMocTh COOCTBEHHBIX BEKTOPOB
ByaeM Mpenonararh, uto Ay <Ay <..<A, H Ay <A, <...< A, (3TOro BCerma MOXKHO
n0GHUTHCs, epecTaBuB cTonows Matpun Q u Q).
JlemMma 7. Ecmn 7\,1<}L2 <...<7Ln, Xlgiz ngn, \/ﬁ8<05a,
a=min [A; —4;],
i#]
10 |A —A|<Vn-e, |A-%;|>05-a Viz].

JIoKk—BO  OCTaBJIIETCS B KAUECTBE YIIPAKHEHUS.
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T.k. cobcTBeHHBIE BeKTOPl Q =[Q; ... O, | MaTpuuer A ONpenensioTes ¢ TOYHOCTHIO
10 UX HalpasjeHus, OyaeM cuuratsb, 9to (Q;, §;) =0 ([C]l .. 0 ] =Q — npubnmwkeHus
K COOCTBEHHBIM BEKTOpaM MaTpuIlbl A), T.e. JUArOHAIBHBIC 3JIEMEHTHI MATPHIIBI

R =Q"Q HeoTpHIaTEIbHBL

Teopema 3 (ouieHKa MPUOIMKEHUS COOCTBEHHBIX BEKTOPOB).

B ycnosmsix temmbl 7 S(Q — Q) < % &2
d

JIoKk—Bo. T.x. S(Q-Q)=S(E-Q*Q)=S(E—R) u u3 g0Ka3aTenbpCTBA TEOPEMBI 2
(E=AR-RA=R(A-A)) 17§ JICMMBI 7 CIIeIyeT, 9TO

8.. 8..
gl 1l il o oE Ry <4 s < 2 2,
% —7;] 05-a 2 2

a a
2
n 2 n n 2
OcTasoch OLIEHUTH Zizl(l_rii) :zil[l—\/l—zj:ﬂ il j (3mech
J#i

MBI BOCIIOJIB30BAJINCh YCIOBHEM I; > 0).

hijl=

T.k. (1—X)2 <1-x Vv xe[0,1], To
2
n n n n
Zil[l_\/l_zl:.l“iﬂzl Szil(l—\/l—Zjﬂrin]:
J#I J#i
>l

=31 lial scp(R):@(E—R)sizgz.
- n
1+ 1_ZJ:1| rij|2 a

j#i

IToaBoas utor, uMeeM

S(Q-3)=SE-R)=DE-R)+ 31 (1-r;)? sa% £,
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DJleMEeHTApHAasl MATPUIIA YHUTAPHOTO0 BPAllleHU S

. coso-erm  —sino-el?
, N+tu—y—-0=2n-k V k=0, 1, ...,

sina-el®  cosa-ett
TaK KaK
T"T = (cosa-et —sina.- e”:l{ cosa-e M sina- el'al _
) | sina-e!®  cosa-el* || -sina-e™'? cosa-etH B
— i 1 cosa-sinao.- (ei'(”—f’) _ el-(v—u)) _ 0]
) cosa-sina- (e _glthMy =g 1

= el M) — ol ) o n_§=y_pu+2n-k Vk=0,=1, ...
Beibepem y=-1, 0=1m, u=-"m:

— cosa et —sing-g M _{c —S}
sino.-el™  cosg-e M S
Iycts A=A", A:Q;ijQij ={a},

rae Qjj — dIeMeHTapHas MATPHIA YHUTAPHOTO BPAIICHNS BPALLICHHUSL:

1

| cTpoka C —s

Q;k,jz 1

|
ol

J cTpoka

Torjaa (cM. ileMmy 2):

O(A)=®(A) +[la; [ + |aj; P - (18; ° + 13 )] =

=D(A) - D(A;) + D(A;) = D(A) - [2-|ay | 2851 %],

CIT:TY _{c —s} ajj aij{
dij dj;) LS Cl&; ajj)l-
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a [apaMeTpbl BPALLCHHS C M S HYXKHO BbIOpATh U3 yCIOBUS | & |2 =0.

JIerko BBIYMCINTS §; i

é‘ij I(aii —ajj)'C'S+aij .
%/_/
a=Re(a)

=a-coso-sina +aj - cos” o' 2" — gy -sin o - e (2

Ocranocs s 3anannbix @ =Re(a) n kommiekcuoro b=aj; =|b] 21?20 pEelINTh
ypaBHEHHE

a-cosa-sina+|b|-el®-cos?o-el?M—|b|-e 1 sin?q - el (M =0,
[Monoxum m=—¢/2, Toraa Haiie ypaBHCHHE IPUMET BH/T

a-coso.-sina-+|b|-(cos® o —sin® o) =

s%[a -sin2a + 2| b|-cos2a] =0,
peliecHre KOTOPOI'o SBISIETCS YAOBICTBOPSIET COOTHOIIECHHUSIM
cos2o = — a =_2 sin2a. = 2|b] 52|b|>O:>0ce(O,n/2).

«/a2+4-|b|2 r JaZ+4 Qb2 T

1 a
B mpunmune yron o <(0,m/2) omnpeneicH: oc:Earcctg m, HO HaM HY)XCH He
yroji, a 3HA4YCHUsI €ro KOCHHYCa M CHHYCa, U Mbl HE XOTHM HCIIOJIb30BaTh IS UX
BBIYUCIICHHUS COOTBETCTBYIOIINE QYHKIIMHU (JIOPOTO).

Tak kak COSZOLZZCOSZOL—].:—G./I’, TO
cosa=,/0.5-(1-a/r).
Tak kak Sin2o=2cosa -sina.=2|b|/r, to
sinou=|b|/coso=,/0.5-(L—a/r).
W, mocrenHee, MO U3BECTHOMY & =|b|el®=| b|-(w+ i - Im (@)

|bl = |b]

) BBIIMIIEM

dopmystel aas cos(@/2) u sin(e/2):

Re(a;)
|b]

) cos<<p/2)=Sign(lm(ai,-»J%(1+M),

Sin((p/2):\/%(l— o

TOrzaa

et =cos(p/2) — i -sin(p/2), eX ™ =cos(p/2) + i -sin(p/2)
H MaTpuna YHI/ITapHOFO BpalllCHHUA ITIOJIHOCTBIO BbIYHMCJICHA 663 HNCITIOJIB30BAHUA
TPUTOHOMCTPHUUCCKHUX (I)YHKHI/Iﬁ

88



o

Marnokun A.M. “Beraucinutenbabie METOABI TMHEHHOM anreOpbl.” KOHCTIEKT JeKINA.

Jluteparypa
®dannees J.K., Panneesa B.H. BeruncaurensHbie METOIbI TMHEHHON anreOpsl.
- M.: JI.: ®usmarrus, 1963.
KonoBanos A.H. BBejeHue B BHIUUCIUTEIbHBIC METOIbI IMHEWUHOM anreOphl.-
Hosocubupck: BO "Hayka", Cubupckas nznarenbckas pupma, 1993.
BoeBoaun B.B. BeruncnutenpHHBIE OCHOBBI TUHEHHOM anreOpsl. - M.: Hayka,
1977.
l'ongynoB C.K. Pemenue cucreM nuHeWHbIX ypaBHeHuid. - HoBocuOupck:
Hayxka, Cu6. otn-uue, 1980.
baxsanos H.C. Uucnennsie Metonibl. - M.: Hayka, 1975.
Camapckuii A.A., I'ynun A.B. Uucnennele metoasl. - M.: Hayka, 1989.

89



